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1. Introduction

Let X1, Xz, . . . be independent random variables with the common distribution function
F.Foranybutfixedn e N,denoteby F"theempiricaldistributionof (Xr,. .. ,Xn)and
by XIt, Xtr , . .. independent identically distributed (i,i.d.) random variables with the
distribution F". By N,, we mean a positive integer-valued random variable independent
o f  X 1  , .  . . , X ,  s u c h t h a t

Nn +p oo as n --> oo, (1)

where -+, denotes the convergence in probability.
We study the following bootstrap procedure with a random sample size for estimating

P(^fr(X"- lD < r), where *n: n-LEi:rlt, p1= E(X) istheexpectationof X1.
Then the bootstrap estimate is P- (\fr(Xtr - Xr) < x) and the bootstrap estimate with

random sample size Nn will be P. (rfr(Xi,N' - 
* *"1 < x) or P. (JM,fih, - *) .

x) ,  where P* denotes the condi t ional law P(. . . IXr . .  . . ,X) ,  * t r :  n- 'D| : rXtr , ,

Xtr*' : 
"- 

| D!! r Xi, and xiu ̂ : N ;r D!:, xi,,.It is known that bootstrap is (weakly)
consistent if and only if X1 belongs to the domain of attraction of the normal law (see
[1-5]) and then if 

*, _- o1 as n _+ oo,
n -

P.(rfr6f,N" - **"1 < x) can be used as an estimate ot P(Ju(X, - F) < x) (see

[7, 8, 10, 11]). In this case, when EXI < oo and (1) holds, P.(\M6;,r- - X) . *)
can be used as given in [10].
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The purpose of this paper is to study the rate of convergence of the bootstrap estimates
with a random sample size in that case.

2. Results

In what follows, set sl : r-t D(xt - X)2 and denote by o2 - D(X) the variance

of  X1.  Let  l l  . . .  11-  :  __?l* l  
. . .  1 .

Our main results are presented in the next two theorems, namely, in Theorem l, we first
study the uniform convergence to zero ofthe discrepancy between the actual distribution

ot Ji (7, - tr) andthe approxim ation Jn (X;*' - Tn1 ofit (Pafi A) and then we
study the uniform and non-uniform convergence to zeto of the discrepancy between

the actual distribution ot {{V, 
- pd andthe approximation 6:*' - 

!7,1 ot it
(Part B).

Theorem L. Let X1, X2, . . . be i.i.d. variables with distribution F . Let N, be a positive
integer valued random variqble independent of X1, X2, . . . . Let F" be the empirical
distribution of Xt, . . ., Xr. Given X1, .. . , Xn, let Xlr, XIz, .. . be conditionally
independent, with common distribution Fn.

(A) If EX+ < x, EN, : n I O(Jnloglogn) and DNn = O(nloglogn), then

. , )  rr-

(B) If ElXt 13 . oo, EN, : n + OGn) and DNn = O(n), then

1-  Q( r , -z )  a .s .

and

ll, (*,r"- tD <') - ". (* (rr'-*r").')ll-

lp(Jn(x, - tL) < x) - p* ("t" (*r. - 
*r")

: o(n-i(loglogfiL) a.s.

(1 + lrl3) l, (+rr" - tD <') - ". (*ruf' - *u^ ..)l

: o ("-i) ".,.
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Further, the main result on the same convergence problem for the approximation

JM,(xk^- &) ot +6;r, 
- x,) is the following theorem.

Theorem 2. Let Nn, Xr, X2, . .. be as inTheorem I and E(N,i) : O(n-i).

(A) If EXI < oo, then

l imsupnlf loglogn)- l  l lPQn6,- p) < x) -  P.( t [N,6i{"-  Xn) .  r) l l -

JD(6t-f f i
\ - u . r .

(B) I f  Elxl l3 < x,  then

ll / 
/ tar-

l l p  (  ( * , -  p ) . ' ) -  r . ( { ! - ' " { * t r , ^ - x , ) . " ) l l  -  o (n - z )a . s .
l l  \  /  \  sn / l l . ,

and

-  |  /  G  \  /  -  \ l
( 1 + l r l 3 ) l r ( t 6 ^ -  p . )  < ' )  - P . (  ( t ' i ' .  - * ) . ' ) l  :  o @ - i ) a . s .'  

