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Abstract. In this work we study a hyperbolic-parabolic equation involving a non-
l inear boundary feedback ( la' lp+7)y'and other non-l inear boundary term lyl 'Yy. For
p : .y we prove the exponential and algebraic decav and for 1 I p we obtain the
algebraic one.

1. Introduction

Let O be a bounded domain of rR" with C2 boundary f. Let 16 and 11 be
nonempty sets of I such that f : lo Uf1 , where 

-fo 
nFt :0 (note that this

assumption excludes the simply connected regions). Let u be the unit normal
vector pointing toward the exterior of O and \et 0l0u be the normal derivative
in the direction y. We consider the following hyperbolic-parabolic problem:

(0,  m)

( 1 . 1 )

K @ , 0 # * a ( r , D X  A y : o  i n  e : e  a
g : 0 o n E r : f r x ( 0 , o o )

H *,  ( , , r , r ,X)  :o on !6 :  ro X (o,m)

y( r ,o ) :  ao i$@,o)  :  y t  in  o ,

: f u  * r , t t r l t r  r l \ l '  a ,
a t  ' o '  "  '  l \ t l  0 t 'f  ( * , t , r ,X)

where

Here

p,"y e (0, if n > 3 and. p,1 > 0 if n, : 1,2. ( 1 . 2 )



238 M. M. Caualcanti, V. N. Dom,ingos Caualcanti, and J. S. Prates Filho

In this paper we study solvability and decay rates of strong solutions to
problem (1.1) for the degenerate equation, that is, when 1{ ) 0.

Hyperbolic-parabolic equations are very interesting since they have several
applications in Mechanics. We can mention, for instance, the models of transonic
Karman equation

UtAtt - Ag : 0

which describes a compressive gas flowing in a transonic region where the velocity
of the gas varies from subsonic values to supersonic ones. In the supersonic
region, where Ut ) 0, this equation is hyperbolic-parabolic as in the present

case.
In recent years, important progress has been obtained in boundary stabiliza-

tion for distributed systems with non-linear feedback. Among the various works

in this direction we can mention the following ones: Cipolatti, Machtyngier, and

San Pedro Siqueira [3]; Lasiecka [8,9]; Favini, Horn, Lasiecka, and Tataru [5];
Lagnese and Leugering [6]; Lasiecka and Tataru [10]; Zuazua [12]'

As far as we are concerned, semigroup theory is not suitable to prove the
existence of degenerate problems, that is why we use Galerkin procedure. But,

as we are looking for strong solutions, Galerkin method offers us some technical

difficulties which led us to transform the problem (1.1) into an equivalent one
with zero initial data.

Under adequate assumptions on the coefficients K(t,t) and o(r,t), when
p - .f we obtain the exponential and algebraic decay and when p # 1 we obtain
the algebraic one. In both cases the derivative E'(t) of the energy

1 t  1 f  ^  f
E( t ) : i  I  x@, t ) l y ' l2d , r+ ;  l l yy lzdr+  I  la l r * 'a r  (1 .3 )

z  JA  z  JQ  . / f o

is non-positive.
We use the perturbed energy method to obtain the above-mentioned decay

rates. Our paper is divided into five sections where in Sec. 2 we give notations
and state the principal results. In Sec. 3 we prove solvability of (1.1) while in

Sec. 4 we prove the decay rates of the solutions obtained in Sec. 3.

2. Notations and Main Results

In what follows we are going to consider

lu(t)12 : (u(r), u(r))

ano

l l " l l -  :  esssupl>s l l?r ( t ) l lz -  to l ,

whe re  u :  u ( r , t ) .
In addition, if z,w € 12(f0) we are going to denote

(u(r), o(t)) : 
Inu@,t)u(r,t)d,n,

( z ,a ) ro z(n)a(n)dt .
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we def ine 
v :  {u€ r /r(0);o :  o on rr} ,

239

(2 .1 )

(2 .3)

(2.4)

(2.5)

(2.6)

(2.7)

which is a Hilbert space equipped with the topology induced by the inner product
(v., v.).

Let p be a real number such that

p :  max{2(2p-r I ) ,2(2t + I)} . (r r\

Since 0 has a smooth boundary f we are able to construct a trace operator

1o : Hl(O) n .Le(O) -- I (f)

and,  there fore ,  as  we have 0  <(p+Z) lZS2n l (n -2)  ,n>  3 ,  we deduce

llto"ll r 1.y S Cll"lla' 1o;, Vu € fI'(ft) n ,e (O).

