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Abstract. In this paper, we give a twisted spined product structure of a stratified band of monoids
and prove that a stratified normal band of monoids is isomorphic to a Clifford semilattice of Rees
matrix semigroups over some of these monoids.

1. Introduction

Petrich has proved that a semigroup which is a normal band of groups is a Clifford
semilattice of completely simple semigroups [5, Construction 4.2; 6, Corollary 6.3;7,
Theorem IV.2.31. A semigroup is completely simple if and only if it is isomorphic to
a regular Rees matrix semigroup U(G, I, A; P) over a group G [, Subsec. 3.5]. As a
natural way of generalizing the concept of a completely simple semigroup, Lallement

[3, Definition 3.4] afi Petrich [7, Definition IIL 2.10] have introduced a Rees matrix
semigroup U(M, I, A; P) over a monoid. Now, a problem arises: If S is a normal band
of monoids, is S a Clifford semilattice of Rees matrix semigroups over monoids?

Schein has proved that an E-band of monoids is proper if and only if it is isomorphic
to a spined product of a Clifford semilattice of some of these monoids and E [2,Theorem
11. In this paper, we introduce a twisted spined product structure of an arbitrary stratified
band of monoids. As an application of this structure theorem, we prove that a stratified
normal band of monoids is isomorphic to aClifford semilattice of Rees matrix semigroups
over some of these monoids.

In this paper, the symbol BA denotes the set of all functions from a set A into a set
B; 15 denotes the identity automorphism of a semigroup S; S : lY; 5", oo,Bl denotes
a Clifford (strong) semilattice I of semigroups {So}o6y with respect to a system of
transitive homomorphisms ) : {oo,p I a, fl e Y, a > p} 12; 7,I.8.71.

A band E is an idempotent semigroup. A band E is a rectangular band if iii : i
fora l l l ,  j  e  E. I t isnormal i f  andonly i f  i t is isomorphictoaCl i f fordsemi lat t iceof
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rectangular bands (cf. [4, Proposition 5.14]). A semigroup s is an E-band of afamily
of semigroups {&};.r' if {s,;}i.r is a partion of s into classes of a congruence relation,
i.e., for any i, j € 8,,S,+ . &r. A monoid M is asemigroup M withan identity l.
An E-band S of a family 5 of monoids {Mi}i.n is called strotified if 1;1; : 1; for all
i , j  e E suchthat i j  : j  andli l i  - 1; forall i , j  e E suchthat j i  : j .An E-band S
is called proper If lilj : lij for all j, J € E (see [2, Sec. 1, Definition l]).

Lemma l. f2,LemmaIf An E-band S of afamily S of monoids {Mi}irn is stratified
if and only if Lili j : li j and | ; 1 | 1 : 1 ;1 for all i, j e E. Every proper band of monoids
is stratified.

Lemma 2. f2,corollary 10] Given a monoid M, a rectangular band E, and afamily
P : (pt)i.n of invertible elements of M, consider a multiplication on the set M x E:

(s ,  i ) ( t ,  i1  :  gp1i t ,  i i ) .

Then M x E is a stratified E-band of monoids isomorphic to M and every stratified
E-band of monoids can be so obtained

In this paper, we denote the semigroup constructed in Lemma 2 by S : U(M, E; p).
It is clear that s : u(M,E; P) is isomorphic to a Rees matrix semigroup over the
monoid M (cf. [3, Definition 3.4] or [7, Definition III.2.10]).

Construction. LetY be a semilattice and let E be aband which is the semilattice Y of
a family of rectangular bands {Eo}o.y. To each a € Y , we associate a monoid Mo and,
a family Po : (pr)ies" of invertible elements of Mo, and suppose Mo i, Mp : A if
d  + P.  Foreach paha,F eY,a > P, letoo,B:  Mo x Eo - - -> MIP beafunct ion,wi th
ad.p : ct r-+ r';fi.U(Ya e Ma x Eo), satisfying the following conditions: For arbitrary
a ,  B  e  Y  u tda  : ( s , i )  e  Mo  x  Eo ,b  :  ( t ,  j )  e  MB x  EB ,

(i) if cv > B,thencri",Bj' j): ofi, j) for all j t, j  € Ep;

(11) afi,"(i ') : pii,s for all i t e Eo;
on ^S : Uoev(Mo x Eo) we define a multiplication i. by

a*b :  (n r ta f i , "u1 i i ) tobu, "u{ j i l , i j ) .  ( t )

(ii i) if y < ap, then fiIb,y@ : o;ft,r(r)abu,r?i) for aI r e Er;

(iv) for ei : (pr | , i), @I,"p(ij) : pti pi! ana a!;'u]i) : Iop.

