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Abstract. We investigate modules M with the property that, for each submodule Nr in some given
class .t of modules and submodule Nz with Nr i N2:0, there exist submodules M1, M2 of M
such that M : Mt @ Mz and Nr c Mi (i - 1,2).

1-. Introduction

Throughout this paper, all rings are associative with identity and all modules are unital
right modules. Let R be a ring and M an R-module.Let E(M) denote the injective hull
of anymodule M.Themodule Miscalledquasi-continuousffe@) c M forevery
idempotent endomorphism 0 of E(M). Quasi-continuous modules form an important
class of modules which have been extensively studied in recent years (see, for example,

l3-l2l).In particular, in 13,2.101or [6, Theorem 2.8], we find the following result:

Proposition L.1. The following statements are equivalent for a module M:

(i) M is quasi-continuous;
(i1) for all submodules Nt, Nz with N1f} Nz - 0 there exist submodules M1, M2 such

that M -  M1@ Mz and Ni c Mi Q -  1,2);
(iii) (a) for any submodule N of M , therc exists a direct summand K of M such that N

is essential in K; and
(b) for all direct summands K, L of M with K i L - 0, the submodule K O L is

also a direct summand of M.

In this paper we investigate modules M which satisfy condition (ii) in Proposition
1.1, where N1 is chosen to belong to a given class of R-modules. One motivation
is the following simple observation. Let R be a ring which is not right Noetherian.
Then there exist an infinite index set 1 and injective R-modules Mi (ie 1) such that the
module M - @ietMi is not quasi-continuous (see [6, Proposition 2.10]). Let Nt, Nz

*This paper is part of the author's Ph.D thesis for the University of Glasgow, Scotland.



242 Semra Do{ruriz and Patrick E Smith

be submodules of M such that Nr is finitely generated and Nr ) Nz: 0. There exists a
finite subset J of I such that Nr C @1e t Mi. Since @i e t Mi is an injective R-module, it
follows that there exists an injective submodule U of @ie t Mi such that N1 is essential
inU.Because Nr ONz : 0, wehave.U |rNz - 0, anditisrathereasytoprovethatthere
existsasubmodule(Jtof  M suchthat M -  U @Ut andN2 c (Jt .Thus, Msat isf ies
condition (ii) of Proposition 1.1 in case Nr is finitely generated.

A second motivation is that, in [1], we studied modules M which satisfy condition
(iii)(a) of Proposition 1.1 in case N belongs to a given class of R-modules. It turns
out that, in this case, there are two generalizations of condition (iiiXa) for M, and it
is interesting to see how the restricted version of condition (ii) behaves in relation to
the restricted version of condition (iii)(a). The relationship between these concepts is
established in Theorem2.I0 below.

We investigate modules, which are quasi-continuous relative to a class X of R-
modules, in two different ways, corresponding to conditions (ii) and (iii) in Proposition
1.1, and give some of their general properties. We also consider what happens when the
class of modules in question is a specific class, for example, the class of Goldie torsion
modules.

Relative quasi-continuous modules have been considered by other authors. For
example, Page [11] considers quasi-continuous modules relative to a torsion theory
z. Oshiro [9] also considers relative quasi-continuous modules but his approach differs
from that of Page. In fact, although Oshiro's stand point is rather different from ours, his
definition in terms of condition (iii) in Proposition 1.1 is essentially the same as ours.

2. Modules with Property Q(X)

Consider any ring R and R-module M. A submodule K of M is closed (in M) if K has
no proper essential extension rn M.By Zorn's Lemma, it can easily be shown that every
submodule N of M is essential in a closed submodule K of M, and in this case, we call
K a closure of N (in M).Morcover, for any submodule N of M, another easy Zorn's
Lemma argument shows that the collection S of submodules L of M such that N t-'tZ - 0
contains a maximal member. Any maximal member of S is called a complement of N
(in M). A submodule K of M is called a complement rf there exists a submodule N of
M such that K is a complement of N in M.Itcan easily be verified that a submodule K
of M is closed if and only if K is a complement. The module M is called an extending
module if every closed submodule is a direct summand of M, i.e., M satisfies condition
(iii)(a) of Proposition 1.1.

