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Abstract.Asubgroup H of agroup G iscalled aquasi-normalsubgroup of G if HK : KH for
all subgroups K of G. We will show that, if ^FI is a quasi-normal subgroup of a group G such that
lG : Hl is a prime, or [G i Hl - 2'm,where r : 1,2, andm is an odd square free number, then
Fl is anormalsubgroupof G. However,foranoddprime p \dn > 3 orfor p:2andn > 4,let
G be the group of order p" withgenerators a and b, and aPn-' : l, 6n - 1, and ba : tl+p'-" U.
Let H : (bl. Then [G : H] - pn-r and 11 is a quasi-normal in G but not normal in G.

1. Introduction

If G is a group and A, B arc subgroups of G, the subgroup (A, B) of G generated by
AU B is of interest. To be able to control the properties of the group (A, B) to be those
of A and B, the generators of (A, B) must happen in a special way. The most transparent
case we have is when (4, B) coincides with the product set AB - {ab I a e A, b e Bl.
It is well known that this holds if and only if AB - BA. Two subgroups A and B
of a group G which have this property are called permutable. A sufficient condition
for the permutability of A and B is that A normalizes B (that is, a-rba e B for all
a e A, b e B) or vice versa. Particularly, if A is a normal subgroup of G, we have
AB : BA : (A, B) for every subgroup B of G.

In 1939, Ore introduced the concept of a quasi-normal subgroup of a group, which is
a generalization of a normal subgroup 15,13.2.11.

Definition l. A subgroup K of G is called a quasi-normal subgroup of G if H K - K H

for all subgroups K of G.

Remark. If F1 is a subgroup of G, then the following conditions are equivalent:

(i) F/ is quasi-normal rn G;
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( i i )  Forevery  g  eGandh e  H, thereex is t r  eZandhte  H suchtha t  hg  -  g 'h ' .

Wenote that G : (x, y I x8 : y2 : I, y-r xy - xs)is anexample ofa group having
a quasi-normal subgroup which is not normal, Os is an example of a group having a
quasi-normal subgroup which is normal, but Ds is an example of a group which has a
subgroup of index 4 which is not quasi-normal.

The following lemma shows the relation between quasi-normal subgroups and factor
groups of normal subgroup contained in such subgroups.

Lemma l. If G is a group and N C H CG are subgroups with N normal in G, then
H is quasi-normal in G if and only if H /N is quasi-normal in G I N .

Proof. It immediately follows from definition. r

Of course, every normal subgroup is quasi-normal, which might lead one to hope that
subnormal subgroup also have this property. However, the converse is not necessarily
true.

One may adopt the opposite point of view, asking whether quasi-normal subgroups
are subnormal.

Ore in 15,13.2.21shows that if H is a quasi-normal subgroup of a finite group G, then
11 is subnormal, while, in gereral, a quasi-normal subgroup of an infinite group needs
not be subnormal.

Finally, Stonehewer in [6] shows that a quasi-normal subgroup of a finitely generated
group G is subnormal.

lnl962,Ito and Szep [4] obtained an interesting result which showed that the difference
between normality, in general, is small.

Also, if Il is a quasi-normal subgroup of G, then the quotient group H I Hc is nilpotent,
that is, H / Hc is contained in the Fitting subgroup F (G / H) of G I Hc. Here, F/6 denotes
the intersection of all conjugates ̂ F/8 - g-r H g of 11 with I e G.

2. When Quasi-Normality Implies Normality

Next, the following theorems show a condition when quasi-normality implies normality.

Theorem l. Let H be a quasi-normal subgroup of a group G such that lG : Hf is a
prime numben Then H is a normal subgroup of G.

