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Abstract. We construct explicit global non-smooth solutions for a class of infinitely
degenerate elliptic differential operators, for which the hypoellipticity failes at discrete
values of a complex parameter.

1. Introduction

It is well known that the operator

xo + ix i ,  (1 )
j : r

where Xs, Xt,...,X* are real vector f ields in C) C lR.', is hypoell iptic in O if
Xo,Xt , . . . ,X*  and thei r  repeated commutators of  at  most ,k  t imes ( ,k  is  some
positive integer) span the the tangent space 7,(O) at any point r e O (see [6]).
The simplest example of degenerate elliptic differential operators that satisfy the
above hypothesis may be the following operator in iR2:

A 2  , , 0 '  . , /  ' A  ' A
Ar ,  

+  a@)  
W 

+  b \n ,a )d i  +  c \ r , a )N ,

where a(r) : r2k, and b(c, a),c(x,g) are real smooth functions in IR.2. However,
the situation changes drastically if b(r,y),c(x,y) are complex-valued functions.
Grushin [5] showed that the operator

# . . r # + p * k - ' & , r r c , k > 1 (2 )

is hypoelliptic if and only if p avoids some discrete set of C. Unlike operators of
principal type (see [2]), the hypoellipticity of operators with multiple character-
istics depends much on lower order terms, and the discrete phenomena like above
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are common for them. These phenomena were obtained in many works later.
Another generalization of Hijrmander's theorem is to investigate the hypoellip-
ticity of (1) when the "finite type" condition violates, starting from Fedii [3].
(Systematic study is then in [8,9,10,12,14,16]; see also [11] for more complete
references). Finally, the discrete phenomena for infinitely degenerate elliptic op-
erators have been observed recently in [7,13]. The aim of this paper is to give
explicit global non-smooth solutions of the following homogeneous equation:

G 6,xu(x, i l  =ry! + r..4 ezio- fr 
W

- r  i \ ( r )x-aeu-5)u@'a)  -  o ,
dU

where (r,g) € IR2, i - ,t-1,-T12 < d < nl2, and the function A(r) satisfies

We will construct the solution u(r,A) as a composition of powers of two complex
flows which annul each other at a discrete set of values of the parameter ,\. Such
a special kind of solutions was first obtained in [4] for the Kohn-Laplacian on
the Heisenberg group, and recently in [15] for Eq.(2). The operator G4,r was
treated in [7] when d = 0 and l+: )- or )-, '  = -)- ' For the general case we
refer to the paper [13]. The paper is organized as follows, In Sec. 2 we give some
definitions of notations used in the paper, and establish some auxiliary lemmas.

In Sec. 3, we state and prove the main results.

2. Auxiliary Lemmas

We will use the following notation

( r , m ) -  z ( z + l ) . . . ( r + r n - r ) :  
t ( i , l r - )  

f o r  z t - C ,  r n €  N .
L  l z )

We denote by C a general constant which may vary from place to place. For
two complex numbers 21,22 € C, we define zl2 as e"zlnzl and if zL = reie r-T <
g 1.n, then lnzl = lnr * ag. Now let us recall the following lemma from [15].

Lemma l, Assurne thatu1,a,r3 € C,Reu;e > -I. Then we haue

2-'srl(at -f I)

f (1+ ry)r( l+ *Pl

Coro l la ry  L .  Assume tha tu l , r l s  €C,Ret . ,3  )  - l '  Then we haue

r T
/ ln(sin0)(sin0 + icos?)" sin'" 0 d0

J o

r  (zr1q+ 1) ln 2 +2T'(q+ 1) -  r ( r ,  + 1) ( ' /  (1 + ry)  +,h (r+ *+*)))

2,s+rr(1+ ry)r(l + u+gl-) '

\(r) : {} :: l l  ;? l '} : '^

lr" {rrnt* i cosd)'' sin'" o d,o = (3)
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where r! is the Psi funct'ion of Gauss ,!(z) =t'(z)llQ).

Proof. Ditrerentiating in @3 both parts of (3) yields the desired result.