Now, recall the following result:

Lemma 2.1. See, e.g., [4, Lemma 5]. Given R-modules U, V, the module U is
V -injective if and only if, for any submodule X of the R-module W - U @ V with
X nU : 0, there exists a submodule U' ofW such that W - U @ fJ' and X c (J'.

By a class X of R-modules, we mean a collection of R-modules which contains a
zero module and is closed under isomorphisms. Any module in a class .t will be called
an X-module.By an X-submodule N of an R-module M, we mean a submodule N of
M such that N is an X-module.
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Given a class X of R-modules, we say that an R-module M satisfies property Q@)
("Q" for quasi-continuous ) il for each .t-submodule N and submodule L of M with

NnZ, - 0,thereexistsubmodules N',L' suchthat M - N'O Lt,N c N/ andL I L'.

Two extremes are given in the next result.

Propositi on 2.2. Let R be any ring and let M andT denote the classes of all R-modules

and of alt injective R-modules, respectively.

(r) An R-module M is quasi-continuous if and only if M satisfies Q(M). In this case

M satisfies Q@) for any class X of R-modules.
(11) Every R-module satisfies OQ.

Proof. (i) By 13,2.101.
(ii) Let M be any R-module. Let N be an injective submodule and Z a submodule of

M such that N n L -0. Then M - N O N' for some submodule N/ of M. Because N

is N/-injective, Lemma2.I applies to give a submodule Lt of M such that M : N @ L'

and L c Lt. Thus, M satisfies QQ). r

Now, we make three elementary introductory observations. The first is the following.

Lemma 2.3. Let X be any class of R-modules and M an R-module which satisfies

Q@).Then any direct summand of M satisfies Q@).

Proof. Suppose Mr and M2aresubmodulesof M such that M - Mr@ Mz.Let N be an

,t-submodule and Z a submodule of M1 such that N i L - 0. Consider the submodules

N and L @ Mz of M. By hypothesis, there exist submodules N/ and Lt of M such that

M - N'AL' ,N c N/,  andLe'Mzc Lt .Hence, L '  - -  Ltn(M1@M) -  Mz@(L'nMt),

M  -  N ' e  L '  :  N / e l  ( L ' a M ) @ M 2 , a n d M r :  ( L ' a M ) @ [ ( N ' +  M ) n M r ] . N o t e

that N c N/ | Mt c (N' + M) n Mr and L c Lt nM1. Thus, M1 satisfies Q(X). t

Our second elementary observation is the following:

Lemma 2.4. Let X be any class of R-modules,lJ an X-module, and M any R-module

such that the R-module U @ M satisfies Q@).Then U is M-injective-

Proof. Let L be any submodule of the module X - U O M such thatU nL :0. There

exist submodules N, and L, ofX such that X : N' A L',U C Nt and L C Lt .Clearly,

N ' :  U @ ( N ' a M )  a n d X  -  U  A ( J ' , w h e r e ( J ' - -  ( N ' n  M ) g  L / . N o t e t h a t L  c U ' .

By Lemma2.l, U is M-injective. I

Our third observation is as follows:

Lemma 2.5. Let X be any class of R-modules and M an R-module which satisfies

Q@).Let N be any X-submodule of M and L any complement of N in M. Then

M - N' O L for some closure Nt of N in M-

Proof. Since N n L - 0, itfollows fhat M : N' @ Lt forsome submodules N', L/ such

that N c N/ and L c Lt.But Lt O N : 0 gives L - L'.Moreover, N O L, essential in

M (see,for example, [3, 1.10]), gives N : (N O t) n N', essential in N'. Clearly, N/

is closed rn M, so that N' is a closure of N rn M.
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Given any class X of R-modules, we denote by X' the class of R-modules with an
essential .t-submodule. We shall say that the class .t is essentially closedit X - Xe .For
example, the class T of injective modules and the class U of modules with finite uniform
dimension are both essentially closed. Note that Xe is an essentially closed class for any
class .Y. For an essentially closed class .t, we have the following immediate corollary
of Lemma 2.5:

Corollary 2.6, Let X be any essentially closed class of R-modules and M an R-module
which satisfies Q@). Let N be an x -submodule of M. Then M - N' @Lt for any closure
Nt of N and complement Lt of N in M.