The resulting system (S, x) is called the twisted spined product of the disjoint union
of monoids M : lJaeyMa and the band E : l)aey Ea, with respect to p : {po}oey
and a : {a",p I a, B e Y, a > Pl,over the common semilattice skeleton y. We denote
this systemby S - M py,p,. E.

Theorem l. Given a semilattice Y, a family M of monoids {Mo}oay, and a band
E : Uaey Ea, the system S : M @y.p.- E obtained in the construction is a semigroup
and a stratified E-band of afamily of monoids {Mo x {i)}ien",o.v.

Every stratified E-band of a family of monoids is isomorphic to a twisted spined
product of a disjoint union of some of these monoids and E.
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Proof. Directpart. Fot arbitrary elements a : (s,i) e Mo x Eo, b : (t, j) e
Mp x Ep, c : (u,k) e M, x Er,let (u,l) : (a * b) * c. In view of (i), ( i i i), and
formula (1), we have I : i jk and':;,1#i,':,ii*:!,:i::*,;',;:;"
since i jki : ( i jk)(jki). Analogously, wehave a*(b* c) : (u,/). Thus (S,*) is a
semrgroup.

It is obvious that a mapping z: S -+ E defined by

n (s , i ) :  i ,  V (s ,  i )  e  M"  x  Eo ,a  e  Y ,

is a homomorphism of S onto E. For every I e Eo, ot € Y, we have

o-t (i) : Mo x l i l

on which the multiplication x, by (ii) and formula (l), is given as follows: For every
s , t  e  M d ,

(s, r) * (t,i) - 1p;tof,'j!1ii1a!,;!,1it1,ii1
= (p i  I  p isp i t ,  i )  -  (sp; t ,  i ) .

Thus, (Mo x {i }, *) is a monoid with the identity ei : (pi | 
, i). Hence, S is an E-band

of a family of monoids E : {Mo x {illien","ey .
For arbitrary ot, F € Y andi e Eo, j e EB,in view of (i), (ii), (iv), and formula (1),

we have

e; * eii : @l!,ra';,"pli( i j) luthppl(i j) i l , i( i j))

.  - l  _ l  - 1
:  \Pi i '  Pi i  Pi j i  Pi i  t i i t i  Pi j- ,  t l  )

:  @ i ' , i j ) :  e i i .

Analogously, we have eij * ej : eij. From these, it follows by Lemma 1 that S is a
stratified E-band of a family 5 of monoids {n 

-' (i)} i. n.

Corwerseparr. LetSbeastratifledE-bandofafamilySofmonoids{M;lia1.Thenthere
exist a homomorphism / of S onto E and a homomorphism g of E onto a semilattice I
such that

(Y i  e  E )  f - t ( i ) :  M , ,

(Ya e Y) g-r(a) : Eo,

where Eo is a rectangular band for every u e Y, respectively. Let 6 : g/. Then 6 is a
homomorphism of .l onto Y such that

(Ya  eY)  a - r (o )  :  f - r ( g - r (d ) ) : r J i en -M i .
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Let So : 6-l(cv). Then So is a statified rectangular Eo-band of a family of monoids
{Mi}i.s" and S is the semilattice I of subsemigroups {So}oey.

In view of Lemma 2, to each a e Y, there exists a monoid which is one member of
the family of {M;};as", say Mo, and a family Po of invertible elements (pi)ien" of Mo
such that Sd = U(M", Ed P,). We may identify S" with U(Mo, Eoi P) and assume
that M" f\ Mp - A if a I B. From this, a simple argument shows that Mi : Mo x {il
f o ra l l i  e  Eoanda  €Y ,  so tha t

(Va e

W e f i x a , p  e  I s u c h t h a t q  >  B a n d l e t a :  ( s , i )  e  S " .  I f  j  e  E B , , t h e n
(Ip, j)a : (cofl,pj), /1) € Sp. Since / is a homomorphism, by formula (2), we have

j t :  f  ( ( l p ,  j ) a ) :  f  Q B ,  j ) f  ( a ) :  j i .