Proof. Suppose this is false. Then there is a conju gate Ht - g-r H g of F1 such that
H'  + H.Let K -  HH' :  H'H.Since lG :  Hl ispr ime and H C K C G, K -  G.
I n p a r t i c u l a r , g  - h h '  f o r s o m e f t  e  H , h ' e  H ' . H e n c e ,  B : h g - r h l g f o r  s o m e
h, h1 e 11. However, this implies that g e I/ so Ht : 11 contradicting the assumption.
This completes the proof. I

We know that, if the index H in G is equal to 2, then 11 is normal in G. In the next
theorem, we show that a quasi-normal subgroup H of G such that [G : Hl - 4 is a
normal subgroup of G.

Theorem 2. A quasi-normal subgroup H of G such that lG : Hl - 4 is a normal
subgroup of G.
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Proof. Suppose this is false. Then there is a conju gate Ht : g-r H g of F1 such that
H '  +  H.Le tK -  HHt  -  H 'H.  S ince  H c  K  c  G and[G :  H f  -  4 , i t fo l lows
t h a t K  i s . F l o r G  o r e l s e  l K :  H l  - 2 . 1 f  K :  H , t h e n H t  C  K  -  F I ,  s o  H t  - -  H , a
contradiction. If K : G, then, as in the proof of Theorem 1, H is normal in G. Thus,

lK : Hl - 2 and /1 is normalin K; also [G : Kl - 2, and K is normal in G.
We conclude that there are exactly two conjugates of H, namely, H and H' .
Let N - H a Ht.By definition, N is the core of H inG and therefore is a normal

subgroup of G. Moreover,

l K :  H l - l H H t  :  H f  - l H '  :  N l - l H  :  N l - 2 .

S i n c e N  C  H  C G , I G  I  H l -  4 , l H : N l  -  2 , a n d  N i s n o r m a l i n G , t h e g r o u p
G /N has order 8, H /N is quasi-normal in G /N and has index 4. We know that every

duasi-normal subgroup G of order 8 is normal in G. Thus, H /N is normal in G/N, so
11 is normalrn G, contradicting the inital assumption. From this, it follows that I/ is
normal in G.

In general, we show that

Theorem 3. If H is a quasi-normal subgroup of a group G and[G : Hl : 2'm, where
r : 1,2, and m is an odd square free number then H is a normal subgroup of G.

Proof. We will argue by induction on n - Zrm.If n - 1, the result is obvious. For
n :2r, where r : l,2,rtfollows fromTheorems 1 and 2. Considerany element g e G.
Since FI is quasi-normal in G, H (S) is a subgroup of G and 11 is quasi-normal in H(g).
If H(g) + G, then, by induction hypothesis, ,F1 is normal in H (gl, so ,F/g - gH.

If H(g) - G, then [F1 \Sl : Hl - n. This implies that n is the least positive integer
k such thatgk e H.Letx:  gp andy :  g* ' ,  where p ispr ime ( t  #2)anddoes not
divide mr (mt - nlp). Then the least positive integer k such that xK e 11 is nlp - mt.
So IFI (x) : H] - mr. Similarly, lH (y] : Hl - p. Since FI is quasi-normal in both
H(x) and H (y), the inductive hypothesis shows that Hx : xH and Hy - yH.The
fact that (p,m) -  l  impl iesthat g € (x,y) ,hence, Hg -  gH. r

Lemma 2. Let H be a quasi-normal subgroup of afinite group G. If (n,lGl) : l, then
H is quasi-normal in the group G x Zr, where Z, denotes the cyclic group of order n.

Proof. Let k e G x Zn and h e H. We will show that hk -- ftr'7rr for some rnteger rl
and h' e H.We have k - (g, a') for some I € G and integer s, where (a) - Zr. Srnce
F1 isquasi-normal rnG,hg - g'h'for someinteger r andh' e H. Since (n,lGl) : 1,
there is an integer r' such that rt : r (mod lGl) and rt : | (modn). Hence,

h k  -  ( h , I ) ( g , a ' ) :  ( h g , a ' )  -  ( g ' h ' , a ' )  :  ( g ' '  h ' , a ' )

:  (g ' '  ,  at)(h '  , l )  -  (g ' '  ,  a ' ' t ) (h '  ,1)  -  (g,  at) ' '  (h '  , I )  :  k ' '  h '

and H is quasi-normal rn G x Zr.