Recall that a module M rs extending if every closed submodule (equivalently,
complement) is a direct summand of M.Let X be a class of R-modules. In [1], a
module M is defined to be type I X -extending if , for every .t-submodule N of M,every
complement of N in M is a direct summand of M. On the other hand, a module M is
type 2 X-extending if, for every #-submodule N of M, every closure of N in M is a
direct summand of M . Now, we define the modul e M to be X -quasi-continuous if M
satisfies the following two properties:

(C1)a For any .t-submodule N of M,thereexists a direct summand K of M such that
N is essential in K. and

(C3)z For any #-submodule K which is a direct summand of M and direct summand
Lof M suchthat K aL - 0, thesubmodule K OZ is alsoadirectsummand
of M.

The concept of .t-quasi-continuous modules is due to Oshiro [9] although his approach
is somewhat different. In fact, if .8 is an essentially closed class of R-modules and B
is the collection of .t-submodules of an .t-quasi-continuous R-module M, then M is
B-quasi-continuous in the sense of t9l. Conversely, if B is a collection of submodules
of an R-module M such that M is B-quasi-continuous in Oshiro's sense, then M is
.t-quasi-continuous, where ,t is the essentially closed class of R-modules which are
either zero or isomorphic to a member of B.

Lemma 2.7, Given a class X of R-modules, an R-module M satisfies (C3)z if and
only if,for all summands P, Q of M suchthat PeX and p fi e:0, there exists a
submodule P'of M suchthat M - P @ Pt and Q c pt.

Proof. Necessity. LetP andQbedirectsummandsof M suchthat peXwitheop -
0.Then,byhypothesis,  Q O P isadirectsummand of  M.Hence, M -  p @ e@ e,,
for some submodule Q" of M. Thus, P' : Q @ Q" has the requisite properties.

Conversely, let K and Z be direct summands of M suchthat Ke X and K i L - 0.
Thereexists asubmodule Kt of M suchthat M - K @ K' and L c Kt.But M : Le Ll
for some submodule L'.Henca, K, - L @ (K, nll). Thus, M - K @ L @ (K, n L,).
Then M satisfies (C3)2. r

Lemma 2.8. Let X be a class of R-modules and M an R-module which satisfies Q@).
Then M is type 1 X-extending and M satisfies (C1)3.

Proof. Let K be any ,t-submodule of M and L a complement of K in M .By hypothesis,
there exist submodules Mr, Mz of M with M - M1 @ Mz, K c M1, and, L c M2.
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Since KnM2 - 0,itfollows thatL - M2.Thus, M istype 1.t-extending.Moreover,
K @ L is an essential submodule of M, and

(rK O L) a Mr - K -f  Qn M) c K + (Mzn M) : K C Mt,

so that K is essential in M1. Thus, M satisfies (C1)2. r

Corollary 2.9. Let X be a class of R-modules and M an R-module which satisfies

Q@).Then M is X-quasi-continuous.

Proof. By Lemmas 2.7 and 2.8. I

Theorem 2.10. Let R be any ring and X any essentially closed class of R-modules.
The following statements are equivalent for an R-module M.

(D M satisfies Q@);
(iD M is X -quasi-continuous and type I X -extending;

(111) M is type I and type 2 X-extending and M satisfies (C3)x.

Proof. (i) =+ (ii). By Lemma 2.8 and Corollary 2.9.
(ii) + (iii). Let N be any .t-submodule of M and let K be any closure of N. By

hypothesis, K€ X,and because M satisfies (C1)s, K is a direct summand of M.lt
follows that M is type 2 X-extending and (iii) follows immediately.

(iii) =+ (i). Let A, Bbe submodules of M suchthat Ae X and An B - 0. Let K be
a complement of A rn M with B c K. Since M is type 1 .t-extending, it follows that
K is adirect summand of M. Because M istype2 X-extending, there exists adirect
summand L of M such that A is essential in Z. Because ,t is essentially closed, Le X.
Also, we have L n K - 0. Since M has (C3)x, L @ X is a direct summand of M.
Then M - L A K O P forsome submodule P and A c L, B c K O P. Thus, M has
Q@).

