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Let X be a quasi-normed linear space and O : {pr}Pr a family of elements in X (a
quasi-norm ll ' ll is defined as a nonn except that the triangle inequality is substituted by
ll / + S ll S C ( ll / ll + ll g ll ) with C an absolute constant). Consider n-term approximation
of elements f e X by the linear combinations of the form e : Drceapgp,wherc Q is
a set of natural numbers with cardinality n. It is convenient to assume that some elements
of O can coincide, in particular, O can be a finite set, i.e., the number of the distinct
elements of O is finite. Denote by Mr(A) the set of all these linear combinations. If
W C X, we can put

on(W, Q, X) :: sup o,(f, Q, X) : 
i!!* r.#fr*rll f 

- vll.

There has recently been a great interest in both the theoretical and practical aspects of
n-term approximation. However, the families O in definitions (1) are too general to make
them useful. If X is separable and O is dense in the unit ball of X, then or(f , O, X) : Q
for any f e X. One way to deal with this problem is to impose restrictions on <D and/or
on methods of approximation. A (continuous) method in z-term approximation by O
is represented as a (continuous) mapping S from I4z into M"(Q). We can restrict the
approximation by the elements of M"(Q) with only continuous algorithms and with
only the families O from f (X) which consists of all such bounded O whose intersection
with any finite-dimensional subspace in X is a finite set. The best n-term approximation
with these restrictions leads to the non-linear n-width r"(W, X) which is given by

t"(w,x),: H;:# l l /  - s(/) l l ,

(1 )

(2)
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where the infimum is taken over all continuous mappings S from !7 into M"(A) and all
families A e F(X). Note that the restriction on the families O in the definition (2) is
quite natural. All well-known approximation systems satisfy it. Similar to q(W, X) is
the non-linear n -width ri(W , X) which is defined by formula (2) with the infimum taken
over all continuous mappings S from 14/ into M"(A) and all finite families O in X.

A notion of non-linear n -width based on continuous methods of n-term approximation
was introduced in [4]. Let lrc be the normed linear space of all bounded sequences of
numbers * : {rn}f;:r equipped with the norm

l lxl l- :: 
,1;gt_ 

lxrl,

and M, the subset in l- of all x : {**}f;:r for which xk : O,k f Q for some set of
natural numbers Q with cardinality n. Consider the mapping R6 from the metric space
Mn into X defined by

Ro(x) : :  D*oro ,
k e Q

if x : {xrlL, and xp :0, k # p, for some Q with cardinality n. From the definitions,
we can easily see that if the family O is bounded, then R6 is a continuous mapping from
M, into X and M"(Q) : Ra(M"). Thus, in this sense, M"(A) is a non-linear manifold
in X, parametrized continuously by M". On the other hand, any method of n-term
approximation of the elements in I4z by O can be treated as a composition S : R6 o G
for some mapping G from W into Mr.Therefore, if G is required to be continuous, then
the method approximation S will also be continuous. The non-linear n -width a"(W, X)
[4] is given by

an(W, X) : :  in [  sup l l " f  -  Ro(c( , f ) ) l l ,
w , u  f e w

where the infimum is taken over all continuous mappings G from W into Mn arrd all
bounded families O in X.

There are other notions of non-linear n -width which are based on continuous methods
of non-linear approximations different from /r-term approximation. We would especially
like to mention the well-known and very old Alexandroff non-linear n -width a"(W, X)
(for the definition, see, e.g., [3, 8]), the nonJinear manifold n-width 6r(W, X) introduced
in [2] (see also [6]), and the non-linear n-width p"(W, X) which is defined by

fln(W' X) :: inf
R . G

sup l l " f  -  R(G(,f)) l l ,
few

where the infimum is taken over all continuous mappings G from W into M, and R
from M, into X. This non-linear n-width was introduced in [4].

The non-linear n -widths tr, t!, ar, ar, 6n and B, are dlfferent. However, they possess
some common properties and are closely related. Let W be a compact subset in the
quasi-normed linear space X. It was proved that

a " ( W , X )  < f r n ( W , X )  <  a r ( W , X ) ,

6zn+r(W, X) < a"(W, X) < P"(W, X) < 6n(W,X),
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(see [4]). We prove that

369

r,+r(W, x) < r ln(w, X) < a,(W, x) < r l(w, x),

and in addition
an (W,  X )  :  t , (W,  X )  : 4 (W,  X )

for finite-dimensional X.
Our attention is focused on the quantities rr, rf,, a, and o, which are directly based

on r?-term approximation. However, because of the close relationship between these
non-linear n-widths and 6r, fln, an, and because in many cases they are asymptotically
equivalent, it is quite useful to study them together. We restrict ourselves to consider
continuous methods of n-term approximation and non-linear n -widths based on them
for classes of functions with common mixed smoothness. The asymptotic degrees of
an and p, have been obtained in [4] for the well-known Sobolev and Besov classes
of multivariate functions. Non-continuous methods of n-term approximation and the
best n-term approximation for classes of functions with bounded mixed derivative
or difference are considered in [5,7]. To obtain lower bounds of on(W, <D,X) for
well-known classes I4l of functions families O should be restricted by some "minimality
properties". This approach was considered in [4, 5]. The reader can also consult [1.] for a
recent survey ofvarious aspects ofnon-linear approximation and applications, especially
n-teffi approximation.

A central problem in studying non-linear n-widths and the best n -term approximation
on(W, Q, X) of classes of functions is to compute their asymptotic degree if these classes
are defined by a common smoothness. In the present paper, we give the asymptotic
degree of the above-mentioned non-linear n-widths and the best n-term approximation
on(W,Vd , X) by the dicti onary Vd formed from the integertranslates of the mixed dyadic
scales of the tensor product multivariate de la Vall6e Poussin kernel S;., for Sobolev and
Besov type classes of functions with a common mixed smoothness.

