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1. We investigate in the present paper the best n-term approximation by the family
V formed from the integer translates of the mixed dyadic scales of the tensor product
multivariate de la Vallée Poussin kernel, and optimal continuous algorithms in non-linear
approximation, especially n-term approximation in terms of non-linear n-widths, for
functions from the Besov space of common mixed smoothness. A central question to
be considered is: What, if any, are the advantages of non-linear approximation over
approximation by linear manifolds, in the first place, for smoothness classes of functions?
It was proved in previous papers that in contradistinction to such n-widths as Kolmogorov
n-width and linear n-width, etc., which are connected with approximation by linear
manifolds, all well-known, non-linear n-widths in the space L, (Td) of the unit ball
of the classical smoothness Sobolev space W, and Besov space B} ; have, roughly
speaking, the same (and better in certain cases) asymptotic order n~%/¢ independently
of the relations between p, g and 6, where T is the d-dimensional torus [-m, n]d 1

In non-linear approximation, the smoothness of functions to be approximated is more
conveniently, and maybe more naturally, given by boundedness of Besov quasi-norm. In
this paper we give the asymptotic orders of these non-linear n-widths and best n-term
approximation by the family V, in the space L, (T?) of the unit ball SB;’ o of the Besov
space of functions on T¢ with common mixed smoothness r. Moreover, these asymptotic
orders coincide and are achieved by a continuous algorithm of n-term approximation by
V, which is explicitly constructed. The important point to note here is that if, for any
l<p,g<oo, 0<b,t <ocandr > 1/p, SB;,G is a set of multivariate functions
(d > 1) with given mixed Besov smoothness r, and the Besov scale § < (r + (1/2))"!
(in particular, 6 is small enough), then the asymptotic orders equal

n(ogn)® =o(n™),

where § = (d — 1)(1/8 — 1/2 — r) > 0. This property is characteristic of multivariate
non-linear approximation of functions with mixed Besov smoothness.
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2. Let X be a quasi-normed linear space and ® = {¢x}72, a family of elements in X (a
quasi-norm || - || is defined as a norm except that the triangle inequality is substituted by
lf+gll < CUlfII+]1gll) with C an absolute constant). Denote by M, (®) the non-linear
manifold of all linear combinations of the form

9= @mer,

keQ

where Q is a set of natural numbers with |Q| = n. Here and later, |Q| denotes the
cardinality of Q. We shall assume that some elements of ® can coincide, in particular, ®
can be a finite set, i.e., the number of distinct elements of & is finite. Let W be a subset
in X. The best n-term approximation o, (W, ®, X) by the family @ is given by

o, (W, d, X) := su inf —oll.
"W, 0. X i= sup _inf | If — ol

3. A (continuous) algorithm in n-term approximation by @ of the elements from W, is
represented as a (continuous) mapping S from W into M,,(®). Denote by F(X) the set
of all bounded & whose intersection & N L, with any finite-dimensional subspace L in
X, is a finite set. The non-linear n-width t,,(W, X) [3] is defined by

(W, X) :=1inf sup || f —S()I,
v (Y few

where the infimum is taken over all continuous mappings S from W into M,,(®) and
all families ® € F(X). Similar to 7,,(W, X) is the non-linear n-width 7, (W, X) which
is defined in the same way as 7,(W, X) but the infimum is taken over all continuous
mappings S from W into a finite subset of M, (®) or, equivalently, over all continuous
mappings S from W into M,,(®) and all finite families ® in X.
Let lo be the normed linear space of all bounded sequences of numbers x = {x;}22 ;,

equipped with the norm

[xlloo := sup |xgl,

1<k<oo

and M, the subset in I, of all x € I, for which xy = 0, k ¢ Q, for some set of natural
numbers Q with |Q| = n. Consider the mapping R from the metric space M,, into X
defined by

Ro(x) := Y xigh

keQ

ifx = {x )2, and, xx = 0,k ¢ Q, for some Q with |Q| = n. From the definitions, we
can easily see that if the family @ is bounded, then R is continuous mapping from M,,
into X and moreover, M,(®) = Re(M,,). On the other hand, any algorithm § of n-term
approximation of the elements in W by ® can be treated as a composition

S=RpoG

for some mapping G from W into M,,. Therefore, if G is required to be continuous, then
the algorithm § will also be continuous. These preliminary remarks are a basis for the
notion of the non-linear n-width «,, (W, X) which is given by

an(W, X) :=inf sup ||f — Ro(G(f)II,
®,6 few
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where the infimum is taken over all continuous mappings G from W into M, and all
bounded families ® in X (see [3]).

The continuity assumption in the definitions of the non-linear widths 7, and «,, which
has the origin from the classical Alexandroff n-width, is quite natural: the closer objects
are, the closer their reconstructions should be. On the one hand, the continuity assumption
decreases the possibilities of approximation. On the other, it guarantees the lower bound
of n-term approximations. Moreover, it does not weaken the rate of the corresponding
n-term approximations for many well-known dictionaries and functions classes. Namely,
it is known that the best n-term approximation and n-term approximation by continuous
algorithm have the same asymptotic order. This is shown again in our paper for the
family V, and the unit ball of Sobolev and Besov spaces of functions with common
mixed smoothness. As the continuity assumption on the algorithms of approximation
by “complexes” leads to the Alexandroff n-width, the continuity assumption on the
algorithms of n-approximation leads to various continuous non-linear rn-widths.