3. Classes of Modules

Let R be any ring. The basic question we wish to consider in this section is, if .t and y
are classes of R-modules which are related in some way and M is an R-module which
satisfies Q(X), does M also satisfy QQ)? The first result is clear.

Lemma 3.1. Let X c y be classes of R-modules. Then every R-module which satisfies
QU) also satisfies Q(X).

Lemma 3.2, Let X be any class of R-modules. Then a non-singular R-module M
satisfies Q@) if and only if M satisfies Q@').

Proof. Because X c Xe, the sufflciency follows by Lemma 3.1. Conversely, suppose
M satisfies Q(N),let N be an.Y'-submodule of M and Z a submodule of M with
N nL: 0. There exists an,t-submodule K of M such that K is essential in N. Clearly,
KnL -0andhence, M -  MrQM2forsomesubmodulesMl,M2stehthatK c Mt
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andL c Mz. Since NIK is singular, itfollows that NIW nM) = (N * M)/Mr
is singular. However, M /Mr = Mz which is non-singular. Thus, N - N l1 Mt C Mr.
Hence, M satisfies Q(N'). r

Given a positive integer n andclasses Xi Q < i < n) of R-modules, ffl O''' @ X,

denote the class of R-modules of the form Mt @...O Mn,where Mi is an.{-module
f o r a l l l < i < n .

Proposition 3.3. Let n be a positive integer and let X; (l < i < n) be classes of
R-modules. Then an R-module M satisfies Q@t O " ' @ X") if and only if M satisfies

Q @ i ) f o r a l l l  < i  < n .

Proof. The necessity follows by Lemma3.I. I

Conversely, suppose M satisfies Q(Xi) for all L < i < n.LetN be any (X1O'' '  O
.t")-submodule of M and L a submodule of M such that N i L : 0. Then N -

Nr O .. . O Nn for some .!-submodule Ni (1 < t < n) of M. Now, Nr fi (Nz O
. . . O  N " @ L )  -  0  s o  t h a t M _  M r @ M 2 f o t  s o m e  s u b m o d u l e s  M 1 ,  M 2 s u c h
t h a t N l  c  M t  a n d N 2 O . . . O A h  O L  I  M z . B y  L e m m a 2 . 3 , M 2  s a t i s f i e s  Q @ i )
for all 2 < i < n.By induction on n, there exist submodules Mz, M+ of M2 such that
M2 -  Mz @ M+, NzO.. .  ON" c Mz andL c Mq.Hence, M -  (Mr @ M) @ M+'
Nr O . . .O Nn C Mr @ M3 and L c M+.I t  fo l lows that M sat isf ies Q(& O " 'O
x"). I

For any class .Y of R-modules, let .Y@ denote the class of all R-modules which are
finite direct sums of .t-modules. Proposition 3.3 has the following immediate corollary:

Corollary 3.4. Let X be any class of R-modules. Then an R-module M satisfies Q@)
if and only if M satisfies Q@@).

Before we proceed, we mention a basic fact about closed submodules. Its proof can
be found in [3, 1.10].

Lemma 3.5. Let K be a closed submodule of a module M and L a closed submodule
of K.Then L is a closed submodule of M.

The next result is an analog of Proposition 3.3. Note that, if a module M satisfies

O@f)  (1  < t  <n) , thenM sat is f ies  O@f O. . .@X;)  byPropos i t ion3 .3 .  In fac twe
can say more.

Theorem 3.6. Let n be a positive integer, let Xi (1 < t < n) be classes of R-modules,
and let X - & @ . . . O X,. Then an R-module M satisfies Q@') if and only if M
satisfies O@f) for all I < i < n.

Proof. Since Xr g X andhence Xf I X'for all 1< i 1n, thenecessityfollowsby
Lemma 3. 1.

