
Wetnam Journal of Mathematics 27:4 (1999) 363-367
V Lre r[m anm _[o l-rr rnr arll

oJf

Mt A\]f lHtlE MtA\]f ltrC ss

o Springer-Verlag 1999

Short Communication

On Asymptotic Orders of n -Term Approximations
and Non-Linear n-Widths

Dinh Dung
Institute of Information Technology, Nghia Do, Cau Giay, Hanoi, Vetnam

Received N4av 7.1999

L. We investigate in the present paper the best n-term approximation by the family
V formed from the integer translates of the mixed dyadic scales of the tensor product
multivariate de laVall6e Poussin kernel, and optimal continuous algorithms in non-linear
approximation, especially n-term approximation in terms of non-linear n-widths, for
functions from the Besov space of common mixed smoothness. A central question to
be considered is: What, if any, are the advantages of non-linear approximation over
approximation by linear manifolds, in the first place, for smoothness classes of functions?
It was proved in previous papers that in contradistinction to such n -widths as Kolmogorov
n-width and linear n-width, etc., which are connected with approximation by linear
manifolds, all well-known, non-linear n-widths in the space Lq(T, of the unit ball
of the classical smoothness Sobolev space Wi and Besov space Bl,s have, roughly

speaking, the same (and better in certain cases) asymptotic order n-ot/d independently
of the relations between p, q and 0, where Td is the d-dimensional torus l-n, trld .

In non-linear approximation, the smoothness of functions to be approximated is more
conveniently, and maybe more naturally, given by boundedness of Besov quasi-norm. In
this paper we give the asymptotic orders of these non-linear n -widths and best n-term
approximation by the family V, in the space Lq(T, of the unit ball SBi, of the Besov

space of functions on Td with common mixed smoothness r. Moreover, these asymptotic
orders coincide and are achieved by a continuous algorithm of n -term approximation by
V, which is explicitly constructed. The important point to note here is that if, for any
I . p,q < @, O < e,z < oo and r > l/ p,SBi,e is a set of multivariate functions
(d > l) with given mixed Besov smoothness r, and the Besov scale 0 < (r + (l /D)-r
(in particulag 0 is small enough), then the asymptotic orders equal

n-'(logn)-6 : o(n-'),

where 3 - (d - I)(ll0 - l/2 -r) > 0. Thispropertyis characteristic of multivariate
non-linear approximation of functions with mixed Besov smoothness.
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2,Let X be a quasi-normed linear space and O - {pnflt a family of elements in X (a
quasi-norm ll . ll is defined as a nonn except that the triangle inequality is substituted by
ll f + S ll S C111/ ll + llg ll) with C an absolute constant). Denote by Mn (O) the non-linear
manifold of all linear combinations of the form

r
9  -  

LakQk '
k e Q

where Q is a set of natural numbers with lQl : n.Here and later, lQl denotes the
cardinality of Q. We shall assume that some elements of Q can coincide, in particulffi, @
can be a finite set, i.e., the number of distinct elements of O is finite. LetW be a subset
in X. The best n-term approximation on(W, Q, X) by the family <D is given by

o,(w, e, X) :- 
,r:#r.itto) 

l l,f - ell.

3. A (continuous) algorithm in n -term approximation by O of the elements from IV, is
represented as a (continuous) mapping S from I4l into Mr(O).Denote by F(X) the set
of all bounded @ whose intersection <D O L, with any finite-dimensional subspace I, in
X, is a finite set. The non-linear n -width rn(W, X) t3l is defined by

rn(w,x):: 'df, 
i:# llf 

- s(,f)ll,

where the infimum is taken over all continuous mappings S from I4z into M"(O) and
all families O e F(X). Similar to rn(W, X) is the non-linear n-widthrl(W, X) which
is defined in the same way as rn(W, X) but the infimum is taken over all continuous
mappings S from W into a finite subset of Mn(.D) or, equivalently, over all continuous
mappings S from W'into M,(O) and all finite families O in X.