The construction of the above trace operator is given in the appendix of this
paper,

Remarlc /. We recall the existence of the trace operator 70 : //t(O) ---+ tro(f) for

this assumption is more restrictive than those considered in (1.2).
In order to establish our results, we make the following assumptions:

(A1) Assumptions on the Coefficients

We consider

K, a e W',* (0,oo;.L* (O)),

and that there exists 6 > 0 satisfying 
-

K  >  0  in  Q;  a -  o lXr l  >6  >  0  in  Q.

The assumption (2.6) is widely used in degenerate problems. We refer the
reader to the works of Lar'kin et al. [7] and Cavalcanti et al. [1,2].

(A2) Assurnptions on the Initial Data

The initial data y0 and, yl are chosen in V t^r H3l2(O) n re(O) satisfying the
compatibility hypothesis

Rernark 2. The assumptions (A2) are required to obtain an estimate to y"(0)
term and will be clear in Sec. 3. We also note that, for any fixed yl e V )
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H3/2(O) n U(Q), the ell iptic problem (2.7) possesses a unique solution y0 €
v n Lp(O).Now, s ince 0y0 /0v :  -at  -  

lgo l t  ao -  
ly t lo  ate r ,2(ro) ,  i t  fo l lows

that yo e H3/2(Q).

Now, we are in a position to state our main result.

Theorem 2.1. Under the assumptions (A1)-(A2), problem (l.I) possesses a
unique strong solution y: Q x (0,*) --+R satisfgi 'ng

A e L* (0, oo; V) (2.8)

y '  e  L*  (0,  m;V) (2.9)

JRy" € r-  (0,  m;.r2(o)) and, y" e L2(0,m;-r2(o)) (2.10)

K y "  + o a ' - L A : 0  i n Q

*  f  ( r , t , Y , Y ' ) :  0  o n  l o

y(0) :  yo;a'(0) -  yL on Q

Moreouer
(A) # \ : p, there eti,st constants C > 0 and 0 > 0 such that

E( t )SCE(0)exp( -0 i ) ,  t  )  0 ,

and also there exists a constant M > 0 such that

E( t )  <2 (Mt+ ta (o ) l -  t ) -7 ,  t ,  o ,

(B) ff \ # p, we obtain the decay rate giuen in (2.I2).

(2 .11)

(2.r2)

3. Strong Solutions

In this section we are going to prove the existence and uniqueness of strong so-
lutions to problem (1.1). For this end we transform the boundary value problem
(1.1) into an equivalent one with zero initial data, using the change of variables

a( r ,  t )  :  A( r ,  t )  -  S( r , t ) , (3 .1)

(3.2)
where

Q @ , t ) :  a o ( r )  + t y l ( r ) ; ( n , t )  e  O  x  ( 0 , ? ) .

Considering (3.f) and (3.2) we obtain the equivalent problem for o:

(3.3)
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where
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(3.4)

(3.5)

F : - a d ' + A 0 ,

c : - 9 - a ' .
du

and

f (x , t ,u  + O,o '  +  d ' )  :  u t  * lu  + d l l (u+d)  + lu '  +  Q'10(ut  a  Q' ) .  (3 ,6)

In the sequel we are able to prove that, for every ? > 0, lC > 0 such that

lAo( t )12 + lvu ' ( r )12 < C;Yt€ (0, " ) . (3.7)

We observe that if (3.7) is obtained we get the same inequality for the solution
y provided that (3,1) and (3.2) hold. Therefore we can extend y to the whole
interval (0, *) using standard arguments. Hence, it is sufficient to prove that
(3.3) has a solution in (0,7), which will be done by the Galerkin method.

We represent by (tur)r6p a basis in Iznl(O) which is orthonormal in 12(O),
by V* the subspace of V generated by the rn first vectors u)7t...,t*r-, and we
define for each e ) 0

K e : K * e  a n d  u r * ( t ) - *  n " u ^ ( r ) r n ,
t =  I

where ur*(t) is the solution to the following Cauchy problem:

(K, ( t)ut !  ^ ( t ) , ,  i )  + @(t) u '"  *  ( t ) ,  a i  )  *  (Y u, *  ( t ) ,  V u t  )  - t  (rL  ̂ ( t ) ,  u i )  r  o
t

+ I {1t,,* + Ql' (o,* + d + la',* * Q'lo ("1^ -f Qt)}w1dl
J t o

:  ( f ' ( t ) ,  u1)  + (G(t )  d j ) ro;  i  :7 , .  .  .  ,n '1 ,  'uen(0)  :  , ' , * (0)  :  O.  (3.8)

The approximate system (3.8) is a normal one of ordinary differential equa-
tions which has a solution in [0,tr-). The existence of a solution in the whole
interval (0,7) is a consequence of the first estimate.