3. When Quasi-Normal Does Not Imply Normal

For any positive integer m that is divisble by 8 or the square of an odd prime, we will
exhibit a finite group G and a quasi-normal subgroup 11 such that lG : Hl - m and H
is not normal in G.
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Given a group G and a, b e G,letla, bl denote a-rb-r ab, the commutator of a and
b. Then we have [2, LemmaZ.2].

(i) lf la, bl commutes with a,thenla",bl: ld,bl" for arty n e Z.
(ii) If la, bl commutes with a and b, then, for any integer n ) 0,

(ab)" : anbnlb' al(;) '

Lemma3. For an odd prime p and n > 3 or for P : 2 and n > 4, let G be the_group
of order p" with generators a and b and aPn-' : l, bp - l, and ba - a|*p"-'b. Let
H : (b).ThenlG : Hl - pn-r and H is quasi-normal but not normal in G.

Proof. Every element in G has a uniqu^e representation in the form a'bt with 0 < i <
pn-r,0 < 7 < p. Sincea-rba: aPn-"b 4 H, F1 is notnormalin G. To show that H
is quasi-normal in G, we first note the following:

Since bapb-r - (bab-r)p : (al+r'- '), - qP*Pn-t : aP,we have aP e Z(G) and
aP"-' e Z(G). Since

lb, af - b-r 1a-r ba1 - fu-r oP'-' b : oo"-' ,

we have lb, al, la, bl e Z(G). So, for any i, j  e Z, lbr , arf : lb, al 't e Z(G) by (i),
and similarly, la', br I e Z (G).Also,

Ib, al\ - (aP"-'10 : aP"-t : l .

Let g € G and h € 11. Then g : aibi and h : bk for some i, j,k Z 0. Let
r : I + p"-zk. By the remark after Definition 1, it suffices to show that hg - g'h.By
(ii),

g '  :  @i  6 iy  :  a i 'b i ' l u i  ,  a i1 { )  .

Note that
oi ,  __ ai  7ot"-z1ik :  a i lb,  o] ik _ ai fbk ,  a i f  ,

and that

bi, _ 6i+n"-2ik _ bi .

Also, therestr ict ionsonpandnimply thatpdiv ides ( i ) ,andlUi ,at1{")  - lb,a] i i<;1 -

1, since Ib, alp - 1. Thus, S' : ailbk, ai16i. Consequently,

g 'h :  g 'bk :  a i lbk ,  a i16i+t '  :  a i  bkfbk,  a i16i

_ aibk(b-ka- ibkai)6i  -  bkaibi  -  hg.

T

4. On Some Products of Conjugate-Permutable Subgroups

In the proof that a quasi-normal subgroup is subnormal [5], one only needs to show that
it is permutable with all of its conjugates. This leads to a new concept as follows:
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Definition 2. A subgroup H of a group G is called a conjugate-permutable subgroup
of  G (H 1c-p  G) i f  HHc -  HcHfora l l  I  €G.

In this section we prove that conjugate-permutable subgroups are subnormal, and
we prove some elementary propOrties of conjugate-permutable subgroups. We also give
examples of subnormal subgroups which are not conjugate-permutable subgroups, and
of conjugate-permutable subgroups that are not quasi-normal.

Of course, every quasi-normal subgroup is a conjugate-permutable subgroup. How-
ever, the converse is not necessarily true.

Example.We note that H _ (yx) is a conjugate-permutable subgroup of D3 _
(x, y I x4 : y2 : l, y-'ry : x-r ), but F/ is not a quasi-normal subgroup of Ds.

As in the proof of Theorem 1, it is easy to see that, if 11 is a conjugate-permutable
subgroup of a group G such that [G : F/] is a prime number, then 11 is a normal subgroup
of G. Also, if f/ is a maximal conjugate-permutable subgroup of G, then 11 is a normal
subgroup of G.

Corollary l. If H 1c-p G and G is finite group, then H is subnormal.

