
Vietnam Journal of Mathematics 26:4 (1998) 379-383 
\, [,", ,*,n* l[ ror ru tr rm a lL

, {
MI A\]f ]HI ]E MI A\!f ItC SS

o Springer-Verlag 1998

Short Communication

Complex Stability Radius
of Linear Retarded Svstems

Nguyen Khoa Sonl and Pham Huu Anh Ngoc2
I Institute of Mathematics, P.O. Box 631, Bo Ho, Hanoi, Vietnam

zDepartment of Mathematics, Hue University, Hue, Wetnam

Received August 24, 1998

In this paper, we shall study the notion of complex stability radius of a stable linear
time-delay system under structured perturbations. A lower bound and an upper bound
are obtained which, in certain cases, yield a formula of the complex stability radius
expressed in terms of the transfer function. Our results extend the results of Hinrichsen
and Pritchard in [3] where linear systems with no delay i : Ax were considered.

Consider the linear retarded system described by a time-delay differential equation of
the form 

m
* ( t ) :  Aox ( t )  + l l . i x1 t  -  h ; ) , t  >  0 ,  ( 1 )

i : l

where lrs :: 0 < ht < hz
M :: {0,I, ...,m} are given complex matrices. Denote by o((Ai)iem) the set of all
roots ofthe characteristic equation ofthe system (1):

I  /  m  . \  Io ( \ A i ) i e u ) :  l i  e  C  :  d e t  l ^ ,  - a o  -  I  e , r " '  l : 0 1 .t \ 7 t / '

The system (1) is said tobe asymptotically stable if

o( (At) rcu)  C C- : :  {s  e C :  Res < 0} .

Suppose the system (1) is asymptotically stable and the system matrices A, are subjected
to parameter perturbations of the form

A; --+ A; * DiA,;Et, i e M. (2)
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Here,foreach i e M, li,q;aregivenpositiveintergernumbers,Di eCnxti , Er e CQixn
matrices defining the structure of the perturbations, and A; € CtixQi the unknown
disturbance matrix whose size is measured by the norm llA; ll . Throughout this paper,
the norm of matrices is understood as the operator norrn.

Generalizing the definition in [3], we define the stability radius of the asymptotically
stable retarded system (1) with respect to structured perturbations (2) by

l m  I
r c : i n f  { f  t t l r l l  :  A ; e  g t i x Q i ,  i e M ,  o ( ( A i ] - D ; a , i E ) ; a y )  € c - } .  t g l

t=6 l
We set, in the above definition, inf 0 : *oo.

For l, j e M, we define the associated transfer matrices G;; (s) e Caixtl 6t posing

(4)

which are analytic matrix functions on every open subset of C\o((A;);6y). We need
the following:

Lemma l. Assume (l) is asymptotically stable. Then, for each i, j e M,

_max^ llG;7(s)ll : Jnil^ llGi;(s)ll.
Res>O "  Res:0

Proof. Since, by assumption, o((Ai)iem) c C-, it follows that, for each y* € (Cet;x
andu e  gr ; , the func t ion 's  r -+  y*G;1$)u  isana ly t i conC+: -  {s  e  C:Res >  0}
and continuous on C+ :- {s e C : Res > 0}. Since 

,,ftg; lf.Cry(s)ul : 0 (because

m

lim ll(s/ - 46 - D Ape-sh*I-t ll : 0 (see [1])), by the maximum principle for the
k: l

modulus of analvtic functions. we obtain

:nal  ly*Gi;(s)al  :  
*man l l*G;;(s)ul .

l lG;;(s) l l  :  sup ly*Gi1$)ul ,
l l u  l l :1 , l l ) -  l l : l

the last equality implies (5), completing the proof. I

We now prove the main result which establishes the lower bound and the upper bound
for the stability radius of system (1).

