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Abstract. In this paper, the existence and the concrete calculation of the limit lim.--

ll P^ (D) f ll'rl: for any function / e Np (lRn ) with bounded spectrum are shown.

1. Introduction

Ha Huy B ang [ 1 ] has proved the following result: Let O (t) be an arbitrary Young function,

f (x) e Zo(lR'), P(€) a polynomial with constant coefficients, and supp/ bounded.
Then there always exists the limit

df : ri^ llP- (D) f lllg .

and moreover,
d1 : sup{lP(6)l : 6 e supp.f(6)},

where / is the Fourier transform of the functio n f and ll . ll tol is the Luxemburg nonn.
In this paper, by modifying the methods of [1], we prove this result for another norm

generated by concave functions. Note that the Luxemburg norm is generated by convex
functions and here we must overcome some difficulties due to the difference between
convex and concave functions.

Let I, denote the family of all non-zero concave functions O(r) : [0, oo) -+ [0, m],
which are non-decreasing and satisfy O(0) : 0. For O e ,C, denote by N6 - No(lR'),
the set of all measurable functions f such that

l l.f l lr,,, : 
lo* 

o(x1<t>1at,
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where l.y(l) : mes{r : lf(x)l > y}, (y > 0), andby Mo : Mo(lR"), the set of all
measurable functions g such that

l l g l l , rz .  : r * [# r ,  
loWUr lo r :  

A  c  IR ' .  0  <  mesA =  - ]  .  - .
I

Then N6 and Mp are Banach spaces [5 - 6].

2. Result

We give the main theorem:

Theorem l. Let Q e L, f (x) e No(lR"), P(E) be a polynomial with constant
cofficients, and suppi bounded. Then there always exists the limit

df  :  ^ \ l lP^(D) f  l l \ : ,

and moreover ^
dy :  sup{ lP(6) l  :6  e supp/} .

NotethatTheorem l isageneralizationof aresultobtainedin [3].ToproveTheorem 1,
we need the following known result.

Letm e Z'r.Denoteby W^,2 the usual Sobolev space, i.e., the set of all functions /
such that

/  n  - .  . r l / 2
| f  |^.2: ( L l lD',f  l l ;)  < oo.

l q l = m

We have the topological equality H@) : W*2 (see [4], (7.9)), where

Htu) : {/ .  s'  :  l f  lmt = (f",t  + EP)^ffroiot) ' ' '  .  -}.

Lemma l.16l If f e No, I e Mo, then fg e L1 and

f  l f  @)s1') ldx < l l . f  l l rv, l ls l l^ / , .
Jp,

L e m m a 2 . l 2 l  I f  f  € N 6 , u e L 1 t h e n f  , r u e N o a n d

ll "f * a llr,'* S ll ,f llru. lla ll r .

Proof of Theorem I. We shall begin by showing that

p-*llr*P)f ll',1: - 
rffi,lP(6)1,

(1 )
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where we denote supp.f by sp(,f) for simplicity.
Letf0 e sp(/) suchthat lP(fO)l : supsp(.f) lP(6)l.Withoutloss of generality, we

may assume P(60) t 0. Further, we fix a number 0 < e < PG0)14 and choose a
domain G such that fo e G and

P ( 6 ) > P ( 6 5 - e ,  l e G .  ( 2 )

Fix fi, 06 e Cff (c) such that f 0 e supp D / and < fi i , Ao ># O. Let {r e Cfl (c) and
lr : I in some neighborhood of supp 06. Then, for any m > 1, we obtain

Wi, r,ol : lWfilp-* (r)p* (ilf i(6)i(6), ro(6))l
: l\P* (€)fr(il i @, tL G) P-* (€)oo(6)) |
: y.F-r p^ rt i , F p-* Ao)l
:  l (Pm (D)(u *  f ) ,  Ft t * ) | ,

where 0. : P-^6o(E). Therefore, by virtue of Lemmas I and2, we obtain

l . f i i ,0o > l<  l lp*(D) f l lN* l lu lh l lF6^ l lu , ,  ym> r .  (3)

Next we prove

l l F 6 * l l m ,  = c ( P ( 6 0 )  - € ) - * ,  m > 1 .  ( 4 )

Let la | < 2n. Since P (E) + 0 in G, we obtain by the Leibniz formula

D"(p-^G)Ao(6)) :  I  D"-P6oG)Dfl p-^(€), (5)
p < d

Therefore,

lx"  Fi^(x) l  : l  [ . r - ix€ 
pa (p-^ (€)6og))d€l  = II  JG  p<u

I l:r^. folo"-utorgpr' 
r-16) "'Dv^ P-lc,l'€ (i)

y '+ . .+y ' :P '

for all r e lRn. By arguing as in [1], we obtain a constant Cr : Ct(P, 66,2n) such that

lx"  FA-@)l  < (2m)2"Cr(P(60)  -  e)-^*2 ' ,  ym > 2n,

where

cl :  max{(p(65 - elt\ t-2, [  1n"-o to1g12t'  r-t  61 . .  .  Dv'ut r-r 61lag :
J c '

f l  .  a , l a l  <  2 n ,  y r  + . . .  +  y l ? l  -  p l .
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Since

Then

a contradiction.