Conversely, suppose M satisfies Q@f ) for all | < i < n.LetN be an.t"-submodule
and L a submodule of M such that N (\ L :0. There exists a closed submodule N'
of M such that N is essential in N/. Note that N/ n L - 0. There exist .Y;-submodules
N, (1 < i < n) of N such that Nr @ ...O N, is essential in N. There exists a closed
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submodule Ni of N/ such that Nr is essential in Ni. By Lemma 3.5, N{ is closed in

M.By Zorn's Lemma, there exists a complement Lt of N1 (or Ni) in M such that

Nz O. . . O N, e L c Lt.By Corollary 2.6, M - Ni O L', because M satisfies Q@f).
Now, N' : Ni O (N' n Lt1 and(Nr O "' O N,) n (N' n L') : Nz O "' O N" is

essent ia l  in N'  n Lt .Thus, N'  n L '  e! ' ,where J :  xzo' ' '  @ xn'But Lt  sat isf ies

O@fl for all 2 < i < n,by Lemma 2.3.8y induction onn' Z/ satisfies Q(y'). There

ex is tsubmodu les  P,Qof  L t  suchtha t  L t :  P@Q,Nt  aL 'C P,andL C Q.F ina l l y ,
notethat M - Ni O P @ Q,N _c N' q Ni @ P, and L g Q.Itfollows that M satisfies

Q@1.  I

We now apply some of the results in this section to specific classes of modules. Let

R be any ring. Let l,l denote the class of R-modules with finite uniform dimension,

l,h the class of R-modules which are uniform or zero,9 the class of finitely generated

R-modules, and 9t the class of cyclic R-modules.

First, note that the classes tl andUt are both essentially closed and any Z-module is an

essential extension of a finite direct sum of Ur-modules. Thus, Theorem 3.6 immediately

gives:

Corollary 3.7. An R-module M satisfies QA) if and only if M satisfies QA).

In view of Corollary 3.7 it is natural to ask whether any module with Q(Q) also

satisfies QG). We do not know the answer to this question.

Note that tl c g'.By Lemmas 3.1 and 3.2, any non-singular R-module, which

satisfies QG), also satisfies QA). The converse is false in general. Let R be a domain

which is not right Ore. Then the right R-module R is non-singular and satisfies QA)
vacuously since it has no uniform submodules, but Rp does not satisfy Q(9). For

commutative domains, the conditions aA) and QG) are equivalent for torsion-free

modules, as the next result shows.

Proposition 3.8. Let R be a commutative domain. Then the following statements are

equivalent for a torsion-free R-module M.

(i) M satisfies QQ);
(iD M satisfies QA);
(111) M is quasi-continuous.

Proof. (i) + (ii). By Lemmas 3.1 and3.2.
(ii) + (iii). By Lemma 2.8, M is type I U-extending. Now, M is extending by

Theorem 4.8 in tll. It follows that M - Mr @ Mz for some injective submodule Mr and

/-submodule Mzby Theorem 5 in t5l. By Lemma 2.3, M2 satisfies OA) andhence, M2

is quasi-continuous. Next, Mt : @ietMtt, where My is indecomposable injective for

all ie /. By Lemma 2.3, foreach I e I, My @ Mzsatisfies Q(U) and hence, Mu @ M2 is

quasi-continuous and Mzis M1; -injective (see, for example, [6, Proposition 2.10]). Thus,

M2 is Myinjective by Proposition 1.5 in [6] and M is quasi-continuous by Corollary

2.14 in16l.
(iii) + (i). By Proposition2.2. I

Let R be a right Noetherian ring. Then g c U. Hence, any right R-module with Q(U)
also satisfies QG).In fact, any R-module with OA) is quasi-continuous as we show

next.
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Proposition 3.9. Let R be a right Noetherian ring. Then a right R-module M is
quasi-continuous if and only if M satisfies OA).

Proof. The necessity is clearby Proposition2.2. Conversely, suppose M satisfies QA).
By Lemma 2.8, M is type 1 U-extending. Now, M : @ie rMi for some uniform
submodules M; (ie I) of M by Lemma 4.5 in [1]. Fix ie 1. For each j e /\{l},
the U-module M; @ Mi satisfies OA) (Lemma 2.3) arrd hence is quasi-continuous.
Thus, Mi is M1-injective for each j e 1\{t} by Proposition 2.10 in [6], and Mi is
(@1er11i1M1)-injective by Proposition 1.5 in t6l.By Theorem 2.13 rn 16l, M rs
quasi-continuous. r

We do not know, for a right Noetherian ring R, whether all right R-modules with QG)
are quasi-continuous. Next, we confirm a remark made in the introduction.