Theorem 2, Assume the linear retarded system (l) is asymptotically stable and
subjected to parameter perturbations of the form (2). If the complex stability radius
ofthe systemis definedby (3), then

mux l lGi i ( tar) l l
i .  j  e M , a e R

G;7(s) : 
", (r, 

- As -ioou'or)' o,

(s)

Moreover, since

< r c <
max llGri(rco)ll

i eM .ueR

(6)
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Proof. Ftrst suppose Li e Qtixet , i e M are destabilizing disturbances for (1). Then,
by definition, there exist xo e Cn, xo # O, s6 e C with Re r0 > 0 such that

(oo * rooo no +D@i * D1\E)e-''fr,)xo : r0r0.
J: I

Denote by R(s) the characteristic matrix of the system (1):

/  -  \ - l

R(s) : f sI - Ao -l,t1r-"0, 
1

\ i : r /

Then R(ss) is well defined since the system is stable and by (7),

R(so)DoAoEgr6 + I R(s6)D, A7E, e-sohi x0 : xo.
j : I

Let q e M be such an index such that llEqxoll : 
T#llEixoll. 

Then from the lasr

equality, it follows that Enxs I 0. Multiplying this equality from the left.by En, we can
deduce, by definition (4),

m

l lGqo(so)l l l lAoll l lEoxoll  + | l lG4(so)l l l l ly l l  l lEixol l  > l lEqxoll .
j= r

This implies

(,i* ttcr,("0)l)

(7)

(8)

llEqxsll Z llEqxoll.

Hence,
tn

s-1 ..

| i la;i l  >
l:0

and thus, by Lemma 1,

mat'i, jeu llGi;(so)ll f f i ix i , jeM,R",>o l lG; ; (s) l l '

r c >
max4 j e M,ae n? llG i i Qa) ll'

To prove the second inequality in (6), we fix i e M and suppose the maximum of
to t-+ llG;;(tar)ll occurs at o;; € R : maxr.p llG;;(ta)ll : llGi;ea)ll. Then there
exists u; e Ct' , llui ll : 1 such that llGiiQa) ll : llG;; (rar )uill.By the Hahn-Banach
Theorem, there exists fi e (ga';*,llfill : I such that

. f i(GiiQr,ti)ui) - l lGiiQoi)u,l l: l lGi;Qa)ll.

Define the disturbance matrix Li e Qlixei by setting

L;  :  l lG ; iQo) l l - ru i f i .
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It is clear that A; is of rank one and
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l lA; l l  :  l lGi iQa)l l -L

r c :
tnilXi eM,arep. ll G i i Qa) ll

(10)

We note that for the particular case where Dj : D and \ : E for all j e M,
the above formula has been presented earlier in [4]. The proof given in [4], however, is
incomplete.

Example. Consider the time-delay differential equation i(t) : px(t) + qx(t - 1) with
O < q < I and p < -1. It is easily verified that this equation is asymptotically stable
(see [1, Theorem 13.8]). Let the above equation be subjected to perturbations ofthe form

(e)

If we set

I  L  , \ - '
a: lL r i , ; I  -  As- l ,A ie - ' ' ' h i  |  , , r , ,

\  7 - '  I
then E;x : GiiQa;)ur, and hence, L,iEfi : ui.lt implies x I O and

/  . ^ .  . \ - '
*-  l r r ; t  -  As- l .A1e- ' ' 'h i  I  o;n;oi ,

l - L t

\ F /
or

/ * \,
l rc i I  

-  Ao - DiLiEr -  
|  Aie-Laihi  

I  "  
:  O.

\ ,=t . l

Setting I, : 0 (Y j + i) and Ai : [islaihi , we obtain

r c ;  e o ( ( A 1 a  D 1 L 1 E ) 1 e d ,

which means that 17, J : 0, 1,... ,m are destabilizing perturbations. By definition
and (9), we have

," =i i lA;i l  :  t laitt  :
"l:0

which implies the second inequality in (6) since the above inequality holds for every
fixed i e M. This concludes the proof. r

Corollary 3. If Dj: D, U j e M) or Ej : E (Y j e M),thenwehavethefollowing

formula for complex stability radius of the retarded system (1) under the structured
perturbations of the form (2):

i(t) : (p * 6)x(t) + (q 1- 6)x(t - 1), 6; € C. (1  1 )
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Then, by (10), we have

r c :
IrIsXareR lQa - p - qe-La)-rl

- miq J @ + q sino)2+ (p + qcosrl.)2 : -p - q.
o€IR Y

It follows, in particular, that the perturbed equation (11) is asymptotically stable for all
61, 62 € C such that ldr | + 16zl < - p - 4. However, if 61 : - p - q and 62 : 0, then
the perturbed equation (11) is not asymptotically stable. I
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