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L. Introduction

Let Folxt, ..., xrfbe the commutative polynomial algebra in n indeterminants, .trl , ..., .xn
say, over the field Fo of p elements, and So the subspace of Fplxt,..., xnl consisting of
all homogeneous polynomials of degree d. M, acls on Fpfxt, ..., xrl in the usual way,
therefore, Mn acts on Sd and Sd becomes Mr-module.

Mitchell showed that every irreducible Mn-module occlus as a composition factor in
M,-module Sd for some a =Li-:!pt - 1; and then, Doty and Walker [1] showed that
this module can be embedded in S' as an Mr-submodule for at least one value of d in
this range. However, it is not known whether the degree d given above is the minimum
possible degree of an embedding of the irreducible M,-module.Independently, by using
Dickson invariants, a complete set of distinct irreducible modules H p was constructed
by Tri [3]; every module HB is a submodule of Sa for some d in the above range. The
aim of this paper is to show that the occuffence of this module is the first occurrence of
this module as a submodule in Fplxt, ..., xnl.

To state our results we recall that the Dickson invariant Ln : Lr(xt , .. ., x, ) is defined
as follows:

Then o.Ln : det o Ln fot o e Mr.

Let B : (fu, ..., fl) and fP : ni:t t !' e Folxt, ..., x,l.
We denote by H B the Mn-module generated by LP , it means that H p is an .Fo -vector

space generated by the set {o.Lp : o e Mnl.
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Theorem 1.1. [3, 1.1]

l H p ,  p  :  ( f u , . . . ,  f n ) ,  o .  p ,  <  p  -  t ,  r  <  i  <  n l

is a complete set of pn distinct irreducible modules for the algebra FplM"l.

Let n : 2 arrd i,7 be integers such that 0 < i < p - I.LeI W;1 be the Mr-module

generated by xlP'. Then I{i; is irregular and isomorphic to I11;,0y. lvrl occurs in Foh, xz)
in dimension lpr whereas F1(r,0) occurs in Fofxt,x2l in dimension i. Let %; be the

Mn-modulegeneratedby ff' .fhen V;i isirregularandisomorphictofl(o,i).yrj occurs
in Fofu, x2l in dimension (1 * p)ipt whercas l4o,;l occurs in Folxr, x2l in dimension
(I -l p)i. Generally, we have

Theorem 1.2. H B mentioned in Theorem I .I is the representative of lowest degree for
its class of isomorphic irreducible Mr-submodules of Folx1, . . . , xrl.

2. ProofofTheorem 1.2

We need the following results.

P r o p o s i t i o n 2 . L . l 3 , 3 . 5 l  L e t  F :  ( f u , . . . , f l ) b e s u c h t h a t 0  <  f l r  <  p - I f o r
i  : 1 . . . .  . n .

(l) If P" > l, then H$,, ..,p,) 7 H(p,,.. ,f^_r,f,-l) I det .
/ r  ,  o \

( i i )  Lete, -1 :  (  " t '  i ) .Thene"-r .Hrp, . . . . . f^_, .o) :  
Ht f , .  . f l ,  t tas Mn-1-modules.

\ /

L e m m a 2 . 2 .  L e t  f u , . . . , 8 n b e  s u c h t h a t 0  <  f l i  <  p  -  l ,  1  <  i  <  n - 1 ,
0 . fl" < p - 2 andW an Mn-module.

(1) If 1 < B, and det 8W = det8H6,,. .,Fa,f,), then W ? H@,,...,F,_t,F).
(i i) fdetSllz = det8H6,,...,f^_,,o), then

W 7 H6, , . . . , f ,_r ,o)  or  W 1 H6, , .  , f l ,_ t ,p-r ) .

Proof. From the hypothesis det 8I4z = det8H6,,...,F^_t,F), it implies that det OW :
H(p,,.. ,p, ,,F,+tlby Proposition 2.1. H6,,...,f l ,_t,f,+r) is irreducible since I7 is too. The
m o d u l e s  H p f o r  f  : ( f u , . . . , P " ) ,  O .  P ,  <  p -  1 ,  1 <  i  < n f o r m a c o m p l e t e s e t
of pu distinct irreducible modules for the algebra FplM,), so 14/ = H@1, .. ,a, r,o,) for
s o m e c v l ,  . . . ,  o t n - I ,  a r , O  <  o t i  <  p  -  l , l  <  i  <  n .

F o r l  <  F ,  <  p - 2 , i f  d n :  p  - l , f r o m t h e d e f i n i t i o n o f  H g r , . . , d n _ r , a ^ ) t
it is not hard to show that det8I11o,, ,dn_r,d,) is isomorphic to H6r,..,o,_1,ry. Then,
from FI1o,,... ,a,_t,D 7 H$r,.. ,p,_,,p,+ry, it implies that B, : 0. It is impossible. Thus,
dn 1 p - I and det8l7 Z H@t,. ,a,_t,a,1r) 7 H(p,,. ,f la,A,+D. From this, we have
oti : fi, l < i < n and the assertion (i) is proved.