Lemrna 2. Assume thatw1,w3 € C,Recr,,3 ) -1. Then we haue

161

f T

/  
ln(sind)(sing + icos0)" sin'3 d cos0d0

= - , 
i"-,, 

[" lrrne * icoso),, sin,"+t o d,o
( u g + L ) '  J o  

'

+ 
i'. ' 

, /"trrlrrna;1sind * icos|)'t sin'"+|0d,0.
u s l - L  J 6

f T

Jo 
@, sin0 + 'icos0)"(wzsin9 - icos9)" sin"' 0 d0

Proo!. Two times differentiating by parts gives the desired result.

Lemma 3. Assume thata1,a2,wa € C,Reu1 ,Reu,,2 > 0,Reo3 ) -1.  Then

z r l ( r . r g  +  1 )J t  ( 1  *  as , -@1, -u2 , t  * , 1 *

where F2(a,0,0' ,7,.1' ,r,A) is the two-uariable hypergeometric function
Appel [l] defined as

(4)

of

Proof. Define the left side of (4) by F(r.r1 , u)2tu)3twt,wz).It is clear that .F' is an
analytic function of (tu1 ,tu2) when Reu.r1 ,Retu2 ) 0. We have

0^+n F(u1, u)zt u)3t luutrw2)

)wi?wi
l T

= (-1;-+'"  I  ?rr ,m)(-rz,n)(u1 sind * icos?) ' t -^
J O

(w2sin? - icosel"-n sirauz*n-ln I46
-  (=t )*+t ( -ut1,m)(-u2,n)F(u1 -  rn lu)z -  f l , t )J  *  rn - l  n ,u1,w2).
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using Lemma 1, we deduce that

.  r *+n 0**n F (w1,  u2,  w3,  wt ,  wz)  |L)  
@11-1, . ry=1r , r1

( -aym)( -w2,n)F(q  -  f f i ,@z -  f l ,u3  *  m - l  r r ,  1 ,1 )

f1 l

(-q,m)(-wz,n) | (sind + icos?)ut-nlsind - icos?)uz-n sinus+m+n e d'0
J O

[ "  ?rr ,m)(-uz,n)(s in 
g *  i  cos 0) ' '  

-  m-wz*n , inut*n*n 6 49
J o

v2- (ut*n+n) (-rr, m)(-uz,n,)f (c.r3 * L * m -t n)

f ( l  +  n  +  t r t y ) f ( 1  +  r n ,  +  r y t ! - )
Hence, the desired formula follows. I

Corollary 2. [Jnder the assumptions of Lemma 3, if u1 * uz I as = -2, then
f T

| (*rsin0 * i cosl)'L (w2sinfl - i cos 0)'" sin'" 0 d0
J o

: 
2trT(q + l)

Proof. By Lemma 3, we have

f T

I @rsind + icos?)"(w2sin? - icos0)" sin'" 0 d0
J O

=

Now, using the following relation (see [1,p.15])

F z ( a , 0 , 9 ' , 0 , 0 ' , 0 , c )  =  ( 1  - a - a ) - "

we get the desired result. I

Corollary 3. Under the assumptions of Corollary 2 but with Retl3 ) -I re-
placed, by Reu3 > 0, we haue

f T
I  @rsind* icos0)"(w2sin? - icos0)" '  s inua-l  0cos0d0

Jo
i ((r, + wz)(q - ,r) * (w1 - w2)w3) nf (r,.'3)

(r, + u2),3+rf(L + ryru)f(t + erg+,ay'

Prool. Note that
f T

I  @t  s ind*  i cos0) " (w2s in?  - i cos?) '  s inda- t  0cos |d0
J o

w 2  f n ,: 
i@:h; J, 

@rsind * i cosd)"'+1(wzsin0 - icos?)" sin'"-L 0 d0

- ,, 
' l 

, [" @rsing * 'icos|)"(w2sin| - icos|)uz+l sin'"-t 0 d0.
i(.t + wz) lo
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Applying Corollary 2 yields the desired result.

3. Main Results

We try to find u(r,a) in the following form:

1 + r

u(r,y) = F4,x(a,u) - r ("n|-rt + iy) (" ' f-rt  - ia) I

which are C- away from the origin. The following conditions guarantee that
F4, t (x ,y)  e C* (R'z \ (0,  o))

) - - . \ -  = 4 k , k € Z  a n d

163

T

o r  ) a  - ) -  =  4 l i + 2 , k  e V '  a n d

1 + I _  1 - ) _' - - ' - ( e & - f i - i a )  
, 0 s 0 .