A Priori Estimates

The First Estirnate. Multiplying both sides of (3.8) by gL.;*(t) and summing
o v e r l l j l n , w e o b t a i n

1  )  (  r  f  "  
' l  

|  ,  K t , ,  ,  0 ,
; ;  \J 

"K)"1^l2 
ar + J nlvu,*l 'z 

ar j  + J n@ 
-'])1, ' ,- l '  a,

r f
+ I lu',^l2df + | {lu,* + Ql, (r,* + i l +lu',* + Q'lo(r!^ + $')}u',*dr

Jrn ,,r.

:  (F(t), zL*QD + #G@,u,- 
(t))ro - (G'(t), t ,- (t))ro . (3.9)
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Analysis of 11 : Iro{lu,^ * dl, (u,* + il + luL^ + d'lo (uL* -t g')}u',^dl.
We have

I

h: I {lu,^ + 6l'@,^ + i l +lu'"* I Q'l '(rL* + Q')}(r ',* + 6')dl
J f o

f  . .- 
Jr^{lu"* 

* Ql' (u,* + il +l' ',,^ + Q',lo(' '"* + o'))o'dt (3'10)

and therefore, from (3.9), (3.10), and (2.6), we get

r d , ( f  . . , ,  ^  t  2  f  ,  , " + 2 4 ; )
ia \JrK,lu' ,* l"dr 

* 
JnlY,"* l 'dx 

* 
,  *,  Jr" lu,* 

-r  dl '  )
^  f  "  'nd , r+  

[  WL* lzd t+  [  W!^+d ' lp*2dr+ b 
Jnlu|* | .  1r ,  

Jro

< (r'(r), ,L^QD + #tGQ),u,*(t))ro 
- (G'(t),r.-(t))ro

* 
lr,W,^ * 617 (u,* + O)/.'dr

+ lr"WL^ + d'lP(r'"* + o')6'dl.

Analysis of 12 : fio la,^ I Ql1 (u"* + ilO' dl and 13 : ./.0 lrL^ + d'lo
@L^ + d') 6', d,r.

Using the Young inequality and since (l + t)10 +2) + Il0 + 2) : 1, *e
have

12 1k1 
|r,ro,^-r Ql'*2dr * *, 

lr"lo'l'*'ar.

(3 .11)

(3 .12)

Now observing that (p+t) lb+Z)+I lb+2):  1,  we obtain for an arbi trary
r i > o

(3 .13)

(3 .14)

fIs l rt 
Jr"lr',* 

+ O'lp*2dt + cth) 
lr"lQ'V*'or.

AIso, for an arbitrary \ ) 0, it follows that

(F (t),  u',*(t)) 3 Czh)lF(t) l '  + rt lu' ,^(t)1z .

Thus, from (3.11)-(3.14), we deduce that

;#{ | " 
K )' ',  ̂12 ar + I,lo', *12 d'r + h l,,lu, * + ol *' o'\

+ (6 - ,> lrWL^l2d' 
+ lr,w',^l2dr 

+ (r -,i) lr"W',* + o'lp+zdr

< Cz(q) lF(t) f  + f iG{t) , r . , " - ( t ) ) ro + Ct lYu,*( t ) |2

* r, Ir,lu,^ * Ql'*2ar * r, Ir"lQ'l'*2ar + ct(n) 
lr"ld'lo*tor.
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Integrating the above inequality over [0,t], t € (0,t,-) and noting that
u,*(0)  :  u :^(0) :  0 ,  we get

1 (  . n  , n  2  . .  * , 2  
\

i l l r/ x, Alr',*(t)|" * lv u,^(t) | " +, * rllr,*(t) + d(t) I | ;;,, (ro ) J
f t

+ (6 - q) 
Jo l" ',*(s)l2ds

f t - f t
+ l-  lu ' ,*(s) l?,rr, tds + (1 - d Jo l l r ' ,^(s) + 4'(s) l l l j?,so)d,