Proposition 3.10 Let Mi ftel) be injective R-modules. Then the R-module M _

@i. r Mi satisfies QG).

Proof. Let N be any finitely generated submodule of M and let Lbe any submodule of
M such that N I L - 0. There exists a finite subset J of I such that N c (E;e tMj.
Because @1e t Ml is injective, there exists an injective submodule Mt of M such that N
is essential in Mt. Now, M - M' @ M" for some submodule M" of M and M'o Z - 0.
Because M' rs Mtt-rnjective, there exists a submodule Lt of M such that M : M' @ L'
and L c Z' (Lemma2.I).It follows that M satisfies O(g). r

If Mi (re /) are injective R-modules for some ring R, then the R-module @ierMi
does not satisfy OA) in general. To demonstrate this fact, we first prove the following
result.

Proposition 3.11. Let Rbe any ring andlet Mi 0eI)be any collectionof indecom-
posable injective R-modules. Then M - @ierMi satisfies OA) if and only if M is
quasi-injective.

Proof. Suppose M satisfies QA).Since U is essentially closed, it follows that M rs
type2U-extending by Theorem 2.L0. Thus, M is quasi-injective by Corollary 3.6 inl2l.
The converse is clear. r

Example. Let R be a ring which has finite right uniform dimension but is not right
Noetherian. Then there exist injective right R-modules Mn (n e N) such that @neNMn
does not satisfy OA).

Proof. Because R is not right Noetherian, by Theorem 4.1in [13], there exist simple
R-modules Sn (n e N) such that One NE(S,) is not injective. Since Ra has finite uniform
dimension, E(Rn) - E1O... @ & for some positive integer k and indecomposable
injective R-modules E; (1 < i < k).Let E : Er O'' 'e- ErO (OneNE(S")).Then E is
not quasi-injective because @r,e NE(S,) is not (Er O' . .O Ep)-injective. By Proposition
3.I1, E does not satisfy AA).
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4. Direct Sums

249

Let R be a ring and Mi (1 < t < n) a finite collection of R-modules. We say that the
modules Mi Q <i <n)arcrelatively injectiveif Mi is M1-injectivefor all l  <i I
j < n.It is well known that the module M - Mr @. . . O M, is quasi-continuous if and
only if the modules Mi (1 < i < n) are quasi-continuous and relatively injective (see,
for example, [6, Corollary 2.14]). We now generalize this fact by proving:

Theorem 4.1. Let X be an essentially closed class of R-modules such that X is closed
under submodules. Let Mi 0 < i < n) be a finite collection of relatively injective
R-modules.Thenthe R-module M -  M1 O.. '@ M" sat isf ies Q@) i f  andonly i f
M; satisfies Q@) for all I < i < n.

Proof. Necessity. Follows by Lemma2.3.
Conversely, suppose M; satisfies Q@) for all | < i < n.By induction onn, to prove

that M satisfies Q(X), we can suppose without loss of generality that n : 2.Let N be
an,t-submodule and L a submodule of M - Mt @ M2 suchthat N i L : 0. Let N/
be a closure of N rn M.Because N is essential in N', we have N/e X andN' n Z - 0.
Thus, without loss of generality, we can suppose N : N', i.e., N is closed rn M.

Suppose next that N A Mt - 0. Because Ml is M2-injective, Lemma 2.1 allows us to
assume without loss of generality that N c Mz. Then Corollary 2.6 gives M2 - N O H
for any complement H of N rn M2. By Lemma 2.4, N is l/-injective. But M2 being
Myinjective implies N is Myinjectle and hence, N is (I/ @ Mr)-injective (see, for
example, [6,Proposition 1.5]).ButM - N@(HO M)andNnl :0sothat, applying
Lemma 2.L agun,there exists adirect summand Mt of M such that M: N (E Mt and
L C M I .