Hence, there exists a function @q,p i Mq x Ed --+ UE.P aennedby

with

such that

@ o t , p i a + a & , p

@&,p I j r-+ oft,Bj) $j e Ep)

( lp,  i )a :  (ai , ,pU), i i ) ,  a e So, i  e EB, @ > f l ) .

Forany a,  f l  €  Y,a :  (s , i )  e  Sa,b :  ( t ,  j )  e  SB, let  (q,k)  :  ab e SoB.Then
k : f (ab) : f (a) f (b) : ij by formula (2). Using formula (3), we have

(i) If a > B,for every jt, j  e EB,from

(rfr,p(j '  j ) ,  ( j '  j ) i)a : (rp, j '  j )o : @;l ,  i '11tB, j)a : @yl, j ' )(@&,p(j),  j i )

:  @111111,t<1i11,koft,p7D, i ' ( i i )) :  (@3,8U), i t  iD,

we obtain afl*U'i):  af i ,B?).

(ii) For every il e Eo, from

( t ' t i , , ( / ) , i ' i ) : 11o , i / ) a :  ( l o ,  i / ) ( s ,  i )  -  1p ; ; , s , i t i ) ,

we obtain @&,oQ') : pii,s.

(iii) If y < up, for eyery r e E, , from

@Ihlo, r (ii)) : (lr, r)ab : (o;fl,r(r), ri)b

: ((afi  , ,  (r)) p 1,1y, r) ( l  y, r i)b

: (Qoft , ,  (r)) pi l  i>,, r) (@h* O i), (r i)  j)

: ((r';ft ,, (r )) p, r p (, i il, lr,tbu,, {, i)1, r (r i j ))
:  Q,tf l  , ,  (r) abu,, {,  i) , ,  i  j  ) ,

(3)
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we obtain o|!u*@ : ofl,r(r)oft., (rl). From this, it follows by (i) and (ii) that

'"n:iil-','r',1,r1,r',:i:,f,,:t'J,;:;;:r',i:;1i,',1;;;
Thus, q : r4r ofl,oB(iil@h,"'(j i) and

a b  :  ( q , i j )  :  a  *  b ,  Y a , b  e  S . (4)

(iv) Since S is a stratified E-band of monoids M" x {i} with identities e; : (p, | 
, i)

(i e Eo, a e Y), by (ii), (a), and Lemma 1, we have

Qut '  i i1  -  e i i  :  e ie i i  :  @; 
t .  i l {P; | .  i17

: @ a! paf;," ,'ti (i i \a1j'u,* pIQ il il, i (i i ))

:  @lt  a"; ."uQi lpt i i t t i i i tp i '  , i i l .

which shows tnat o";,"B(ii) : pu pi] . Similarly, by (i), (ii), and (4), ir follows from
eji : ejiei that of],oU - laf .

As stated above, we conclude that S : M &v,p,, E. I

Theorem 2. If S is a stratified normal band of afamily of monoids, then S is isomorphic
to a Clifford semilattice of afamily of Rees matrix semigroups over some of these monoids,
i.e., S is isomorphic to a Clifford semilattice of a family of stratified rectangular bands
of some of these monoids.

Proof. Let E : lY; Eo,1o,fl be a normal band which is a Clifford semilattice Y of
a family of rectangular bands {Eo}o6y. Let S be a stratified E-band of a family 5 of
monoids {Mi}i.n.In view of Theorem 1 and its proof, we have S : M 8y.p., E and S
is a semilattice Y of So : U(Mo, Eoi P) which is isomorphic to a stratified Eo-band
of a family of monoids {Mi}i.n" @ e Y). First, we claim that

( v )  f o reve ryd ,  f l  eY ,a :  ( s , l )  e  S " ,  b :  ( t ,  j )  e  Sp ,  and fo ra l l k  e  Eap ,wehave

r 4L.1, " u {t ) rh," B (ki) : pil r&,o p (i il @h," p (i i).