Example.  LetDrc:  (x,y lx9 --  y2 :  l ,  y-rx! :  x-r) ,  H -  (y) ,  and K -  (yx6).
Then FI is subnormal in Drc (since D16 is nilpotent), but

H K -  {1 ,  y *6 ,  y ,  x6}  +  {1 ,  !x6 ,  ! ,  *21  -  KH.

So 11 is not a conjugate-permutable subgroup.

Corollary 2. If G is afinite group with all maximal subgroups conjugate-permutable,
then G is nilpotent.

Foguel in [1] proved the following theorem: If G is a finite group and there exist
H <c-p G such thatH is amaximal subgroupof a P e Syl2(G), then G is solvable.

Huppert [3, Satz 10.3] proved the following theorem: If a finite group is the product of
pairwise permutable cyclic subgroups, then it is supersolvable. Of course the converse
of this statement is not even true in the class of nilpotent groups as shown in the above
example.

Assume G is a finite group. 1T (G) denotes the set of prime divisors of the order of the
group G.

Lemma 4. Let P be anormal p-subgroup, Q a Sylow q-subgroup of a group G, p # q,
and H a subgroup of P such that H Q : QH. Then H is normalized by Q.

Proof. It is easy. r

Theorem 4. Let H be an abelian normal subgroup of a G such that IG, Gl < H and
the Sylow subgroups of H are elementary abelian. Assume that, for every q e n(H),
the Sylow q-subgroup Q of H can be written as Q : Qt -. . Qr, where Qi is a cyclic
and permutable with Sylow p-subgroups of G for all p e ir(G) and I < i < s. Then G
is supersolvable.
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Proof. We prove the claim by induction on the order of G. We show that Q contains a
normal subgroup of order q of G.Let Q* be a Sylow q-subgroup of G. Then Q < Q*.
Let 1 - Bs< 81 < ... < Br - Q such that Bi o Q* and Bi/Br-l is of order q fot all
i.Let | < t < r be minimal such that 81 contains a subgroup A of G such that A is
permutable with Sylow p-subgroups of G for all p e T(G), where A may be taken to

be one of Q',s.If A is normal ra Q* , then since f/ is an abelian normal subgroup of G
and Q is a Sylow 4-subgroup of H, it is easy to show that Q is a normal subgroup of G.
Since, for every x e Qand every b e G,we have xb e H and lxl - l*bl, hence xb rs a
q-element, so it belongs to only Sylow 4-subgroups Q of F1. Since A is permutable with

Sylow p-subgroups of G for all p e n(G), hence, by Lemma4, A is a normal subgroup
in all Sylow p-subgroups of G so A is normal in G.

Let x € P . Then a' -- at for some integer t, henee, (ab1" -- (ab)t . For
( o b ) '  -  ( o ' ) b  -  ( a * ) b  :  a ' b  -  ( a b ) " . A s  [ G , G ]  <  H , d , a b  e  H  a n d a r :  a b ,

we obtain that
ar* : @b)' : (a')b' - (a' )b. - 1ot 1bb-t 

x-tux

- ((o,)b)16,x) :  (@b) ' ) tu,* l  -  (o) ' .

Hence, (a)* - (at)t for every x e P . So, by similar arguments as above for Ab : (ai,

it follows that

\arb)t  -  (oru)*o -  (arb;* [ ' 'b l  -  ( (arbyfx 'b)  -  (arb)* .

Hence, every element of P acts on (a, otul by raising to some power /.
Now, we show that (aaf') is permutable with Sylow p-subgroups. Since aBt-t -

(aB,-)b -  ab B,t  -  atBt- t . :  (atBt-)b :  arb Bt-1,  i t  fo l lows that aalb € Bt- t .

Now, it follows that (aal') is permutable with Sylow p-subgroups of G for all
p e n(G) and (aaf') is contained in Br-r, a contradiction. Thus, A is normal in G. It

is easy to see that G / A satisfies the conditions of our theorem. Consequently, G I A is
supersolvable, which implies the supersolvability of G. r
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