In future, we will consider only the above cases. Therefore, we can simplify our
writing as follows (in both cases):

, , e i o _ h  
_ i a )  , 0 ) 0 ,

i a )  ( e ' o - . h - i a )  , r ( 0 .

Let us rewrite Go,^ = XzXt * i ((I + I) s-+ - 2l*l-t) 
"is-t/lzl 

0f 0y, where
xt = 0l7r-i sign(c)r-2 

"iQ-t/lxl 
010y, x2 = 0l1r*i,sign(a)r-zeif-r/lol alaa.

Note that

XL (et,-h + ia) :2sisn(r)x-zeio-rt,x, ("'a-rt - ia) = o,

x, ("n0-rt + ia) = 0, xz (ei6-fr - ia) 2sisn(x)x-zeio-rt .

Therefore, we have G6,sF6,s(n,9)=0 in R'\(0,0).  Since F6,s(n,y) e .Lfu"(R2)
(see the proof of Theorem 1), it follows from a theorem of Schwartz that G 6,,sF6,s
is a finite sum of d-Dirac function and its derivatives.

T h e o r e m  L .  A s s u m e t h a t - r 1 2 < 6 < r 1 2 ,  A + , ) -  € C ,  ) a - , \ _  €  2 2 .  T h e n

Gq,xFq,x(x,a) : To,xi l(x,y) + 4r,,r!)-t86@:a), (b)
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I sin dl

For a small fixed p let us make use of the following change of variables

€ = ln(sin d) lln p. If. p S e-r , we have

wnere

f T  r + r +  1 - r +  2 + ) + - r -  f O  _  1 + r -  _  l - t r -

ro,^: I  A;;-A_7- sin?d0+(-r)- ' i -  |  A;;-A_;-lsin?ld?
Jo  

T , v  - , v  
J  _ r

. ,  f T  3 + I +  3 - I +

+ eia I h(sin d)Aa ,- A-;n (eia sing - i.\1 cos 0) d0+
J O

+ 1-1;14:L ",r l:,Lnlsindl.aaF 
A-? (eidlsindl -i\-cosl) d,0,

w h e r e  w e  h a u e  u s e d  A + , 6 = s t d l s i n 0 l * i c o s 0 , A - , 0 :  
" ' @ l s i n d l  

- i c o s 0 .

Proof. We begin by noting that if -rl2 < Q < 
"12 

t'hen (eia-t/l'l + ig)' und

(et6-t/l ' l -l,a)p € C*(R2\(0,0)) for every a and B in C. Let us introduce the
following "polar coordinate":

sien(sin d) dpd9
t :  - f f i ,v -  pcos9,dtdv - 

tr t"E d;rt 'd;y 
;p <r '-n 10 < n'

Note that the map (*,y) r+ (p,0) is not a diffeomorphism along the line r = 0.
But it is good enough for us because in future we will use it only for inte-
gration, and if necessary we can take integrals as a limit' It is easy to verify
that p2 - e-2llnl +92. First we prove that F4,.r(r,g) e I["(n2). Indeed, since
F4,x(n,a) €C* (n'\(0,0)) it suffices to prove that F6,x(a,a) e LL(8,), where
B, = {(x,y)lp(x,A) < e}, and e is small enough. We have

=, Io ,-'o, fo"''

Io" 
''

I ln pl sin dll

de

C
t ,  l 2

de
(t - e-z€11/'  lr  + 41t 

- ( l trp) ' '

l l n p l s i n d l l t ; r i " e 1 ( 1 - e z € r " n ; t / ' l f + 6 ; t

Thus,

lu,lrr,^{*,il ld,ray tt I" #V. 
*.
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Note that F6,>,(r,A) f Lf."(R'2) for any p e (I,oo]. Now, let Rl : {(c,y) €
R'lp(r,g) 2 e). By applying Green's formula, we have

f f

J l { " ,y)G4,-xu(a,y)  dndv = 
J  

,@,v)G6,xf  ( t ,v)  drdv

R3 R3

- 
l 

r rr, i l {r, 
9+P * u2 r-a e)2i4- rt a I @a) t i l. v2 r- a eid- rt f @, y)\ a,

P=e

+ 
|  r66{rryp t  v2a-4s2i4-Uau9ta)}  as

P=e

f f r
, :  