Letl* be the normed linear space of all bounded sequences of numbers r _ {*t]f='t,
equipped with the nonn

l lxll* :- 
,j|1'* 

lxrl,

and Mn the subset in /* of all x e l* for which )ck : 0, k # Q, for some set of natural
numbers Q with lQl : n. Consider the mapping R6 from the metric space M, into X
defined by

R6(.r) :- D*oro,
k e Q

tf x - {*n]F:rand,xp -0,k ( Q,for some QwithlQl:n. Fromthedefinit ions, we
can easily see that if the family O is bounded, then R6 is continuous mapping from M,
into X and moreover, Mn(O) : Ro(Mr). On the other hand, any algorithm S of n-term
approximation of the elements inW by .D can be treated as a composition

, S : R o o G

for some mapping G from W into Mr. Therefore, if G is required to be continuous, then
the algorithm S will also be continuous. These preliminary remarks are a basis for the
notion of the non-linear n -width an(W, X) which is given by

a,(w, X) :: ;i[ i:# 
ll f - Ro (c(.f)) ll,
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where the infimum is taken over all continuous mappings G from I4l into Mn and all
bounded families <D in X (see [3]).

The continuity assumption in the definitions of the non-linear widths rn andan, which
has the origin from the classical Alexandroff n -width, is quite natural: the closer objects
are, the closer their reconstructions should be. On the one hand, the continuity assumption
decreases the possibilities of approximation. On the other, it guarantees the lower bound
of n-term approximations. Moreover, it does not weaken the rate of the corresponding
n-termapproximations for many well-known dictionaries and functions classes. Namely,
it is known that the best n-term approximation and n-termapproximation by continuous
algorithm have the same asymptotic order. This is shown again in our paper for the
family V, and the unit ball of Sobolev and Besov spaces of functions with common
rnixed smoothness. As the continuity assumption on the algorithms of approximation
by "complexes" leads to the Alexandroff n-width, the continuity assumption on the
algorithms of n -approximation leads to various continuous non-linear n-widths.

There are other notions of non-linear n-widths which are based on continuous
algorithms of non-linear approximations different from n-term approximation, and
related to problems discussed in the present paper. They are the well-known and very
old non-linear Alexandroff n-width an(W, X) (see the definition, e.9., in [2-6]), the
non-linear manifold n-width 6n(W, X)[1], and the non-linear n-width fr"(W,X)121.
These non-linear n-widths are very close to q(W, X) and an(W, X). From inequalities
between them 12-51, it follows that they are asymptotically equivalent. More precisely,

all these n -widths have the same asymptotic order for well-known smoothness classes of
functions. The reader can also consult [1-3, 5] for various aspects of non-linear n -widths

and n-term approximation for mixed smoothness classes of multivariate functions.

4.'We now define Besov space of functions with mixed smoothness and the family V
formed from the integer translates of the mixed dyadic scales of the tensor product

multivariate de la Vall6e Poussin kernel.
For a non-negative integer r,the univariate symmetric difference operator L!r, h e T,

is defined inductively by Ai, ,- L'rA;-t, starting from the operatot Ltrf :- /(' *
(h/2)) - f(. - (h/2)). For s a natural number and e C E :- {1,2, ...d}, we let the
multivariate mixed sth difference operator Li@), h e Td , be defined by

d

^L@ f ,- fI L'r, f ,
l e e

where the univariate operator L!r,, is applied to the variable x1 (in particular, Li(D f =

/). For r > 0 and 0 < p,0 ( 6, letBi,e denote the Besov space of all functions on

Td,for which the quasi-nofln

l l f  114 . , :_  lV l t ;
ecE

is finite, where ll . llp is the usual p-integral,nonn in Lo :: Lp1tdl and

l f  ln", ' , : - , 0  < @ ,( l*Eth 1 t- t e' |  ̂ 'n@) r t ' ,a') ' '

