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In recent years, the stability problem of discrete time-varying retarded systems has
been widely studied (see, e.g., [1-5]). For nonlinear discrete systems, the stability
problem was mainly treated by using the Lyapunov function, which is, in many cases,
difficult to find. In this paper, we will establish some verifiable sufficient conditions
for asymptotic stability of discrete time-varying systems, without using the Lyapunov
functions approach. Our result extends the result of [6] to more general nonlinear
equations and to the systems with delays.

1. Stability of General Nonlinear Systems

Consider a nonlinear discrete time system of the form

x(k * r)  -  f  (k,  x(k)) ,  (1)
wherek eZ+, x e Rn, f  :  Z+ x R'-+ Rnisagivennonl inearfunct ionsat isfy ing

f (k,0) - 0 for allk e Z+.
The discrete system (1) with the initial condition.x(0) - .r0 always has the solution

x(k), which is defined as

x(k )  -  f  (k  -  I ,  f  (k  -  2 ,  . . . , , f  (0 ,  xo) . . . ) .

Moreover, the system (1) has the zero solution x(k) - 0, Vk e Z+.
Let the system (1) satisfy the following condition: There exist a positive integer m and

real numbors cv; > 0; pi > 0, i : 1,2, ..., ff i i  pt < pz <

l l f  (k , ' ) l l  <  D" t l l * l lP i
i : l

(2)
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for all x e Rn andk e Z+.As will be shown in this paper, inequalities pr > l; h > |
or pt > 0 and the relation between p1 and numbers ai have an important meaning for
the stability of the system. In fact, the following results hold:

Theorem 1. [6] System (I) satisfying the assumption (2) is asymptotically stable if
p t > l a n d a t < 1 .

It is not difficult to show that the above theorem still holds for any arbitrary number
o t t z  0 , b u t  h > I .

For the case, where p1
asymptotic stability of system (1) with assumption(2), where the numbers cv; depend on
k, r.e.,

l l f  (k,r) l l  < D",(k) l lx l lPi  .
i : l

Theorem 2. System (I) satisfying the assumption (3) where m e Z+; pi > 0; pt <

Pz
l im7.--*  a i (k)  :0for al l  i  :  I ,2,  . . . ,m.

The proof is similar to that of Theoreill 1, by successive estimating x(k), k _

o , 1 , 2 ,  . . . .

2. Stability of Nonlinear Systems with Delays

Consider the nonlinear discrete time-varying system with delays of the form

x(k t I)  -  f  (k, x(k), x(k - r)),

0 :  f  ( k , 0 , 0 ) ,

where.r € R+, r e Z+, k e Z+.We will considerthe systemwith the following initial
condition:

x (k )  - " f  ,  f o r  k  -  - r i  - r  *  1 , . . . ,  -1 ,0 . (4a)

The zero solution of system (a) is said to be stable if, for every I ) 0, there exist a
numberd > 0suchthattheinitialcondition(4a)withll"Pll .6, llrf-rll < 6,..., 1;"f ll =
a, l l"3l l  < 6implies l lx(k)l l  < e,foral l  k e Z+.If ,moreover, l l r(k) l l  + 0ask + oo,
then the zero solution is said to be asymptotically stable.

For system (4), the following assumption is made on the right-hand side function /(.):

l l f  (k ,  x ,  y ) l l  = io t i l l x l lh1y l lQ '  ,
i : l

where  m e  Z+,  0e  2  0 ,  p r  >  0 ,  q i  >  0 ;  i  :1 ,2 , . . . , f f i ,

(3)

(4)

(s)

P r * q L < P z * q z .
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Theorem 3. Assume condition (5) holds. System (4) is asymptotically stable if one of
the following two conditions is satisfied:

( a )  h l 4 > l a n d o r  > 0 ;
( b )  h * 4 > l a n d 0 < a r < 1 .

Proof.  (a)Letd e (0,  1)bechosenand x(k) -  xf  for  a l lk :  - r ,  - r*1, . . . ,  - l ,0such

that l lx(k)l l < 6, for all k : -r, -r * 1, ...,-1,0. From the condition p1 * qt , l ,

one can take a number s > 1 such that

P t t Q t s - ' - s t > 0 '

This implies

h * e t s - '  - s > 0  a n d  h t 4 t - s ; ' 6 .

Taking d e (0, 1) small enough such that

g  
g , h * e t s - '  - , . l ,

L a t '
i : 1

we obtain
ln

f  o , 5 r t  * q r -  t  =  l ./-/ -

^k
By induction, we can prove that llx(k)ll < 6' . Indeed, for k : 1, we have

l l x (1)  l l  = icv i  l l x (0)  l lp i l l * ( - r ) l lq i
i : l
m

. t q , 5 P i * q i
- 

/-J

i : l
m

s t  a i g P L * q r - s 5 s . 5 ' s r
i : I

Let the above estimation be true for k : N. Then, for k : N + 1, we have

l lx(N + 1) l l  S I cv; l lx(N) l lp' l l '(n - )1ai
i : l

m

'  I  a ,6sN Pr  . tN- 'q i- 
/-t

i : l

m

= io,d '"  
@r + Tts-r  -  t ) r t"*

i : l

m

s i  aigPr * qrs- '  -  tdtt*t  .  dt"*t.
i : ' r
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Fromest imat ionl l t (k) l l  .  dtk, foral l  k e Z+ wheres > I ,  d e (0,  1) ,wehave
llx(k)ll -+ 0 as k + oo which implies that system (a) is asymptotically stable.

Case (b) is proved similarly, by using the assumption o1 < l.
In the case, where the numbers cy; depend onk, based on the result of Theorem 2, we

can replace (5) by the following:

l l  f  (k, x, y)l l  s t ai(k)l lxl lpi l lyl lqi .
j : l

Theorem 4. The retarded system (4) satisfying (6), where p;
1,2,...,m, is asymptotically stable if

_ t g  
a t ( k ) - 0  f o r a l l  i : 1 , 2 , . . . , f f i .

Theorems 3 and 4 canbe extended to the case of more general retarded systems of the
form

x (k  *  l )  -  f ( k ,  x (k ) ,  x (k  -  1 ) ,  . . . ,  x (k  -  r ) ) ,
0 :  f  ( k ,  0 ,  0 ,  . . . ,  0 ) .

Indeed, we assume that (7) satisfies the following condition:

l l f  (k, xt, x2, ..., xr+t)l l  s f ", ' i i  l lr111t,, .
j :  I  j : I

Then, by the same argument as for Theorem 3, we can prove the following result.

Theorem 5. If system (7) satisfies condition (8), where u;
1 , 2 ,  . . . , m ,  j  :  1 , 2 , . . . , T  *  I  a n d

P t r  l  P t z * " '  +  p v + t  <  p z r  l  p z z + .  .  .  *  p z r + t

then system (7) is asymptotically stable if one of the two following conditions holds:

( a )  p t * p n * . . . +  p v + t > l a n d c u r  > 0 ;
O )  P n l  P n * " '  +  P v + r >  |  a n d a r  <  l .

As an illustration, we can show, by using the above theorems, that the following
systems are asymptotically stable:

w h e r e x € R n ;  c v > 0 .

(6)

(7)

(8)
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I xt(/c + 1) : a1xr&)xz(k - r)
I

( 2 )  |  * z & + 1 ) - a 2 x 2 ( k ) 4 & - r )

I  xg(k + 1) - azxt(k)xr& -r)

where x -- (xt, xz, x3) e R3; ar, ctz, az > 0; r e Z+.
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