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Abstract. We study the semilinear wave equation of the form: [Ju+us+ |us|P~u; =
|u|9"1u. When 1 < g < p, a solution exists globally in all time and when 1 < p < g,
the local solution blows up in finite time for negative initial energy.

1. Introduction and Results

Let  be a bounded domain in R¥ (N > 1) with a smooth boundary 9Q. We
are concerned with the following initial boundary value problem for semilinear
wave equations with damping and source terms

Ou + au + blug[P~ uy = cjul?" 'y in (0, 00) x Q,
u(0,z) = uo(z),ut(0,z) =uy(z) forzeQ, (1.1)
u(t,z) =0 fort >0,z € 89,

where 00 = 82 —Ef-il 0% /02? is the D’Alembertian operator, a,b,c > 0, p,q > 1,
and the initial data ug(z) € H}(Q) and uq(z) € L?(Q). In our case, we always
put a = b =c =1 in the equation of (1.1).

For problem (1.1), many authors have studied a variety of examples. More
precisely, when ¢ = 0, the decay properties of solutions of the Cauchy problem
of (1.1) was studied by Matsumura [8]. In the case of a = b = 0, problem (1.1)
was studied by many authors (see [1-3]), where the local solution blows up in
finite time. When b = 0, the problem (1.1) was studied by Ikehata-Suzuki [6]
and Ikehata [5], and they proved that the local solution blows up in finite time
by the concepts of stable and unstable sets due to Sattinger [10].
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Recently, Georgiev—Todorova [4] treated the case when @ = 0, b = 1, and
¢ = 1, and proved that if 1 < ¢ < p, a solution exists globally in all time. On
the other hand, they also proved that if 1 < p < g, the local solution blows up
in finite time for sufficiently negative initial energy

1 1 s
£(0) = §|IU1||%2(9) iz §I|Vu0||2LZ(o) - q—ﬁlluollﬁiz(m-

Ono [9] also treated the case when a = 0, b > 0, and ¢ = 1, and he proved
that if 1 < p < g, the local solution blows up in finite time for negative initial
energy. Thereby, our main objective is to combine linear damping term u; and
non-linear damping term |u¢[P~'u, with the source term |u|?"'u to show that
in some domain the solution exists globally in all time, and in some domain the
local solution blows up in finite time.

In this paper, we mainly study the global existence of a solution to problem
(1.1) for the case 1 < g < p. On the other hand, the local solution blows up in
finite time for the case 1 < p < ¢ with negative initial energy.

Now we state our results.

Theorem 1.1. Suppose 1 < ¢ < N/(N ~-2) if N>3andg>1 i N<2 If
1 < q < p, then problem (1.1) has unigque global solution in the class

ue C([0,T);Hs(Q), u € C([0,T);L*Q))NLP*((0,T) x Q)
for any positive T.

Before we state another result, we first define the energy for the problem
(1.1) by

B 1
g+1

£(t) = Slluelt, MEacmy + 51 7 60 Moy = sl ey (12)

Theorem 1.2. Suppose 1 < < N/(N-2)if N>3andg>1if N<2 If
1 < p < q, then the local solution to problem (1.1) blows up in finite time for
negative initial energy (£(0) < 0).

Remark 1. If a = 0, Theorem 1.1 coincides with the global existence result
of Georgiev-Todorova [4]. So Theorem 1.1 will become a kind of extension of
Georgiev-Todorova [4].

Remark 2. If a = 0, Theorem 1.2 improves the blow-up result of Georgiev—
Todorova [4]. So when a # 0, our Theorem 1.2 is new.

The plan of this paper is as follows: In Sec. 2, we discuss the local existence
and global existence of solutions to problem (1.1), and by combining the ideas
of Georgiev—Todorova (4] and Ono {9] we will give the proof of Theorem 1.2 in
Sec. 3.
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2. Local and Global Existence of Solutions

Throughout this paper, the function spaces are the usual Lebesgue and Sobolev
spaces over {2. For our convenience, we use || - ||, instead of || - || m(q), where Q
is a bounded domain in RY(N > 1) with a smooth boundary Q. We introduce
the natural energy space H = H}(£2) x L2(f) for the problem (1.1).

First of all, we have the following local existence theorem introducing the
linear damping term u, in the well-known local existence theorem of Georgiev
and Todorova [4].