To prove the assertion (ii), we note
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From the hypothesis of (ii) and Proposition 2.I,wehave

det 8I4z 7 H$,, ..,f,_r,L),

therefore, ai : fri,l < i < fl - l, dn : O ot d.n : p - | and,the assertion (ii) is
proved. I

Proof of Theorem I.2.LeLT,be the group consisting of uppertriangularmatrices with
1 on the diagonal. In [2], Mui showed that

F o t n ,  . . . ,  x n f r '  :  F p f V r , . . . ,  V , l ,

w h e r e  V ;  : V r ( x r , . . .  , x i )  -  
I l ( o r " r  + . . . +  a i - l x i _ t  + r , )  a n d  L r : V l  . . . V n .

The theorem is proved by induction on n.
For n : r, let w be an irreducible M1-module as a submodule of homogeneous

polynomials in Fofxi, isomorphic to HB, for some p1, 0 . fu < p - 1. I/B, is an
M1-module generated by xf ' and the modules 14, 0 <c < p - l, form a complete set of
p distinct ineducible modules for FpfMtl. Therefore, W contains nonzero homogeneous
polynomials with their degree not less than fu and the theorem is proved.

For n > 1, suppose the theorem is true for every integer less than rr.
L e t p  -  ( f u , . . . , F ) ,  O .  F i .  p - 1 ,  1  <  i  <  n a n d H s  a n i r r e d u c i b l e

module generated by 7f . Let w be an irreducible module as a submodule of
homogeneous polynomials in Fo[.rr, . . . , xnf and, 4 an isomorphism from I4l onto HB.
Se t / ( x1 , . . . , xn ) :4 -1  1L f l ; , t henacco rd ing to thep roo f  o f l 3 ,3 .2 l , f ( q , . . . , xn ) i sa
uniqueZr-invariantuptoconstantd e Fp,a l\.Forl < i < n,takeo;: (aip) € Mn,
qj j  :  l ,  j  +  i  and ap :  Q at  other  posi t ions.  We have ry@i. f  @1,. . . ,x , ) )  :
o i . n ( f@t , . . . , x " ) )  -  o ; . ! ,F  :  0 ,  t he re fo re ,  o ; . f ( x1 , . . . , x r )  :  0  and  then
f ( x t , . . . , x n )  h a s x ; a s a f a c t o r .  f ( x t , . . . , x n )  i s a n f i r - i n v a r i a n t , s o  f ( x t , . . . , x n )
hascv l x l  + . . ' +o t i - t x i - r  * x ;  asa fac to r  andV i  asa fac to r fo r  1  <  i  <  n .Thus ,
f  ( x t , . . .  , xn ) :  L r f t ( x t , . . . , xn ) fo rsomeTr - i nva r i an t f l  ( x r , . . .  , x ) . Le t l 4z1  be the
Mr-modulegeneratedby ft(xt,... ,xn),then W : LrWt = detgl4zr asMn-modules.

Note that H@,,...,p,_,,p,, = detSH$,,...,f l ,_r,f,-t) tf f ln , 1. Lemma 2.2implies
W1 1 H6,,...,F,_t,f,-l).By repeating this procedure for Bn - I times and also by
Lemma 2.2,  we have / (x1 ,  . . . ,xn)  :  f f ' fp ,@t, . . . ,xn)  for  some Zr- invar iant
fB"@t, . . . ,xn)  and Wp, Z H(p, , . . . , f ,  r ,0)  or  H$, , . . . ,p ,_, ,p- l ) ,  where WB, is  the
M,-modl;le generated by fp,(n,... , x).If Wp, = H(p,,...,p,-,,p_r;, by the above
method, there finally exists k such that

f ( x r , . . . ,  x , )  -  U f ^ + k { p - t 1  f p , + t t p - r @ t ,  . . . ,  x r )

for some fl,- invariant fp^+t tp-rl@l ,... , x,).If we denote by Wp,+*fp_r1 the M,-
module generated by f p^+t tp-t) (r1, . . . , xn), then Wp^,,1r10_t1 7 H6r,... ,F, r,o). Take

/  h - ,  o \e , - r  :  
( - ' t '  O )  

.  tW" , t hen4 l " , ,w  i  en - r .Wp ,+k (p -1 )7  e , -1 .H18 , , . . , f , _ r , g )

9 l

deg f  (x1,  . . .  ,  xn)  > deg 1@'"" fa ' f l ' )



92 TonThat Tri

and the theorem follows.
Now, letr > landn1,... ,nr positiveintegerssuchthatntl... ln, - n.Denotedby

Mrr,... ,r,, the parabolic subsemigroup of semigroup Mn, Mrr,...,r. is defined as follows:

Denote by HB(Mr,,..,,,) the Mn,,...,n, module generated -by Lp; it means that
Hp(Mn,,...,n,) is an Fo-vector space generated by the se't {o.Lp i o e Mnl,. .,n,}.

In the same way as in [3], we also have

Proposition 2.3.

{ H B ( M n , ,  . , " , )  :  f l  :  ( f l t , . . . ,  f " ) ,  o .  &  I  p  -  l ,  I  <  i  <  n }

is a complete set of pn distinct irreducible modules for FplMn,, . ,n,).
Then the proof of Theorem 1.2 is also valid for the following proposition.

Proposition 2.4. HB(M"',.,r,) mentioned in Proposition 2.3 is the representative
of lowest degree for its class of isomorphic irreducible Mnr, ,n, submodules of
F o l x t , . . . , x n l .
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