(the integral is changed to the supremum for 0 - a) for some r > r.
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For u € Nd, we let the multivariate tensor product de la Vall6e Poussin kernel S, of
order u be defined bv

su(x) ' : l i  YP,
i : l

where 
vi 2vi

v, , (x1)  :_ 1 + 2f  coskxi  + 2 I '+coskx; .
k : l  k :v i * l

We define the family V formed from the integer translates of the mixed dyadic scales of
,Sr, bY

V : :  {e!}reeokexo, e:  : -  Szo(.-  shk),

where 2* :  (2*t ,  . . . ,2xa1 and xy :  (Ayt ,  . . . ,  xdyd) fot  x,  y e Rd;

Q t  : -  { s  e  Z ! :  s j  <  3  x z k i + r ,  i  :  l ,  . . . ,  d } ;  h k  ; -  3 - r n ( 2 - k ' ,  . . . , 2 - k o ) .

5 . W e u s e t h e n o t a t i o n  F  x  F t  i f  F  <  F t a n d F ' <  F , a n d  F  < F t  1 f  F  < C F t w r t h
C an absolute constant. Let

SBtr,s :- 17 eBi,e: l l"f l ln;,, S 1)

be the unit ball inBi,e. Denote by y" any one of ur, rr, rl, Fr, an and 6n. The main
results of the present paper read as follows:

Theorem, Let I < p,4 ( @, 0 < 0 < oo andr > 1/ p. Thenwe have

yr(SB',,6, Lq) x 6n1sBi,a,Y, Lq) x n-' ( log4@-r)(r+r/z-r/e) .

In addition, we can explicitly construct afinite subsetY* of V and a positive homogeneous
continuous mapping G* : Bi,e + M, such that the asymptotic order of y"(SBi,e, Lq)
is achieved by the continuous algorithm S* : Ry* o G* of n-term approximation by Y* ,
i .e. ,

/:Jf;, 
l l f  - s.( ' f) l lq K n-'(rogn7@-r)(r+tt2-rte) '

This theorem was announced in [3] and proved in [a] for the case 0 >_ 2, replacrng
the condition r > (l/p) by the weakercondition r > max{0,1/p - I/q,I/p - l/2}.
However, the most interesting case is when d > | and g < (r * (l/D)-r. Particularly,
if SBi,e is a set of multivariate functions (d > 1) with given mixed smoothness r, this
takes place for a 0 small enough. As mentioned above, the asymptotic order of y, and
on in this case is

y,(SBi,6,  Lq) t  cnlsBi ,o ,Y,  Lq) x n- '  ( logn)-d -  o(n- ' ) ,

w i t h d  -  ( d  -  I ) Q l e  -  r / 2 - r )  >  0 .

6. For 0 . p ( @, denote Av U the space of all sequences x - {xp]if,-, of (complex)

numbers, equipped with the quasi-norm llxllry :_ @t:rl*r,lp)'/' *iththe change to
the max norm when p : x.
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Let0 < p,e ( oo, N - {Nr}kegbeasequenceofnaturalnumberswrthQafiniteset
of indices. Denote Uy b),e the space of all such sequences.r - {*k}r,.e - 11*!f:-|}r,.9,
for which the mixed quasi-norm

l l " l ln) ,  : :  ( r  t t rot t?-) ' ' t  ,  ,  {  @,
k e Q

is finite (the sum is changed to supremum for 0 - oo), where Xk :- t{r . fet S)., Ue

the unit Uall in b),e.
We employed in the proof of our results, in particular, the following:

Lemma. Let 0 I p,0,T 1 x, and p < 0. Then, for any fl I ffi, we can explicitly
construct a positive homogeneous continuous mapping G , b),0 + Mn such that

o, (s),a, t, b*,,)
xeS)e

where m : Dt eg Np and S :- Re o G and t is the canonical basis ln b[,r.
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