There are other notions of non-linear n-widths which are based on continuous
algorithms of non-linear approximations different from n-term approximation, and
related to problems discussed in the present paper. They are the well-known and very
old non-linear Alexandroff n-width a,(W, X) (see the definition, e.g., in [2-6]), the
non-linear manifold n-width 8, (W, X)[1], and the non-linear n-width 8,(W, X)[2].
These non-linear n-widths are very close to t,(W, X) and «, (W, X). From inequalities
between them [2-5], it follows that they are asymptotically equivalent. More precisely,
all these n-widths have the same asymptotic order for well-known smoothness classes of
functions. The reader can also consult [1-3, 5] for various aspects of non-linear n-widths
and n-term approximation for mixed smoothness classes of multivariate functions.

4. We now define Besov space of functions with mixed smoothness and the family V
formed from the integer translates of the mixed dyadic scales of the tensor product
multivariate de la Vallée Poussin kernel.

For a non-negative integer r, the univariate symmetric difference operator A;, h € T,
is defined inductively by Aj := A}l Az_l, starting from the operator A,l, f=f(+
(h/2)) — f(- — (h/2)). For s a natural number and e C E := {1, 2, ...d}, we let the
multivariate mixed sth difference operator A} (e), h € T4, be defined by

d
s — s
Ay f =451
JE€e
where the univariate operator Asj , is applied to the variable x; (in particular, Aj (9) f =
f).Forr >0and 0 < p,6 < o0, let B;! o denote the Besov space of all functions on
T¢, for which the quasi-norm

Ifle;, == > |flay
eCE
is finite, where || - ||, is the usual p-integral normin L, := L, (T?) and
1/6
g = | [ TImir " isi@igan | .0 <oo,
Jj€e

(the integral is changed to the supremum for & = 0o) for some s > r.
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For v € N4, we let the multivariate tensor product de la Vallée Poussin kernel S, of
order v be defined by

d d
=[]0

sl 31)]'
where
2v; g
Vi = i
v (x5) = 1+ZZcoskx] + 2 Z & cos kx;
k=1 k=v+1

We define the family V formed from the integer translates of the mixed dyadic scales of

Sy, by
‘ = [oF ol A k

V oy {(ps }SEQk,kENda §0s = Szk ( —sh ),

where 2% = (27, ..., 2%) and xy = (X1 Y1, ..., X4Y4) for x, y € R%;
Ok i lisri L syt 3 %28 =il sendlini b s 3uim@nky 35 205

5. We use the notation F < F/if F « F/and F/ « F,and F « F’if F < CF’ with
C an absolute constant. Let

SBr,e = {f eBr,a A, <1}
p p Py

be the unit ball in B’ . Denote by y, any one of oy, 7,, 7, B4, an, and §,. The main
results of the present paper read as follows:

Theorem. Let 1 < p,q < 00, 0 <0 < ooandr > 1/p. Then we have

Yu(SB., 5, Ly) < 0,(SB’, o, V,Ly) < n"(logn)@-De+1/2-1/0),

p,6* p.6°

In addition, we can explicitly construct a finite subset V* of V and a positive homogeneous
continuous mapping G* : B}, o — M, such that the asymptotic order of y, (SBp a» Lq)
is achieved by the contmuous algorlthm S* = Rv+ o G* of n-term approximation by V*
ie.,

sup [If = S*(F)lly € n" (logn)@-De+1/2-1/0),
feSB,,

This theorem was announced in [3] and proved in [4] for the case 6 > 2, replacing
the condition » > (1/p) by the weaker condition r > max{0, 1/p — l/q, 1/p —1/2}.
However, the most interesting case is whend > 1 and 8 < (r + (1/2))"L. Particularly,
ifi SB’ o 18 a set of multivariate functions (d > 1) with given mixed smoothness r, this
takes place for a 6 small enough. As mentioned above, the asymptotic order of ¥, and
oy, in this case is

Ya(SB 5, L) X 04(SB}, .V, Ly) < n”"(logn)™ = o(n™"),

withd =(d - 1)(1/6 —1/2—r) > 0.
6. For 0 < p < oo, denote by I7' the space of all sequences x = {x;}_; of (complex)

numbers, equipped with the quasi-norm |lx[l;r = (E7L, |xk|”) VP with the change to
the max norm when p = oo.
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LetO < p, 8 < 00, N = { Nt }xep be a sequence of natural numbers with Q a finite set

of indices. Denote by b ¢ the space of all such sequences x = {x* Jke@ = {{xJ’.‘ }jI.Vz" 1Jkes
for which the mixed qua51 -norm

ey, o= (3 141%) ", 0 < oo,

keQ

is finite (the sum is changed to supremum for § = 00), where X k.—1 II,V k. Let Sllj’ g be

the unit ball in bN
We employed in the proof of our results, in particular, the following:

Lemma. Let 0 < p,0,7 < 00, and p < 6. Then, for any n < m, we can explicitly
construct a positive homogeneous continuous mapping G : b 9 M,, such that

on(SNg EBN, ) < sug e = S@llpy, <n~VP)QIYPHYTLE,
xeS

wherem =3, Ni and S := Rg o G and £ is the canonical basis in bY ,
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