J O

3 Cs * Cr(rt) 
I , lF(s)l2ds 

+ (G(t), u,^(t))ro + C+ 
lo" lVt"- (s)l2ds

7 t  7 t
a n' I llr,-(") + d(s)ll'"!'.,1r,f'* n, l. lld'{');ll1-',,..,a"

J o \ - u l J 0 \ . (

t t  , ,+ c{ri J,llo'A\liil,so)d,. 
(3.15)

We observe that for an arbitrary 4 > 0

(G(t ) ,u ,^( t ) ) r ,  <  Ca?i lc( t ) |2  * r t lYu,^( t )12.  (3 .16)

From (3.15), (3,16), choosing 4 > 0 small enough and employing Gronwall 's
Iemma, we obtain the first estimate

lJ-KJt)u' ,*(t) l '+lYu,*(t112*l lo,*(t)+Q(ql l : 'L:: ,G",
p t . r t

* l lr ' ,*(s)l2as * l. lrL*(")11,,.,,a'Jo Jo
f ' , , ,+ 

J" l l r ' ,*(")+ d'(") l l?] '* ,1r01d, S c, (J.17)

where C is a positive constant which is independent of e ) 0, rn € l/ and
r  € [0,7] .

The Second Est'imate. First of all we are going to estimate u':^(0) in ,2(f,))
norm. Taking t :0  in  (3.8)  and not ing that  { (0)  :  A0,  d ' (0) :  y t ,  u ,* (0) :
uL*Q):  0,  we have

(K,(0)ut!*(0), r) + [ {lro lr ro + lst lp yl )u1d,r
J l o

: ( f ' ( 0 ) , a . ' i ) + ( G ( 0 ) , u j ) r o ,  j : 1 , . . . , m .  ( 3 . 1 8 )

On the other hand, from (2.7), (3.4), (3.5) and (3.i8) we obtain

(Kr(0)u ' ! * (0) , r , l i )  :  0  for  a l l  j  :  L , . . . ,Tn and for  a l l  e  > 0 '  (3.19)
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Multiplying both sides of (3.19) by Si,*Q) and adding over 1 I j 1 m, we
have

1r/-x1o1u'!*(0)l :0 for all e ) 0 and m e N. (3.20)

Now, taking the derivative of (3.8) with respect to t and observing that
d"(t) :0,  we conclude that

(  K I  ( t )  u ' !  *  ( t ) , ,  i  )  + @, ( t)  u ' !  i  ( t ) , ,  i  )  -r  (a1 ( t)  u ' ,  -  ( t ) , ,  i  )
+ (a(t)u ' !^ ( t ) , ,  i )  + (Y u' ,*  ( t ) ,Y w i)

+ (u!^(t),ri)ro + 0 +D I lu,* r 61,@L^ * g')widr
. " o

+ @ + t) | lrL* + Q'lPa!*u1dr
J t o

:  (F t ( t ) ,u1)  +  (c ' ( t ) ,  a j ) ro .  (3 .21)

Multiplying (3.21) by g'Jt^(t) and summing over 0 S 7 < rn, from (3.5) it
follows that

1  ( t  r  -  )
: 4 I x,lr':*lzdr+ | 1vr',*farlz l J a J a )

+ 
ln{o 

+ )la'!^l2d.x (a/t)u',*(t),u':^(t))

+ lr"W':*l2ar 
+(.y + 1) 

lr"t ,^ + 6l'@L^ + Q')u'!^ar

+ (p + t) lr"w'"^ + Q'lplu'!*lzar

: (F'(r), u':-(t)) - 
*(#,,1*(t)) ",(r").

(3.22)

Analysis of. Ia : (f + t; [rolr,,* + 611(uL^ + $')a'!*df .

First we observe that (ur^ + d e L@+2)12(le) and therefore (u"* * Q)1
I 7z(1+t)/t1f6). From the continuity of the trace operator given in (2.3) we
conclude that

l l(u,*(t) + 0(t))1llrul. '+..rr,r., I c1llu,*(t)+ d(t)l l ;"#(r,)

1C2lVu,*( t )  + Vd(r)17. (3.23)

On the other hand, if we define qr :2(j + I)l l , then lf q1* l lqz : l l2 if
and only if. q2:2(l +t), Then, from this equality, (2.2) and (2.4) we deduce

l l r ' , ,*(t) + 6'(t) l l r . , ,(ro) : l lu:- (t) + O'(t) l lL2(?+,)(f0)

S C'r l lr ' ,*(t) + 0' (t) l l  L. ir(ro)
< C'2lVa',*(t)+ Vd'(t)I .  G.24)
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Thus, from (3,23), (3.24) and using the generalized Holder inequality we
obtain

lrd s cslvu,*(t) + vd(r)l?lvr',*(t) + vd'(r)l lu'!*(t)i.,sot.