J U U , u , Q , \ ) d n d y -  J  
u ( r , y ) B t ( L g , \ ) d s +  

J  l @ , y ) B 2 ( u , g ) d s
R3 p=€ p=e (6)

for every u(r,y) € CE"(R2), f  @,i l  € C*(R2\(0,0)),  where ,  = (rr ,z2) is the
unit outward normal to dR!. Replacing f (*,a) in (6) by F6,x(r,U), we obtain

f

I F6,x(r, y)G q,- xu(r, y) drdy
J
R3

f f= 
J 

U(rr ,^,u,6, \ )drdy -  
J 

r@,y)81(Fq,x,Q,))  ds
R3 P=€

f

+ |  Fa ,x (a ,y )82(u ,Q)  ds .
J

The first integral in the right side of (7) vanishes. We
integral in the right side of (7). It is easy to check that

orlu""= ({r.,  r l  sin dl)-a sin-2 d cosz 0 +e2 sin2 e)' / '  ae

and

u : ( v1 ,u2 ) :  I  s i en (a )x -2 " -2 / l a l  a  \- 
\1r-^""n;ry' p-^"--/w*y )

Hence.'Hence' 
(x-ae-+/r,r * rr)-'' orluu"= 

rF,;E#rt"4f
It follows that

l r  I  r

I  J 
rr,Ur,a)Bz(u,t lo' l  = c 

I Vol {", i l | .( l"r l  + l ,r.  r-2e-L/t{ l) as
BB" P=€

(7)

now compute the third

s c  I
P=€

I l;{1+ ̂ l t, 
ll,t _<;- 

^l t, 
| (n-z e- z / l* | + o-2 e- L / trl I s | ) ds

el ln el sin0l bisl (x-ae-+/l'l + a2)L/2

= $ [ 1o;,;.r, ' l lt-{;-xtr1 1si,'e1 + lcosdl) d,0 -+ 0 as e -+ 0.-  
l l n e l  . /  

,  T " P  t t  - ' v  '  "  
( g )
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Next, we evaluate B1(F4,x,/,.\). We have

B1(Fq,x ,d , \ )  =

- (e;o-rh +iy) ("no-rt -ia)

x (r-ae-+/t,t + ar)-L (r-r"-rt (eNo-rt + a") +

+r-3eiQ-fr (o^o - "n0-h) ( '-fr 
* a')), " > o,

(-r)3+ (eu-rt *",r)-* (e'o-th -",r) x

x (x-ae-+/t,t 1rz1-i (-"-ru-rt (euo-rt + ar) +

+r-3eiQ-fr (o^, _ 
"00-rt) (r-fr 

* vr)), * <0.

Nguyen Minh Tfi

Therefore,

fr

U

n - n

0

0
2 + r + - r -  f  . ,  _ x + ^ -

+ ( - r ) -#  |  u@,o)e io  ln (e ls ind l )A ; ; -  A_  (e id ;s ine ;  -D, -cos0)  d0 .
J

Using the expansion of. u(a, y) in Taylor's series around (0,0)

u(r,a): o(0, ol *.yff * rryP + o@2 + vz) as 12 + v2 -+ o,

we have

u(e,o) = u(0,gy - t t9"Jt*d.l  do(O'0) 
+ o ((r l  lne)z) as e -+ 0.

ln(e lsindl) 0x
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Hence, we deduce that

f  /  
' j  

- " * ^ *  3 - r+  . .
-  

|  o@,y ) fu (F6 ,x ,$ , \ ) ds :  
|  |  

o ; ; -A - ;n  (e i f s i n? - i ) 4cos2 )  d0
J  r -

P=e 
'0

0
2 + I + - \ -  f  - s + r -  3 - I -  \  ' ,

+ (-r)-F I a;;- o-;- (eiblsinel - i . \-  cosd) d,0leitu(0,0)rne
J " /

o
/  

' ;  
r + r+  r - r+  2 { r4 - } -  / ^  -  r + r -  -  1 - } -

* |  |  A;7 A_T* sin?d0 + (-1)----t- I  A,-3- A----z-lsin0ld0
\b ! ,  

atv - ' lv

0
U \- 

,\- cos e) da)tr(o, o)
:1t  /

o '-'- 
,)- cos d) aa) au!0, o)