In fact, let (q, ij) : a * b : (na1 ofi,,p(ij)abu,,u{ji),t7). For any k e EoB,
en : (pnr ,,t), by (i) and (ii), we have

7|fir,u u'rl,' o', : u;',?' 
: P r' 1i 1 1 P 1' 1'

In view of formulas (1), (iii), and the equalities above, we have

@ pr<ii t  p *t,  i  i  k) :  (q, i  i )  * (p;r, k) - (a',  b) * e1,
: @irr rth:" B G I k) o"j u, " u (k i j ) . i j k)

: @ a11,tfr ,"B (k) @k,"p (ki) p* 6 11 p 7,1, i i k1,
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which shows that q - ral,a1,"p(k)abp,,p(ki), so (v) holds.
For any d, P e Y, d ) B, we define a mapping pu,B i So -+ Sp by

Pa,B@) :  (nqlr ial .B(0o.Pi) ,0, ,pi) ,  Ya: (s, i )  e ,So. (5)

B y p u t t i n g  l : I o , p i  e  E p a n d r r : ( p r ' , / ) , f o r a n y  k  e  E B , w i t h E  : l Y ; E o , L s , B l
andaB : B, we have

Iki : l(0p,pk)(0",pi) : lkl : I

and analogously, /i : il : I .In view of (ii), we have

a'i,"'(li) : a"f ,B(l) : pu pr | : tp,

a!f,,p(ki) : pr(r,i) pt | : I p.

By formulas (1), (5), (v), and the equalities above, we have

pa,B(a) = (pit o1,,p(il)@!i,,p(Ii), l) : a * er

: @ i i o;2," p (k) @!i,, B (ki), t)

: (P .oiyP&,p(k),0",Pi) (Yk e EP). (6)

Let a : (s, i), b : (t, j) e S". By (i), (iii), (1), (5), and (6), we have

Pa. B @) : (t 1e).oi 1rc",u i P&, p(0,, p i), 0o,pi)

= ( t  q '  u Q i1@fr ,  B[o ",  
p ( i  j  ) ) ,  0",  B i )

and p., B (b) : @ I, u ye". u rrb", rV", a (i i)1, 0,, B fl , so

pa'B@)*po'p(b):',ii;j:i,,'o**1,",:,iI":;;,Yiil;@"'pD@*'piD

Thus, po,B is a homomorphism of S" into Sp.

(A) For ?rt! a : (s, l) e ,So, since 9o,oi : I, by (ii) and (5), we have

po ,o (a )  :  ( p i 1a | , o ( i ) ,  i )  :  ( p i r  p i i t , l )  :  ( s ,  i )  :  a .

Hence, Pa,a : rg" for all q e Y '

(B) Let a, fl:y e Y be such that a > p > y. For every a - (s,l) e So,
, :  (p i " lo i ,O",p i )  e  Sp.  Since

9B,y9",Bi : 9o,yi, (O",yi)i : 9o,yi,

(0,1, pi) (0",y i) : 9o,y i : (9q,ri) (9st, pi),

by (iv) and the equalities above, we have

a'u,rl{e",, t) i l  : a"p, prl(0", Bi) (0",, i) l

: p @".pi | (0"t il P te!.ui l re"., il rc,.,' t

: Pe".rt P9,1"; : ly,
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SO

P p,y p", p (a) : p p,y (a'o e) : (Piul" e.. u ia\fr1,, (0 p, y 0", p i), 0 B,y 0,, p i)

: @ 0"r.,@ft ,, (0,,, i) a"B,rl(ea,y i) if , 0d,y i)

: (n s"r,,oft ,, (oo,y i), oo,y i) : Po,y (a)

by fonnulas (5), (6), and (iii). Thts, pp,, po,F : po,y.

(C )  Fo ra rb i t r a r ya ,PeY , l e t . a  - ( s ,  j )  €So ,b : ( t ,  j )  €SB . Inv iewo f  (5 ) , (6 ) , ( i ) ,
and (1), we have

Po,a p (a) : @ 1," ui 1 o 0." p j P*,o p (0 p,o B i ), 0o,o p i)

:  @41aft ,ouQfl ,o, ,"pi)

ar.d pp,oB@) : @nrrbB,,p(ji),0p,"8fl, so

p","B(a) * pp,"p(b)

: @4t ofi,ou(ii) ppu,"o1p"."04 nyr robp,"p(i i), (0,,"Bi)(0p,"p i))
:  @4r cofr , ,u( i  j )ok,"B] i) ,  i  j )  :  a * b.

Therefore, S : [1; So, po,f] which is a Clifford semilattice Y of a family of Rees
matrix semigroups {U(M", Eoi Po)}oey. r
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