From the above inequality, (3.17) and for an arbitrary T > 0 it follows that

l IEl < kr(1 + lVui- (t) l) lu!*(t) lr ,(r0)

< kz(ri -r k2(q)lVa',*(t)12 + nlu'!^1t) l?, ,.. , . (3.25)

Combining (2.6), (3.22), and (3.25), we conclude that

1 , . 1 r

i#{ l /x,( t)o' !*(t)12 + lYu',*(t)12} * olr ' :*( t) l '  + (1- dlr ' !*( t) l?,r. .r

< kz(ri + k2(q)lvu',^(t)l ' + (F'(t),r':*(t)) - !f V.r1- frt)
a t \  0 u ' " e * \ " t )  y z l r o 1

+ llo' l l* lu',*(t)l la'!*(t)1.

We also have for an arbitrary 4 > 0

( f" (r ), r': * (t)) < h (rt) l F' (t) 12 + qlu'! ^ 1t1 12

| | ", | | * lu', * (t)llu'! *(t) | < fr a (,i) | lo,tll * lu', ^(t) l' + nlu': * (012 .

(3.26)

(3.27)

(3.28)

Integrating (3.26) over [0,t] it results from (3.20), (3.27) and (3.28) that

It@@u'!^(r) l' + lvu',^(t)1z + (6 - d I, @'!*(s)l2 d's

+ (1- d [ '  l r ' :*(s)12,, ,"- . ,as
J o

< kz(dT + kz(d [' lorL^(s)l2ds + hz(d [' p' 1r11'a,
J O  J O

+ka(r t ) l la l l l *  [ '  fu ' ,*(s) lzd,s* l (%.r l r t t )  l .  (s.zg)
J o  

' l \ 0 Y ' " e m \ " r ) t o l

Finally, from the inequality

V4.,1*r t l )  -  . l  s  c ' r l+ l -^ .^  . lvuL^(r) l< kr( , i )  +qlvu ' ,* ( t )1z,
|  \  A r '  " e m \ " t  )  ; z ( r n ) l  

- ' t l  
0 v  l u 1 o ) '

choosing 11 > 0 sufficiently small, we obtain from (3.29) and employing Gron-
wall's lemma the second estimate

l1/x,(t)u'!*(t)l '  +lyu',*(t)12 + [^' fu':*(s)l2ds + [^' lr ' :*(s)l2",rrords < c,
Jo  Jo  

(3 .30 )
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where C is a positive constant
t  €  [ 0 , t e^ ) .

Due to estimates (3.17) and
(,r.,r-) such that

V. N. Domirtgos Caualcarfii, and. J. S. Prates Filho

which is independent of e ) 0, rn € N, and

(3.30) we can extract a subsequence (r,'.r) of

'uep ?re weak star in tr- (0, T;V),

u'r, - r.,! weak star in tr- (0, T;V),

{4u';, ^ Jnr': weak star in .L-(0, T;L2(AD,

u'Jp - t,f weak in ,2(0, T;L2(0)),
't)ep o" weak star in ,- (0, Ti L't+z (10)),

oLr" - r,f weak in LP+z(0,7;Lc+2(ls)),

a'ru ̂  t'! weak in ,2(0, T; L2 (lo)),

alu '  ul  weak in,L2(0, T;LzGd).

(u"r) is bounded in L2 (0,r; nr l2 (1011,

(u!,)  is bounded in ,2(0, r ;L2Fo)).

(3 .31)
(3.32)

(3.33)

(3.34)

(3.35)
(3.36)

(3.37)

(3.38)

The convergences (3.31), (3.32), (3.33) and (3.37) are sufficient to pass to
the limit in the linear terms of the approximate equation given in (3.8).