/ o r_ T

+ O (Ll lne) as € -) 0. (e)

By a theorem of Schwartz, without computation we can deduce that the coeffi-
cient of lne on the right side of (9) is equal to zero. Alternatively we can see it
by using Corollary 2 and Corollary 3. Thus

|  "+^*
I a;;- d_ (eia sino - il,q coso) do

0

2+ . \+ - . ' -  |  - ' * ' -  - 3 - ' \ -
+ (-1)-_+=- I A;7- A_7 (e',d; sinel - il,- cosl) d0

!,
/  r \ ,  2 { } a - r -  z . ) _  \: 2 e - i Q  { . o s 1 ! 1 + ( - l ) - - - + - c o s  ^  |  - U .
\  2  z /

Therefore, we obtain

f zr.\* d'u(0.0)-  
I  ,@,y) fu (F6,x ,$ , \ )ds  - r  T4 , . ru (0 ,0 ) -  4cos  

;T  
as  s  -+  0 .

J
P=e 

(10)
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Now from (7), (8), and (10), we have

(G 6 ;  F6,>,(r ,  a),  u (o,r ;  ;  = (Fa,r (  r ,  g),  G q,-  xu (r ,  a))

= t i rq /  Fq,x(r ,y)G4,-su(r,g)dady
e--+O J

p>€

-T6,xu(0,0)-4cos 
+ry

Hence, Gq,xF6,x(x,y) = Tq,x|(x, g) f 4 cos(z'\'r l2) 06(n,y) l0n. r

Now we would like to find the values )+,)- such that the right side of (5)
vanishes. It is obvious that the first necessary condition is cos(zr')../2) :0, or
in other words, \+ : 2k,+ 1, )- = 2l * 1, where k,l e V,.We have the following:

Theorem 2. Assume that -rl2 < d < nl2. ThenTq,x = 0 when A+ :
2 l i+1 , \ -  =21 * \ ,  o r  A+ =  -2k  -  1 , ) -  =  -2 |o  -1 ,  where  k  and l  a re  non-
negatiue integers.

Proof. Let us introduce the following function:

T
L(r, t i  = I  B;: :* ' ) /2 B-(1-P)/2 sin 'd '0+

J '
0

7l

+ /  tn(sina)B,G+utlz p-f-D/z (22 sinl  -  iz l tcos0) d0,
J
0

where we have used Ba,, = zsin9 * icos9, B-,": zsinfl -icos0. We will need
the following

Lemma 4. Assume thatRez > 0. Then, for any integer fr > 0, we haue

L(2 ,2k  +  l )  =  ( -1 )hzr ;  L (2 , -2k  -  1 )  :  ( -1 )u" .

Proof. First using Lemma 1, Corollary 1 and Lemma 2, we obtain

i t l  ,  ( 2 ( r + p 2 \  / 3 + p \  , / 3 - p \ \  l T uL ( I , t t )  =  l { - : - i , ,  t 2 l n 2 + r ' ( l )  - /
\  r -  p - - + z r r z +  

r  ( r / - ' \  
2  ) - ' \  2  ) ) c o s  2 '

Therefore, we deduce that

L( I ,zk  +  1 )  =  ( - l )kn ' ,  i f  k>  0 ; .1 (1 ,  -2k-  1 )  =  ( -1 ) f t2 r ,  i f  &  >  0 .