I  \ o  /  \  / l

For the proof of our theorems we will need some facts and easily derived results.

Lemma l. For every c > 0, we have

l l xQ@x) l l * :  
1

and

l l( l  + lxl3)rd(cx)ll- = -L + ?!2-'
J2n, 

'  
,2r4Ji '

, ' 2

where Q@) : -*=e- z .

Lemma 2. l6,Lemrna6.3.2, p. 1861 For every c > O, we have

lo(x)  -  O(cr) l  < min{1,  lx l@(min( l ,  c)x)11 -  c l } ,

where Q(x) is the standard normal distributionfunction'
By the proof of Theorem 1 in [9], we have

Lemma 3. With the notation and assumptions as in the previous section, we have: if

EXI . a, then

l imsupnl( loglogn)- i  l t |  -  
" t l :  

J iD11x1- 1" f1o. t .

and

l l .  (;) 
- '(;) - (* - !).r(;)l l". : o(n-',og,ogn) a s
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Lemma 4. [6, Lemma6.3.I, p. 186] Izt X1, X2, . . . be i.i.d. random variables with
EXt -  O. I f  EIX?I  < @, then

( l  +  I r l3) lP(  sn < xoJn)-  o(x) l  .  +  - ,.  . , _  o r J n

where Sn : D'i:t Xi, p : ElXt - pl3 and c is absolute constqnt, c < 30.5378.
Also, in the proofs, we shall use the following versions of Theorems 6.2.I and 6.3.L

in [6].

Theorem A. Let N,X1,X2,... be independent random variables, where N takes
valuei among the natural numbers and X1,X2,... are identically distributed with
EXr - 0. If EIX?I < a, thenfor all a e (0,I), we have

l lp(srv < x)  - .  ( -+) l  = -  %* er@)El  -  t l ,
r r  \ IJEN /  l l * -  o3^/a3nN |  |

where K is the universal appearing in the Ber sden bound, S" : i Xi and.
i : l

Theorem B, With N, Xr, X2, . . . as in Theorem A, if EIX?I < x and EN2 < a,
thenfor all a e (0, l), b e (1, oo),

"  |  /  x  \ l  o(1+ lr l j)  lr(sr,, 
< r) - o 

\;f f i)1. 
*tr",3)f iEN

tKz@,b,3)max{" l*  
_,1 

#}
where

K(a ,3)  :  c  I  0 '7655o-1 , ,  <  30 .5378,

K2(a.b,3) : max {#?, *1. m + *,,
u(b,3): l lr ' * t*t3)xl(#) l l_,

u(3): llr' * r"r'r,,,in{r, f }ll* . t.rnru,

u(3) :ll,' * r'r',*' {',,1 i#} ll_ . 2 sss8
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Remark. If N, is a Poisson variable with EN" : n, and EXl. . oo, then

lim_supnl(loglogn)-i np (J-" (x, - p). 
") 

- P.(^frG;N" - 
*f", 

< r)ll-

JD(6t-ff i
- - 4 . O .

2ozJne

However, it EIX?I < oo, we only have

, i l  / . 6  \  / - G  .  M  \ t l
l im supni l lp I y: 8" - p\. r I  - r.  |  ! :6iu, - '--!X). 

" I  l l, * - ^  l l  \ o  /  \ s n  "  n  - '  
/ l l *

K o /  1 \  l T
5 - 1 1 +  - l + Q r ( a ) , | -  a . s .  v a e  ( 0 , 1 )- o , \  

J a 3 /  
- " ' \ n

r imsupni(r  + t r t3)  l ,  ( ! r r ,  -  p)  <")  -p-  (  (u;- . -  ** , )  . " ) l
n * - '  " ' l  

\ o  
"  

/  \  \ '  n  1  / l

and

|  /  t =  \  /  \ l
r i m s u p " i ( t + t x l 3 ) l r ( f t * ,  -  p . )  < r )  -  r . ( , U l "  - r . ' ; l . . ) l

2cp

'  5  
o '  

a 's '
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