Let A be a finite subset in Rd. For O . p,0 < @,let B!' denote the Besov type

space of all such functions on the n-dimensional torus Td 1: lO,2nld , for which

l l f  l ln;.,:: l l f l lp + l lf ln;,,
{

is finite where ll . llp is the usual p-integral norm in Lo :: Lp(To) and I . lr;, is defined
a s  

/  r  r 1 / o

l f  ts;,:: (/r, 
I 

h-t-qp l lat,f(" ' l l lnan) d < oo,

(theintegralchangedtothesupremumforg: oo)forsometriplet/ e NdandB,s e Rd,
satisfying the condition fl * s - a; l j  > fl i , 0, j : l ,...,d,whereAl, denotes the
operator of the /th mixed difference with step h. We will use the abbreviation for the

special case A : {0} : Bp,g i: a[\.rn" Sobolev type space wf is defined similarly

by replacing lf ln;, in (3) with lf lw" :: llf \)llp, where .;f ta; is the mixed derivative in
the sense of Wei[ of order cv. Note that the Besov space and Sobolev space are special
cases of Bf,s and IVf. Denote by SX the unit ball in the space X. The main results of
the present paper are the asymptotic degrees of non-linear n-widths and the best n-term

(3)
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approximation by the dictionary Vd of the Sobolev type class SW! andthe Besov type

class SBj., in the space In. It turns out that these asymptotic degrees are closely related
to the linear problem

(1. x) -+ sup, r € A1, (4)

w h e r e A t  : -  { x  e  R d  :  ( a ,  x )  <  l ,  a  e  A ,  x i  Z O ,  j  :  I , . . . , d } , 1 : :  ( 1 ,  1 , . . . ,  1 )
e Rd . Let 1 / r be the optimal value of (4) and u the linear dimensions of the set of solutions
of (4), i.e.,

l f r ; :  s u p { ( l , x ) :  x e A i ) ,  v : : d i m { x  e A \ :  ( l , x ) : l / y 1 .

Fo r / c  e  Z ! : :  { k  eZd  : k i  >  O ,  j  : 1 , . . . , d } ,we le t t he tenso rp roduc tde laVa l l 6e
Poussin kernel 51 be defined by

where

d

Sr(x) ::  f l t : t i i - t  v1,,@1),
;  - 1

v 2 v
.  \ -  a -  2 u - k

+ Lcos k/ + coS k/ :

k : l  k : u * l

v,(D :: )
sin(ut) sin(3vt /2)

2v sinz (t 12)

is the univariate de la Vall6e Poussin kernel of order v.Put Qp:- {s e Z{ : s; <
3.Zki+r, j : l , . . ., d); hk :: 3-t n (2-kr, . . ., )-ka).We define the family Vd by

vd : :  {q! } r .e t ,kezd, ,  9 !  : :  s2o* ' ( ' -  thk) .

He re ,  we  use  the  no ta t i on :  2 '  : :  ( 2 ' r , . . . , 2xd )  and  xy  i :  ( x t y t , . . . , xp6 )  f o r
x, y e Rd. From well-known properties of de la Vall6e Poussin kemels, it follows
thatVd is bounded in Ln andVd e F(L).0 . 4 < oo.

Put a1 :: max{a,0} and lc(A) :: inf {/ > O : tt e conv(A tJ t0})}, where convG
denotes the covex hull of G and € the canonical basis in R1. Denote by y, any one of
otn, rn. r;, pr, an and 3n.

Theorem l .  Let l  .  p ,4 < @,2 < e < m andlet  Abe af in i te  subset  ofRd wi th
tL(A) > max{O, d I p - d lq, d / p - d /2). Then we have

o,$B!,e,Vd, Lq) = y,6Bl3, Lr) x (n/log'n)-'( logu 41r12-r1e, (5)

o,(swi,vd . L; = y"gw!, L) x (n/log' n)- '  . (6)

The asymptotic degrees (5) and (6) are achieved by an explicitly constructed positive
homogeneous continuous mapping G* : Y + Mn such that

sup
f c g Y

l l f  -Ry, (G*( / ) ) l ls  x  E(n) ,

where E(n) is the right-hand side of either (5) or (6) andY is either Bf, or Wf ,
respectively.

Theorem 1 is obtained from the followins:
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T h e o r e m  2 .  L e t I .  p , q  < @ , 0  <  r  <  0  < m a n d l e t A b e a f i n i t e s u b s e t o f R d

with p.(A) > (d I p - d lil +. Then we have

o,gB! .s ,vd ,Bn, )  x  y ,$B! ,6 ,8n , , )  x  Ee1@),  (7 )

where
Ee,@): :  (nf  logv n)- ' ( logu 74r l r - t1e '

The asymptotic degrees (7) are achieved by an explicitly constructed positive homoge-

neous continuous mapping G* : 9f;., + Mn such that

sup l l f  -  Rya(G-(" f ) ) l lq  x  Es, , (n) .

f eSB! u

spaces of sequences with mixed norm. Establishing the lower bound in Theorem 2 also

involves the following lemma.

Lemma l, I*tthelinearspaceLbequasi-normedbytwoquasi-normsll ' l lx andll ' l ly,

and w a subset of L. If a is a family of elements in x such that o^(w, Q, x) > o, we

have
on+m(W, O,  Y)  < o, (SX, Q,Y)o^(W, O,  X) '

ff ll . ll x and ll-llv are equivalent, W is compact in these quasi-norms and y^(W , X) > 0'

we have
Tn+m(W,Y)  I  y "$X ,Y )Y^ (W,  X ) .
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