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Abstract. By using the p-adic Nevanlinna—Cartan theory, we prove a version of p-adic Borel’s
lemma.

Recent studies suggest that the hyperbolicity of the complex variety X is related to the
finiteness of the number of rational or integral points of X (see [2, 5]). It is well known
that complex Borel’s lemma is one of the main tools in the construction of hyperbolic
hypersurfaces. Let us recall it.

Borel’s Lemma. Let fi, ..., f, (n = 3) be holomorphic functions without zeros on C
such that
fitfote+ fa=0.

Then the functions fi, ..., fn—1 are linearly dependent over C.

The most obvious analog would be to call a p-adic projective variety X p-adic Brody
hyperbolic if the only p-adic holomorphic maps f : C, — X are the constant maps,
where C,, is the completion of the algebraic closure of Q, the field of p-adic numbers.
In the p-adic case, since the holomorphic functions without zeros are constant (p-adic
Picard’s theorem [3]), p-adic Borel’s lemma on C,, if formulated as in the complex case,
would be trivial. In this paper, we prove a version of p-adic Borel’s lemma. The key of
the proof is the p-adic Nevanlinna—Cartan theorem [4].

Theorem. (p-adic Borel’s lemma) Let fi, f2,..., fn (n = 3) be p-adic holomorphic
functions without common zeros on C,, such that

fit fot oot fa=0.
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Then the functions fi, ..., fan_1 are linearly dependent if, for j = 1,...,n, every
zero of f; is of multiplicity at least d; and the following condition holds:

Zdl 1 )

Proof. Following [4], we use the notations h*(f,¢) for the height function of a
meromorphic function f. The necessary properties of the height function can be found
in [4].

We first claim that fj, 1 < j < n — 1 are linearly dependent over C,,. Assume f;,
1 < j < n —1 are linearly independent over C,,. We define a holomorphic curve g in
P "_Z(Cp) by

gz (i), ..., frm1@).

Then g is linearly non-degenerated. Take the following hyperplanes in a general
position,

{Zl—o} , nl—{an—O}
n={zl+"‘+zn—1=0}-

Then by p-adic Cartan—Nevanlinna theorem [4], we have

= (n—1)(n—2)
+ ,
B (8. 0) < Y Naa(g 0 Hyy 8) + ————1 +0(D).
j=1
On the other hand, we have
N(fj,t) =di Ni(fj, 1), (G=1,...,n)
= Np_2(go Hj,t) = Ny_2(fj, 1)

S -2)Ni(fj, 1) <

n—2 )
S rpna, Y el s 1)

For j = n, we still have

Np2(@oHp, ) =Ny 2(fi+ -+ fa1,8) = Na2(fn, 1)
< (n — 2)N1(fn, 1)
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By Lemma 3.8 in [4], we obtain

h(g,t)y= max h*(fj,t)= max N(fj,t)+0(1)
1<j<n—1 1<j<n—-1

" n-2 n—1xn-2)
> P NS L e NG+ S 0

B " (=1 -2)
—(n—2)(j§ld—> 1<I}1ar)z( IN(f}’t)+_—2_t+O(1)
( 1
=
n—

By hypothesis

1 n=-1
E;) max N(fj,f) < 5 t+0(1).

I<j<n—1

>: 1
= s
we obtain a contradiction as t - —o<.

We have the following corollary, which is another statement of p-adic Borel’s lemma.
Corollary. Let fi1, ..., fn be p-adic holomorphic functions satisfying
H+ht++fu=102=2).

Then f1, f2, ..., fuarelinearly dependent if every zero of f; is of multiplicity at least
d; and the following condition holds:

n

1 |
ZEE 1 —1"

j=t
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