Theorem 2.1. Suppose 1 < ¢ < N/(N -2)if N>3,q9q>1if N <2 and
p > 1. Then, for any initial data

(i
Uy

there ezxists some positive T' such that problem (1.1) admits a unique solution in
the class

UeXr= {U: <;‘t) ; U € C([0, T}, H), us € LP*1((0,T) xQ)}.

Proof of Theorems 2.1 and 1.1. The proof of Theorems 2.1 and 1.1 is almost
the same as in [4], because [, [u;|*dz > 0 is well defined. Roughly speaking, for
the uniqueness of a solution, by using the fact that (wy; — wa; + |wye|P~ 1wy —
|woe [P~ wae, wiy — wae) > 0, we can apply directly the well-known Georgiev-
Todorova local existence theorem.

As mentioned above, [ |u¢|*dz > 0 is well defined and the linear damping
term u, allows one to derive a priori estimates for the global existence purpose.
Therefore, we omit the detailed proof of Theorems 2.1 and here. For the detailed
proof of Theorems 2.1 and 1.1, we refer to Theorem 2.1 of [4] (see also Theorem
3.1in [7]) and Theorem 1.1. m

3. Blow-Ups of Solutions
Before proving Theorem 1.2, we first need the following two propositions.

By multiplying the equation in (1.1) by u;, and integrating over z € §, we
can get easily from (1.2)

E'(t) + lluell3 + lluellyiy = 0. (3.1)

Thus from (3.1), we get
E(t) < £(0). (3.2)

Proposition 3.1. Let A(t) = ||ul|2. Then it satisfies the following inequality:

A1) > 2{K() = M(=£®)P~ (luelld + ualiED)} (3.3)



20 Md. Abu Naim Sheikh
where M, p are positive constants which are defined later and K(t) is defined by

K(t) = 2lugll = 26() + o——Ilu|?E] > 0. (3.4)

2( +1)

Proof. From the definition of A(t) and using the equation multiplied by u, we
get from (1.2)

A”(t) = 2||ut||% + 2 / (Auu — UU — 'Ut|p—1utu + |U|q+1)dz
Q

1 1 1
= el - 4 (Gl + 31 9wl - gt

2(‘1 1 =
9Dt -2 [ (v + o)

-1
=2 {2”11.;”% -2E(t) + g—”u]lgﬂ - / (ugu + |ut|p”1utu)dx} .
LR a (3.5)

Now, we estimate the last two terms on the right-hand side of (3.5). By the
Hélder inequality and the assumption p < g, we have

/ |ue|P~ upudz
Q

< Cllullpt1lluelizss < Cllullgalluellpyy

1-(g+1 +1
= Cllllgzs™ " el Il 55770

(3.6)
where C is a positive constant. Since £(0) < 0, then from (1.2) and (3.2) we get
llullg+r > (=E@)) @D > (-£(0))!/ () > 0. 3.7

Since 1/(g+ 1) — 1/(p+ 1) <0, then from (3.7) we get

“u”gii(l/(tﬁl)—1/(P+1)) _ ||u”;;§<1+1)/(1’+1) < (_5(t))1/(q+1)—1/(1’+1)
< (_8(0))1/(q+1)—-1/(P+1) ) (3.8)

The Young inequality implies

@y o (CYTP o +1
Ol < (2) 7 Il + e lulgth - 9)

for any € > 0.
Thus from (3.6), (3.8), and (3.9), we arrive at

'/ |ut|p'1utud:c <
Q

C\ p+ti/e
(3) ety
& P

4¢Pt (_5(0))1/(q+1)—1/(1’+1) ”u”gii i (3.10)
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By the Schwarz inequality and Hoélder inequality and by the assumption 1 < g,

we have
| / uudz
)

Since 1/(g + 1) = 1/2 < 0, then from (3.7) we have

< Clluellallufly D72 )l D72 (3.11)

2 =4 :
||u||q+1(1/(q+1) 1/2) = |ju ”1 (g+1)/ <(- 5(t))1/(q+1) 1/2 < (_5(0))1/(q+1) /2

(3.12)
The Young inequality implies

2
2 o C
Clluell2lull 5D < (=) Huell3 + dflull?: (3.13)
£o

for any g9 > 0.
Thus from (3.11) - (3.13), we arrive at

/ upudz
a

Therefore, from (3.5), (3.10), and (3.14), we arrive at

C\?
<() e
0
+ eg(—S(O))l/(q“)'l/zllullgﬁ ’ (3.14)

g-1 1
A1) 22 2l - 2600 + LTl

C (p+1)/p ) ) .
_ (;) (—E(B) @DV GV |y, 31

_€p+1(_£( ))1/( q+1)-1/( p+1)“ ”q+1

c\?
- (—) (—E(8) VD12, 2

)