Therefore,
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)ry{z*1,,(#J)':0,
we obtain a constant Cz: CzG) such that

sup lx"F0. (x)l = CzQ(Eo) - 2r)--

for all lcyl < 2n andm > 2n. Therefore,

sup (1 * *71- . .  (t  + xl) lFa*@)l < czQ(Eo) - zr)-*, Ym 22n.
xe R '

We obtain

rFo-(x)r = ?)P\€.u) 
- 

?€)-::. Ym > 2n, Yx e R' .-  ( l  +  * f ) '  ' ' ( t  - t  x i )

By the definition of ll . ll,rz. , we have

l lF6*(x)ll1,a, < C:(P(60) -2e)-*r"o {.O"-f, ol I^ r#^U U,
A C I R ' , 0 < m e s A = - ) .

From <D < L,we seethat ulA@) increases as z increases [6]. Notethat OQ) > 0for

t > 0. We assume the contrary. Then there exists a number I > 0 such that O(r) : 0.

Since O is non-decreasing, then <D(x) : 0, Vx € [0, r]. Put tt : max{t : O(/) : 0}.

o: o(/r)  . : . (+) +)o(!)  ,  o,

, "n { * * ,o l  
I ^ , .# . , .A :  

A  c  IRn,  o  <  mes^  s  1 }

s sup {*-Iffifu : A c lRn, o < mes^ s 1} s oh = -,

, u o l  
I  

f  - - l l - - :  A c t R n .  l < m e s a , . o o l* - ' l o ( m e s  
A )  J a  ( 1  + x f t . . . ( t  + x i l  |

I f d x T T n
-  o ( l )  /n ,  (1  +  x?) . . .  ( r  +  x ] )  o (1)

We obtain

l lFi,*@)llm, < c(P(fo) - 2e)-* ,

c:camax{# #} :ffi
where
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By combining (3) and (4), we obtain

p-*llr*P)f l l ' l :  > P(€o) -2e.

Letting e -+ 0, we obtain (1).
To complete the proof, it remains to show that

*ngttn^ruf tt'^!: =;?B lP(6)1. (8)

Given e > 0, we choose a domain G :> sp(/) and a function 9 e Cfr(lR') such that

I : I in some neighborhood of sp(/) and

sup lP(f)l . 
;t1B 

lP(t)l + e. (e)

We have for allm > 0,

l l  p. (D) f l l  u_ : ;1 r-1 (r(f )p' (6)/(6)) l lN.
.  l lF- r  (v@r-@)l l r l l . f  l ln  .  (10)

Putting h^(E) : e(€)P-(€),m ) l, and s = ln/21+ 1, we obtain from Holder's
inequality that

1 F - r h^ll r s ( / ti, ^ (ilt2 (t + E e)' d (il)"' ( 
I rt + t€ t2 )-' a G))t t2

= C+llh*\fts;,

where C4 is independent of m. Therefore, due to (10) and the topological equality
H(r) : W'r,2, we obtain

l lP^(D) f  l lN,  < Csl lh* l l " ,z l l " f  l l rv* .  (11)

On the other hand, it follows from the Leibniz formula that

Doh^(€):  f  ; ,  4 ^ P"-Fr61of l  P^G),  Q2)
!-* Ft(a - fl)t

of l  p^1g1-  \ -  - - - ! ] - -Dy '  p tG) . . .  Dy^  p tG) .  (13)-  

, , * ? r ^ : p Y t l ' '  
' Y o '  '

Fur ther ,wenote tha t ,  fo r  l f l  <  s  <  mandy l  + . . . *y^  -  B ,  thereareat leas t
m - lPl > m - s multi-indices among yr, ... , y^ equal zero. Therefore, combining
(9), (11)-(13), we obtain a constant Ca: Ce(P,9, s) such that

l lP*(D)f  l lu,  < C5C6(sup lP(6) l)-- ' l l " f  l l ry,
G

< Csce(sup lP(f) l  +e)^- '  l l" f  l l rv., Ym > s.
sP("f)

Hence,

;ryttr^o)f tt',l: = 
;?B 

lP(6)l + e.

Letting e -+ 0, we obtain (8). The proof of Theorem 1 is complete. r
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3. An Application

From Theorem 1, we have
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Theorem 2. Let / e No(lR').Thensp(f) c B(0, r)if andontyif

I

l im l lA ' f  l l l ,
"  , ,  r r O

m + @

,2

Moreover,  le t  P(6)  be apolynomial ,V C N,o -  (ot , . . .  ,on) ,o i  > 0,  and r  > O.
We put

Qg, P) :  {6  € lR '  :  lP(6) l  s  sup lp( f  ) l } ,
Q ( V ,  P , o ) :  Q ( V ,  P )  n  A o ,

Q ( V ,  P , r ) :  Q ( V ,  P )  n  B ( 0 ,  r ) .

It is easily seen that V C QU , P), Qg , P) can be non-compact although V is compact,
and Q(V , P), Q(V, P , o), and Q(V, P, r) can be non-convex.

By virtue Theorem 1, we have the following results:

Theorem 3.  Let  /  e  No( lRn).Thensp(f )  C Q(V,  P,o)  i f  andonly i f

(i) !t!q,*- l lp' ro> tl l ' l :  =supy lp(f )1,
( i i )  l im. - - l la^pxy  f l l ' l :  so i ,  j : r , . . . ,n .

Theorem 4.  Let  /  e  No( lR' ) .Thensp(f )  C Q(V,  P,r )  i f  andonly i f

(i) l im.-- l lp- <Uf llt l{ < supy lp(6)1,
(iD li!Q,*- llt* yll{{ =,,.
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