Since for any fixed p the function L(z,pr) is analytic with respect to z, in the
half-plane Rez ) 0, it is sufficient to prove that {SAl-_, = 0 for every
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positive integer n when p is an odd integer. By the Leibniz formula, for an

integer n, Z 1 we have

( - L ) " d L ( z , t t ) l  = 1 a " r  ( ( + ,  - \  / 1  - p  ^-  
dzn t "=t  #-  

- "  
\ \  , " ' * )  (=I '  "  

-  * )

T

* [ ";3*"-'-,in"'.*' 
ede + (+'-) (?' "-*)J

0
T \

r / trrlrto a )BJ,'r*"-'* (sin"+l 0 - ipsin" a cos 0) a0 )J I
o '

- "Y^'r-, (+,tu - ffi-') (+, -;
tn=O

fr

* / trrlrtrre)B1,ur+"-z^-r (2 sirr' 0 - ip,sinn-L 0 cos|) d,0
J
0

T
" ;/ 

tn{ri" a)a;|+"-z^-z sin"-r 0 d0.

0

After some computation, using Lemma 1, Corollary 1 and Lemma2 we see that

(-L)"4."!k,r') 
| = sl(p)+ st0i+sf(p)+ sT0i+s{,(p)+s6'(p)+ s?(p),

dzn lz=L

where

r (n+2)cos(zrp l2)  $  Cf
si( lr) = ---- 

2+t 1 
,

qn(,,\  - t(n)cos(trP12) $ -,, ,12 \ t ,  )  -  z* ,  (n * i f fA A"rr  
-  n + 2m) pcf f  ,

sp(u) = _r(n)=c9t(r 'p4?) f O_ n*2m_rt)1-rcff_r,us \t") - 2n_z(l _ Fr) ?^,-

cn,r,,\ _ ncos(zrp)/2).(f_(rz)ln_? + f'(rz)) (i t" * 1 + (n, _2m _ titicTD4- \p)  =  
@ \kor ' "  

T  L  T  \ to  -  . , t

n- l

- lz1z"+ (n - 2m - L'- Dp)CT-' + (n - t)2"),
m:o
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is an odd integer.

(Continuing the proof of Theorem 2) Note that

T6 , t  =  L@ia ,A* )  +  ( - r1 : *  L@iQ, ) , - ) .

Therefore, applying Lemma 4 yields the desired result. I

Remark I. Combining Theorems 1 and 2 gives all the values )+, )-, where G6.1
is not hypoelliptic as stated in [13]. It seems that our non-smooth solutions can
be also obtained by a method in [13] with the cut-offfunction X-(€) € C-(R)
replaced by the Heaviside function.

Remark 2. Since the coefficients of G4,.r belong to the Gevrey class G2(R2), it
makes sense to say about the s-Gevrey hypoellipticity of G6,1 for s ) 2. Flom

s?(p)=  
F : " r r "+1) (n*1+(n  

-2m-u)u)c7 ,

ont..\ t(n) cos(np'l?) 
f.r1r, + (n - 2m - t" - r)t )cT_r,16 (lr) : --Fa_ 

F.) Eo
f(n + r) cos(Ipl2) *s i \ u ) = - -  

Z " ( t _ t " l
/ n

" ( i," + 1 + (n, - 2m - ulul(,t(! + n - *) .,t '(+ + *))cy
\m=U

n - l
- f ,1r, t (n-2m-p-tl ul (v (| + n - m) *'t, (ry + *)) cy-,

m=Q

.  b- a@-L)(r(# +n-m) *t ,(++",))cn,)
m = O  /

It is not dificult to show that

si(1) + sr(1) = s;'(-1)+ sr(-1) = zrf (n * 1),
sf (1)+ sr(l) = sl(-l) + sr(-l) = -nr(n + ), 

,rf1, + r)

St1t) = 0 for every odd integer pr,

Si}t): si(p) = S30t) = St}t) = 0 for everv odd integer p + tr,

S?(2k+ 1) = S?(-2k- 1) = ,_!-## for every integer k > t,

s?(2k+ 1) = Sie2k- 1) : -(-t)krl-P,+t)c* for every integer /c > 1.

Therefore, we deduce that t#Dl=, = 0 for every positive integer n when p
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Theorems 1 and 2, we also see that G6,1 is not s-Gevrey hypoelliptic (s > 2)
w h e n  ) a  : 2 k *  1 , ) -  -  2 l + 1 ,  o r . \ 1  :  - 2 k -  1 , ) - :  - 2 1  - 7 ,  w h e r e  k  a n d  I
are non-negative integers.
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