In general, N n Mzis an .t-submodule of M, because .t is closed under submodules,
and there exists aclosed submodule K of N such that N )M2is essential in K. By Lemma
3.5, K is aclosed submoduleof M. Moreover, K is an.t-submodule of M, K f\M1 - 0,
and K O L - 0.By the above argument, M - K @ Kt for some submodule K'such
that L c Kt.Note that N - K @ (N n K/), so that N n Kt is a closed submodule of
M by Lemma 3.5. Moreover, (N n K) | Mz c K n K' :0. By the above argument,
M - (N n K') O Kt' for some submodule K" such that L a Ktt. Hence,

M -  K  @ Kt  -  K  o  (N n  K ' )  o  (K '  n  K" )  :No (K '  n  K" ) ,

and L c Kt a K".It follows that M satisfies Q@). r

For any ring R, the class U of R-modules with finite uniform dimension is essentially
closed and is also closed under submodules. Thus. Theorem 4.1 has the followins
immediate corollary:

Corollary 4.2. Let Mi 0 < i < n) be a finite collection of relatively injective R-
modules. Then the R-module M - M1O ' . . @ M" satisfies OA) if and only if Mi
satisfies Q(U) for all t < i < n.

Examples of classes of modules which are both essentially closed and closed under
submodules include the class T of Goldie torsion modules and the class .F of Goldie
torsion-free (i.e., non-singular) modules. As an application of Theorem 4.1, we next
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characterize modules which satisfy QQ). For any module M, Z2(M) will denote the
Goldie torsion submodule of M, r.e., Z2(M)lZ(M) _ Z(M/Z(M)), where Z(N)
denotes the singular submodule of any module N.

Theorem 4.3. Let T denote the class of Goldie torsion R-modules. Then R-module M
satisfies Qq) if and only if M - Zz(M) @ Mt for some submodule Mt of M such that
Zz(M) is quasi-continuous and Mt-injective.

Proof. First, suppose M satisfies Q(T). Because 7 is essentially closed, Z2(M) is a
closed 7-submodule of M andhence, M - Zz(M) @ M'for some submodule Mt of M
by Lemm a 3 .5 . By Lemm a 2.4, Zz(M) rs M' -injective and by Lemm a 2.3 and Theorem
2.I0, Zz(M) is quasi-continuous.

Conversely, suppose M - Zz(M) @ M', Zz(M) is quasi-continuous and Zz(M) is
Mt-injective. Clearly,Hom(Z2(M), M') - 0 and hence, M' is Zz(M)-injective. Clearly,
M' also satisfies Qg). Moreover, by Proposition 2.2, Z2(M) satisfies QQ). Finally,
Theorem 4.1 gives that M satisfies Qg). I

Using Theorem 4.3, we can show that, for the class T, not every 7-quasi-continuous
module satisfies Qq). For example, let S be a simple Z-module and let M denote the
Z-module S A Z. Because S is not Z-tnjective, Theorem 4.3 shows that M does not
satisfy Qg). Since the only 7-submodules of M are 0 and S, it is easy to check that M
satisfies (CI)r and (C3)r, i.e., M is 7-quasi-continuous.

Theorem 4.1for the class 7 is as follows:

Theorem 4.4. Let Mi Q < i < n) be a finite collection of R-modules and let M -

MrQ.. .O M,.ThenM sat isf ies Q(T) i f  andonly i f  M; sat isf ies Q(T)foral l l  < i  < n
and Zz(Mi) is $-injective for all | < i * j < n.

Proof. First, suppose M satisfies Q(T). By Lemma2.3, Mi satisfies Qq) and hence,
by Theorem4.3, Mi - Zz(M) O Mifor some submodule M!, for all 1< i < n.Let
l < i  *  j = n . T h e n M i @ M i  -  Z z ( M ) e m ;  @ M i  s a t i s f i e s  Q q )  a n d h e n c e ,
Zz(Mi) @ Mi satisfies Qg) by Lemma 2.3. By Lemma 2.4, Zz(Mt) is M1-injective.

