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A. N. Kolmogorov has given the following result [4]: Let f(x), f'(x), ..., f®(x) be
continuous and bounded on IR. Then

IF PN < Crnll FIRSEIF™ K,

where 0 <k <n, Cin=KI_ /Ky ™", Ki = 2 320(=1)/ /(2j+1)'! foreveni,
while K; = % Zf‘io 1/(2j + 1)*! for odd i. Moreover, the constants are best possible.

This result has been extended by E. M. Stein to L,-norm [7] and by Ha Huy Bang to
any Orlicz norm [1]. The Kolmogorov—Stein inequality and its variants are an interest
for many mathematicians and have various applications (see, for example, [2, 8] and
their references).

In this paper, modifying the methods of [1, 7], we prove this inequality for another
norm generated by concave functions. Note that the Orlicz norm is generated by convex
functions and here we must overcome some essential difficulties because of the difference
between convex and concave functions.

*This work is supported by the National Basic Research Program in Natural Science and by the
NCST “Applied Mathematics”.
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Let £ denote the family of all non-zero concave functions ®(¢) : [0, o0) — [0, o],
which are non-decreasing and satisfy ®(0) = 0. Denote by No = N (IR) the space
of measurable functions f(x) such that || flly, = f5° ®(Ar(»)dy < oo, where
Ar(y) =mes{x : |f(x)| >y}, (y = 0), andby Mo = Mo(R), the space of measurable
functions g(x) such that

1
lgllm, = sup{m A lg(x)ldx : A CR, 0‘< mes A < oo} < 00

Then Ng and Mg are Banach spaces [5, 6].
The main result of this paper is the following:

Theorem 1. Let ® € £, f(x) and its generalized derivative f™ (x) be in No. Then
f®(x) € No forall0 <k < n and

IF®%. < Ceall FINENF PR, - (1)

Proof. The sketch of proof is as follows. We begin to prove (1) with the assumption that
f®(x) e No, 0<k <n.
By Theorem 4.3 in [6] and [9, p. 113], we have

IF @, = sup1 f(")(x)g(x)dx )
gM =

Let ¢ > 0. We choose a function A(x) € Mg such that ||| /37, = 1 and

‘/‘0‘3 f(k)(x)h(x)dx‘ > 1/ Ow, — & 3)

Fiz) / P Huday.

By Theorem 4.4 in [6], we obtain F(x) € Lo (IR). Arguing as in [1], we have
o0
FO@x) = f fOG+»h()dy, 0<r<n @
=—(00)

in the distribution sense. It is easy to check that |F (x)| < || fP|ln,, Vx € R.
Now, we prove the continuity of F O@x)onR (0 < r < n). We show this forr = 0
by contradiction: Assume that for some & > 0, pomtx and subsequence |t | — 0,

| f_ Z (FG& 4+ = FGO+0)ho)dy| =6, k= 1. ®)

Since f € Ng, we easily obtain f € Ly joc(R). Then for any m = 1,2,...,
f +y) = f(@) in Li(—m, m). Therefore, there exists a subsequence, denoted
again by {#}, such that f(t + y) — f(y) ae. in (—m, m). Therefore, there exists
a subsequence (for simplicity of notation, we assume it is coincident with {#}) such that
FE+ 5 +y) > fFxO+y)ae. in (—o0, 00).
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On the other hand, { f (x° + # + y)} is bounded in No.So {f(xO+# + y)} is a weak
precompact sequence. Therefore, there exist a subsequence denoted by { £ (x° +#, + »}
and a function f,(y) € Ng such that

/ FEO 4t 4 yw)dy — / FOWGG), Vo) € Mo, (6)

Let u(x) be an arbitrary function in C°(R), then u(x) € Mg. It follows from
f&O+n+y) > f&x%+ y) ae. that

f FGC + 1+ yu@)dy - / S+ y)u@)dy, Yu e CPM). (7

Combining (6) and (7) and [3, p. 15], we obtain

/ FGO+ 1+ h()dy —> / FGO + Yh()dy

which contradicts (5). The cases 1 < r < n are proved similarly.
Therefore, it follows from the Kolmogorov inequality and (3) and (4) that

(I ®lve — )" < IFRO)" < Conll FIZTFIFO X, (8)

Because of || Flloo < [ fllng, IF™lloo < [ f® ||y, and by letting & — 0, we have (1).
It remains to show that f® € N, 0 <k <nif £, f® € Ng.
Let ¥, (x) € CPR), ¥ (x) = 0, ¥, (x) = Ofor |x| > Aand [ ¥, (x)dx = 1. We put
fi.=f * ¥ Then fo € C®(R). Itis easy to check that £ = f s y® € Ng, k>0
and £ = £® x 4, . Therefore,

k |
£, < Conll BIEFNAIE,, 0 <k <.

Since || fullvg < I fllves 167 Iwe < IF® Iy, » we have that, for any 0 < k < n, the
sequence { e } is bounded in N.

By an argument similar to the previous one, we obtain Si — f. Therefore, it follows
that, for any ¢ € CP(R),

(K@, 9 > (fP ), o).
So f® € Ng forall0 < k < nif f, f® € Ny. The proof is complete. [

Remark. For periodic functions, we have
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Theorem 2. Let ®(¢) € L, f(x) and its generalized derivative f™ (x) be in No(T).
Then f®(x) € No(T) forall0 < k < n and

NEPNE o < Conll A PN o
3 (T) 5 (T) »(T)

where T is the torus and ||| . |||, (T) is the corresponding norm.

Applying the obtained results, we can obtain imbedding theorems for spaces of infinite
order. We give here, for example, one result.

Letl < g < 00, ® € £, and a = {ar}rep be a sequence of non-negative real
numbers, which contains an infinite subsequence of positive numbers, where P is the
set of non-negative integers. We denote by the space of functions f on the real
line R whose following seminorms are finite;

a<I>q

1/
1Mo = { D@l @In?} ™ @ < o00),

neP

sup{an || £ ™ lIn,} (g = 00).

neP

I f N, 00

The spaces 7 v

are called Sobolev spaces of infinite order. The space W%, o is defined
similarly.

q

Theorem 3. If the following imbedding holds:
WX,

a,b,q = Wb b,q°
then there exists a constant M such that

Fb,q(t) =< MFa,q(t) vt > 0,

where .
Y ant" (g < 00)
F;-: e neP
g\ sup{a,t"} (g = 00).
nelP
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