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In recent years, the stability problem of discrete time-varying retarded systems has
been widely studied (see, e.g., [1-5]). For nonlinear discrete systems, the stability
problem was mainly treated by using the Lyapunov function, which is, in many cases,
difficult to find. In this paper, we will establish some verifiable sufficient conditions
for asymptotic stability of discrete time-varying systems, without using the Lyapunov
functions approach. Our result extends the result of [6] to more general nonlinear
equations and to the systems with delays.

1. Stability of General Nonlinear Systems

Consider a nonlinear discrete time system of the form
x(k+1) = f(k, x(k)), 1)

wherek € Z*, x € R", f:Z* x R" — R" is a given nonlinear function satisfying
fk,0)=0forallk € Z+.

The discrete system (1) with the initial condition x (0) = x¢ always has the solution
x (k), which is defined as

x(ky = fk—1, f(k—2,.., f(0,x0)...).

Moreover, the system (1) has the zero solution x(k) = 0, Vk € Z+.

Let the system (1) satisfy the following condition: There exist a positive integer m and -
real numbers o; > 0; p; >0, i =1,2,....,m; p1 < p» <--- < py, such that
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for all x € R and k € ZT. As will be shown in this paper, inequalities p; > 1; p; > 1
or p; > 0 and the relation between p; and numbers «; have an important meaning for
the stability of the system. In fact, the following results hold:

Theorem 1. [6] System (1) satisfying the assumption (2) is asymptotically stable if
pr1>landay < 1

It is not difficult to show that the above theorem still holds for any arbitrary number
a1 > 0,but p; > 1.

For the case, where p; > 0, the following theorem gives another criterion for
asymptotic stability of system (1) with assumption (2), where the numbers o; depend on
k,i.e.,

If e, )N <)) x1P. 3)

i=1

Theorem 2. System (1) satisfying the assumption (3) where m € Z*; p; > 0; p1 <
P2 < oo < pm, ai(k) 1 Z¥ — RY; i = 1,2,...,m is asymptotically stable if
limg_, oo @0j (k) =0 foralli = 1,2, ...,m.

The proof is similar to that of Theorem 1, by successive estimating x(k), k =
(05 5o 2 coac

2. Stability of Nonlinear Systems with Delays

Consider the nonlinear discrete time-varying system with delays of the form

xtk+1) = f(k, x(k), x(k —r)),

0= f(k,0,0), @

where x € R, r € Z1, k € Z+. We will consider the system with the following initial
condition:
x(k) =xP, fork=—r; —r+1,..,—1,0. (4a)

The zero solution of system (4) is said to be stable if, for every ¢ > 0, there exist a
number 8 > 0 such that the initial condition (4a) with [|x°]| < &, |lx°_, ]| <&, ..., [x?]| <
8, ||x8|| < & implies ||x(k)|| < &, forall k € Z*.If, moreover, ||x (k)| = O as k — oo,
then the zero solution is said to be asymptotically stable.

For system (4), the following assumption is made on the right-hand side function f (-):

If G x I < Y eullx | Pyl %, ®)

=l
wherem e Zt, o; >0, pi >0, ¢ >0; i =1,2,...,m,

pit+qr<p2t+q2<-<pm+qnm
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Theorem 3. Assume condition (5) holds. System (4) is asymptotically stable if one of
the following two conditions is satisfied:

(@ p1+4q1>1landa; > 0;

®) pr+g1>1land0 <o < 1.

Proof. (a)Let$ € (0, 1) be chosen and x (k) = x,? forallk = —r, —r+1, ..., —1, Osuch
that ||x (k)| < 8, forall k = —r, —r + 1, ..., —1, 0. From the condition p; 4+ ¢q; > 1,
one can take a number s > 1 such that

p1+qs— —s" >0.
This implies

r

p1t+qis —s>0 and p1+q1—s5>0.

Taking & € (0, 1) small enough such that

m —
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we obtain -
Zaiyh it gi*=ts <1.

=l
. ; s
By induction, we can prove that ||x(k)|| < 8° .Indeed, for k = 1, we have
m
el < > ellx @17 lx (=)
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Let the above estimation be true for k = N. Then, for k = N + 1, we have
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From estimation ||x (k)| < SSk, forall k € Z* where s > 1, § € (0, 1), we have
llx(®)|| — 0 as k — oo which implies that system (4) is asymptotically stable.

Case (b) is proved similarly, by using the assumption a7 < 1.

In the case, where the numbers «; depend on k, based on the result of Theorem 2, we
can replace (5) by the following:

ILf G, x I <) e @)llx P fy)% . ©6)

i=1
Theorem 4. The retarded system (4) satisfying (6), where p; > 0, ¢; > 0, i =
1,2, ..., m, is asymptotically stable if
lim o;(k) =0 forall i=1,2,..., m.
k—o0

Theorems 3 and 4 can be extended to the case of more general retarded systems of the
form

xtk+1) = fk, x(k), x(k—=1),...,x(k —r)), )
0= f(k, 0, 0,..., 0).

Indeed, we assume that (7) satisfies the following condition:

m r+l1
1f G xt, %2, o XD < D [ M09 @)
i=1¢ 5=l

Then, by the same argument as for Theorem 3, we can prove the following result.

Theorem 5. If system (7) satisfies condition (8), where o; > 0, pij > 0,0 =
1,2,....m, j=1,2,...,r+1and

putpit-+piry1 <puatpotooo+prsl <o < pui+Pm2t o+ Porsds

then system (7) is asymptotically stable if one of the two following conditions holds:

@ pu+pi2+--+pir4y1 > landa > 0;
®) pu+pe+---+pyrr1>landay < 1.
As an illustration, we can show, by using the above theorems, that the following
systems are asymptotically stable:
0, if x(k)=0
In(k? + 1x (k)

(1) xtk+1)= =
(k + I)W[IT&XH {x#1] /

where x € R"; « > 0.
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x1tk+ 1) = aixi(k)x2(k —r)
2) x(k +1) = ayxa(k)x3k — 1)
x3k+ 1) = azxs(k)x1(k —r)

where x = (x1, x2, x3) € R%; a1, a2,a3 > 0; r € ZT.
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