Conversely, suppose M; satisfies Q(T) for all | < i < n and that Z2(Mi) is M1-
in jec t i ve fo ra l l  I< i  +  j  1n .  Toprove tha tM sa t is f ies  Q(T) ,  wecansuppose
without loss of generality thatn - 2.By Theorem 4.3,for i - 1,2, Mi contains a
submodule M! suchthat Mi - Zz(M) @ Mi. Then

M - Mr @ Mz - Zz(M) e zz(u) e ui @ Mi - zz(M) @ M',

wherc Mt _ Mi A ML By hypothesis, the modules Zz(M) and Zz(M) are
relatively injective and satisfy Qq).Hence, Zz(M) satisfies Q(T), r.e., Z2(M) rs
quasi-continuous (see Proposition 1.1). Moreover, Theorem 4.3 gives that Zz(M) rs
Mt-injective and hence, Zz(M) is M'-injective. Similarly, Zz(M) is M'-rnjective.
Thus, Zz(M) is Mt-rnjective. By Theorem4.3, M satisfies Qq). I

There is an analog to Theorems 4.3 and4.4 for the class f of non-singular R-modules.

Theorem 4.5. Let F denote the class of non-singular R-modules. Then an R-module
M satisfies Qe) if and only if M - Zz(M)@ M' for some quasi-continuous submodule
Mt of M such that Zz(M) is M'-injective.
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Proof. Suppose M satisfies Q(n.Let M'be a complement of Z2(M) rn M. Then
Mt rs an f-submodule of M and Zz(M) is a complement of M'.By Corollary 2.6,
M - Zz(M) @ M' . The rest of the proof is straightforward being analogous to the proof
of Theorem4.3. r

Corollary 4.6. Let Mi 0 < i < n) be a finite collection of R-modules and let M -
Mr @. . . O Mn. Then M satisfies Q(n if and only if Mi - Zz(Mi) @ M! for some
quasi-continuous submodule M! suchthat Zz(M) is Mi-injectivefor all | < i < n and
M', is M1-injectivefor all I < i # i . r.

Proof. Similar to the proof of Theorem 4.4. r

Note in particular that Theorems 4.3 and 4.5 together give that a module M is
quasi-continuous if and only if M satisfies Qq) and Q(F) (see [6, Corollary 2.14]).

Acknowledgement. The first author would like to thank Afyon Kocatepe University (Turkey) for
their financial support by means of a scholarship.

References

1. S. Do$ruoz and P.F. Smith, Modules which are extending relative to module classes,
Communications in Algebra (to appear).

2. Nguyen Viet Dung, On indecomposable decompositions of CS-modules, J. Austral. Math.
,Soc. (Series A) 61 (1996) 304I.

3. NguyenViet Dung, DinhVan Huynh, P. F. Smith, and R. Wisbauer, Extending Modules,Pitman
Research Notes in Mathematics, Vol. 313, Longman, Harlow,1994.

4. A. Harmanci and P.F. Smith, Finite direct sums of CS-modules, Houston J. Math. 19 (1993)
523-532.

5. M.A. Kamal and B. J. Miiller, Extending modules over commutative domains, Osaka J. Math.
2s (1988) 531-538.

6. S.H. Mohamed and B.J. Mtiller, Continuous and Discrete Modules, London Math. Soc.
Lecture Notes, YoI. I47, Cambridge University Press, 1990.

7. S. H. Mohamed and B. J. Miiller, On the exchange property for quasi-continuous modules, in
Abelian groups and modules, in: Proceedings of the Padova Conference 1994, A. Facchini
and C. Menini (eds.), Kluwer, Dordrecht, 1995, pp. 367-372.

8. B. J. Miiller and S. T. Rizvi, On injective and quasi-continuous modules, J. Pure Appl. Algebra
38 (1983) r97-2r0.

9. K. Oshiro, Continuous modules and quasi-continuous modules, Osaka J. Math.20 (1983)
681-694.

10. B.L. Osofsky, Non-quasi-continuous quotients of finitely generated quasi-continuous mod-
ules, in: Ring Theory, Proceedings of the Biennial Ohio State-Denison Conference 1992,5.K.
Jain and S.T. Rizvi (eds.), World Scientific, Singapore, 1993,pp.259-275.

11. S. S. Page, Relative discrete and continuous modules, preprint.
12. P.F. Smith and A. Tercan, Continuous and quasi-continuous modules, Houston J. Math. 18

(1992) 339-348.
13. D.W.SharpeandP.Vamos, InjectiveModules,CambridgeUniversityPress,Cambridge,l9T2.

25r