2 e%(—r:(o»l/(q“)-l/?||u||gii}. (3.15)

Now we define (£(0) < 0)

P+l 1/(p+1)-1/(g+1)
I3 = +1)( £(0)) >0,
2 — M= L o I 1/2-1/(g+1)
(p+1)/p 2
Mo=(€) 0 i M1=(£) > 0.
£ €0

Then (3.15) becomes
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" 2 __ q-— 1 q+1
A"(0) 2 2{2lull} - 260 + ey iz

_ Mo(—f(t))l/(”l)_l/(p“)||Utl|§ii - Ml(—é'(t))l/(q“)‘l/z||ut||§}.
Define

1 1 1 1
p—l—max{q+1—p+1,q+1—-2-} (1 <2p<2),

M = max{Mo, M1},

and then finally we arrive at

4(t) > 2 {1c(e) - M(=€()7™" ((luelly + ueli?3) }
which is our desired inequality (3.3). =

Proposition 3.2. Let 1 < p < q and £(0) < 0. Then we have the following two
inequalities

B'(t) > -’CA(L,—t) (3.16)
B(t)Y? < M'K(t), (3.17)

where B(t) = (—£(t))?+pA'(t)/M and M' is a positive constant as defined later.
Proof. By the definition of B(t), and using (3.1), (3.3), and 1 < 2p < 2, we have

B'(#) = (=E@®) 7 (=€'(0) + 374 0)
P (el + el 1)

+ £ [2 {1 - M=€@)Y ™ (luell} + w2 ]

which is our desired inequality (3.16).
By the definition of .A(t), Schwarz and Young inequalities imply

|A'(8)] < Cllullgsalluellz - (3.18)

Owing to the definition of B(t), the Holder inequality, assumption 1 < 2p < 2,
and inequality (3.18), we have
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' 1/p
BH)“* <2 {—s(t) + () } <2{~£() + (Cluellallllgs)””)

C 1]
2 {60 + 2l + FIZ ™}, .19

where in the last line of the two terms we have used a78*~7 < ya + (1 - v)8
forall ¢, >0and 1> v > 0,and 1 < 2p < 2. For 1 < g, we see that
2/(2p - 1) < ¢+ 1 and the assumption £(0) < 0. Then we have from the
inequality (3.7)

1< (—£(0)"Y @[yl < (~£(0))B-2/(Go-Da+D)] |y |41 =2/Go=1)

and then we have

lull248e~ < (=£(0)"1-2/(@o-Dia+ Iy et} (3.20)

Thus from (3.19) and (3.20), we have

B)% < 2 {2lulf - £(0) + Z(-(@) Bt

< 2{2nutn§ —26(1)

<1 QlleF! C( + 1) eron-l1-2/(2o-1)(g+1)]
-1
! 2 _ g+1
<M {2uu¢||z 26(0) + g gt
where
M = 2max{ ng““ D (—£(0))- [1—2/((2p—1)(q+1>)1}_
This completes the proof of Proposition 3.2. =

Now we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. From (3.16) and (3.4), we have

K(2)

B'(t) > == 2 —CE(t) 2 ~CE(0) > 0

and there exists a 7' > 0 such that B(t) > 0 for t > T. Then owing to the
Proposition 3.2, we have for t > T

d /e _ Py ajom Kt)p=1) _ Clp—1)
E(B(t)(” 1>/)_ —=B(t)” IPB(t) < MM’IC()S —. (21)
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Since (p — 1)/p < 0, then (3.21) leads to
< o/(p—1)
B(t) > <B(T)(‘"1)/" + %(t — T)) (3.22)

for any t > T. Thus, there exists a finite T* so that the right side of (3.22) tends
to infinity as ¢t — T*. From (1.2), we have

2
~2E(t) + [luell3 < flullft; and (w2 < H—lliull"“

2
g+1" "e¥l q+1
and then from inequality (3.17), we have B(t)!/? < C““”Zii- Thus, we have
lullg+1 —> oo as t — T*. Therefore, the local solution blows up in finite time.
This completes the proof of Theorem 1.2. =
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