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A. N. Kolmogorov has given the following result [4]: Let f (x), f'(x), .. . , 7\n)@) be
continuous and bounded on IR. Then

ll"f(t) l lL < ck,nl l l l lSkl l /( ')  l lL,

where 0 < k < n, ck,, : KI_olK*-o), K, =f IEot-rli /ej +l)t+r forevenf,
whileK; : *Df:oIlQj +1)t+l foroddl.Moreover,theconstantsarebestpossible.

This result has been extended by E. M. Stein to Zr-norm [7] and by Ha Huy Bang to
any Orlicz norm [1]. The Kolmogorov-Stein inequality and its variants are an interest
for many mathematicians and have various applications (see, for example, [2, 8] and
their references).

In this paper, modifying the methods of [1, 7], we prove this inequality for another
norm generated by concave functions. Note that the Orlicz norm is generated by convex
functions and here we must overcome some essential difficulties because of the difference
between convex and concave functions.

*This work is supported by the National Basic Research Program in Natural Science and by the
NCST'Applied Mathematics".
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Lot L denote the family of all non-zero concave functions O(t) : [0, oo) -+ [0, oo],

which are non-decreasing and satisfy O(0) : 0. Denote by No : No(IR) the space

of measurable tunctions /(x) such that ll/ll1s. : ff A(x1{fi)dl < oo, where

LyQ) : mesf.r : l"f (x)l > y], (y > 0), andby Mo : Mo(R),thespaceofmeasurable

functions g(x) such that

l l s l l , rz ,  : *n{* (# ,  
D loWtnlo* :  

A CR,  0.< mesA'  - } '  - '

Then No and M6 are Banach spaces [5, 6].
The main result of this paper is the following:

Theorem l. Let Q e L, f (x) and its generalized derivative f{"(*) be in No. Then

7{r,) @) e N6 for aII O < k < n and

ll /(ft) llh < ck,nll / 11l,,;ft ll /(") lli,-

Proof. The sketch of proof is as follows. We begin to prove (1) with the assumption that

7 { D @ )  e  N 6 ,  o  < k < n .
By Theorem 4.3 in [6] and [9, p. 113], we have

l l.f(ft)11,,,,* =,,^iup_, 1 f- ftkl<rl g@dxl.
l l s l l ' u t=1  ' ' r -

Lete > 0.Wechooseafunction h(x) e M6 suchthat l lhllv. : l  and

I I*_rT'orn@d.xlz tt,r(ft)ttn* - e. (3)

Put

F(x):  [*  f  , ,  + y)h(y)dy.
J - a

By Theorem 4.4 in 16l, we obtain F (x) e L- (lR). Arguing as in [1], we have

.  F ( r )11 ; :  
I ]_ r " " .+v)h(v )dv ,  

o<r<n (4 )

inthedistr ibut ionsense.I t iseasytocheckthat lF( ' )(r) l  <l l f ( ' ) l lv. ,  Vx e lR.
Now, we prove the continuity of ptr)(.t) on IR (0 < r < n). We show this for r : 0

by contradiction: Assume that for some € > 0, point x0 and subsequence 14. | -+ 0,

I I l-Uu' t tr, * v) - r(xo + i)n61avl 2,, r z r. (s)

Since / € No, we easily obtain / e I1,7r"(R). Then for any m : 1,2,...,

f (tr + y) --> f (y) n Lr?m,n). Therefore, there exists a subsequence, denoted
again by {rr}, such that f (tr * y) -+ f (y) a.e.in (-m,ru). Therefore, there exists
a subsequence (for simplicity of notation, we assume it is coincident with {rr}) such that

f (x0 + tr, -l y) --> f (xo * y) a.e. in (-oo, m).

(1 )

(2)



Kolmogorov-Stein Inequality 365

On the other hand, {f (xo + t* * y)} is bounded in No. So {f (*o + tr, _f y)l is a weak
precompact sequence. Therefore, there exist a subsequence denoted by [f (xo + tt + y)l
and a function f*(y) e N6 such that

Ilrrr'.-tr,ty)u(y)dy 
- 

I* f*(y)u(y)d(y), vu(y) e Mo.

Let u(x) be an arbitrary function in cf,(IR), then u(x) e Mo.It follows from
f (xo + h -t y) --+ f (xo * y) a.e. that

f  (ro +y)u(y)dy, Vz e Cfi(tR).

Combining (6) and (7) and [3, p. t5], we obtain

I]ro' * tr, * y)u(y)dy - I:

Ilro' t tr, * y)h(y)dy - 
I:r@o + y)h(y)dy

which contradicts (5). The cases | < r < n are proved similarly.
Therefore, it follows from the Kolmogorov inequality and (3) and (4) that

( l l , r ( * ) l l " -  - r ) "  = ;pt t )10;1 '  <ck,n l lF l lbr l lF( , ) l lL .  (8)

Becauseof l l f l l -  < l l , f  l ln*, l lF(,) l l*.  l l , f( ,) l ln andbylett inge _+ 0,wehave(1).
Itremains to show that 7@ € N6, 0 < k < nif f, y@ . 1g*.
Let tlrv@) e Cff(lR), lrx@) 2 0, ,ltx@): 0for lxl > ),and ! lrl@)dx: 1. Weput

fx= { * l r ; .Thenf i  e C€(lR). I t iseasytocheck thaty@ : f  *r l r f )  e NE, t  > 0
and f(n) = qtu) x ry'^. Therefore,

ll"4o) lri,. < ck,nllf^llh,k llfl")ilfu., o < k < n.

Since llfi l l1s.- < ll,f l l l,, l l,4')ll"- < ll.f(n)llrv., we have that, for any 0 < k < n,the
sequence {/^to'} ir bounded in N6.

By an argument similar to the previous one, we obtain fi .^ /. Therefore, it follows
that, for arry I e Cf 0R),

Ulo) @), p(x)) --+ ,7{D @) , p(x)).

So 7(t) e N6 for all0 < k < n if f, f(") e N6. The proof is complete. r

Remark. For periodic functions, we have

(6)
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Theorem 2. Let O(r) e L, f (x) and its generalized derivative Trnt@) be in Nq(T).
Then f@1161 e No(T) foraI lO <k <nand

I ll .f (r) ll | ?v. 6v < c r,,"lll f lllfift, I ll,f (') ll I fv. 11v,
where T is the torus and lll . ll I iv* Ol is the corcesponding norm.

Applying the obtained results, we can obtain imbedding theorems for spaces of infinite
order. We give here, for example, one result.

Let 1 < e < 6, Q e L, and a : {atlrcp be a sequence of non-negative real
numbers, which contains an infinite subsequence of positive numbers, where P is the
set of non-negative integers. We denote by Wf;r,n the space of functions / on the real
line R whose following seminorms are finite;

lllf lll,,q: fDro,llf(n)llu,)q|"n ,n < oo),
n e P

l l l"f l l l,,* : 
:1pp{a"lll(') 

l lN*} (q : oo).

The spaces Wf;,*,n are called Sobolev spaces of infinite order The space Wfr,n is deflned
similarly.

Theorem 3. If the following imbedding holds:

Wf;,o,q'-+ Wfo,q,

then there exists a constant M such that

Fu,q(t) < M F. .(t) Vt > 0.

D oflt" (q < oo)
n e P

stp{a"t"l (q : oo).
n e P

where
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