Analysis of the Nonlinear Terms

Flom (3.17) and taking into account the continuity of the trace operator 70 :
ff1(0) ,-- H1/2(l) we have that

(3.3e)

(3.40)

From (3.39), (3.40), taking into consideration that the immersion Hl/2(f),---+
,2 (f ) is continuous and compact and using Aubin-Lions theorem, we can extract
a subsequence, still represented by (rrr), such that

,uep + u, strong in 12(0, f;L2Qil)

and therefore,
,uep + ue a..e. on 19. (3.41)

Using analogous arguments, from (3.30) we obtain a subsequence (u!r) such
that

uLp - u', a.e. on Xo. (3.42)

Consequently, from (3.41) and (3.42), we get

lour l '  , r r "  - -  lur l l  u ,  and lu | r lo  u| ,  -  l rL lo rL a.e,  on X6.  (3.43)

On the other hand, by the first and second estimates, one has

( l r , r l ' r , r )  is bounded in 12(to) (3.44)
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(lu',ulor'rr) is bounded in ,2(Eo).

Thus, combining (3.43), (3.44), and (3.45), we obtain

l rrr l ' rr,  ^ larl l  u, weak in t" (>o)

l"Lrlo"'r,  - lul lou', weak in L'(>o).

The above convergences are sufficient to pass to the limit in the non-linear
terms of (3.8).

Un'iqueness. Suppose y and y are solutions to problem (1.1). Then z : g - 0
satisfies

(K( t )z t ' ( t ) ,u)  + (a( t )z '  ( t ) ,  r )  + (Vz( t ) ,  Vtr . ' )  + (z ' ( t ) ,w)p"

t l '
+ I Ml, y - lylt y)wdr + | (la' lo a' - 19t 1c y')wdr

J f o  . / f o

t f
< c(i I f lal + lgll) lzl lz' ldt * c(p) I (ly' lo + lg'f ) lz' l2dr (3,46)

J l o  . l f o

( fo r  a l l  u  eV nrP(O)) .
Using the same arguments considered in the above estimates and Gronwall's

lemma we obtain from (3.46) that lVzl  : l t ' l :0.  This completes the proof of
the first part of Theorem 2.1.

4. Asymptotic Behavior

The derivative of the energy defined in (1,3) is

E' (t) : - 
ln("r",t1 

- 1Ux,1*,t))lu' 
l 'z an - 

l, "
Let ) be a positive constant such that

l y ' l ' d r . ( 4 . 1 )

247

(3.45)

ly'lo*'dl - lr,

lt,l2 < .f lV,r.'12; Yu e V.

We are going to divide our proof into two cases.

A. Exponential Decay

For an arbitrary e ) 0, we define the perturbed energy

E ' ( t ) : E ( t ) + e t ! ( t ) ,

where
t

, l t( t) :  
J ro 

(r, t)y'  ydr.

Proposition 4.L. There edsts Ct > 0 such that

(4.2)

(4.3)

(4.4)
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lE,(t) - E(t)l < ecrE(t),vt ) 0, ve ) 0.

Proof. From (4.4) we obtain

l l i (r)l < llKlltJrlao)ll lKa,Q)l < jttl(tt- ly(t)12 +)l'/xa,(t)lr.

Flom the above inequality and (4.2) we havp

l ,b(t)l < ( l l l( l l- ) + 1)E'(t).

If we define Cl : (llKll-,\+ 1), then from (4.3) and (4.6), we get

lE , ( t )  -  E( t ) l :  € l rb ( t ) l  <  ec lE( t )

(4.5)

(4.6)

which concludes the proof. I

Proposition 4.2. Suppose that p:1. Then there exist Cz > O and er ) 0
such that

n ' , ( t )  S -eC2E(t ) ,Yt  )  0  and Ve e (0,  e1] .

Proof. Difterentiating (4.4) and replacing Ky" by -aA' + Ay in the obtained
expression, we get

,,h' (t) : [ *r@,t)y'| yd,r - [ o@,t)y' i yd.r
J n  J A

+ [ ayyar+ [ x6,t) ly ' | l2d,n. (4.7)
JN J f ,L

By the generalized Green formula and taking into account that 0yf0u :
-(y' + lyl l y + la' loa') on D6, it comes that

f t ^ f
I  Lyyd,n: -  |  lvy l2ar-  |  (y 'y+ ly l r *z  + ly ' loy 'y)dr .  (4 .8)

J Q  J O  J f o

Substituting (4.8) in (4.7), adding the term - IaKIA'12dz on both sides of
the equality (a.7) and defining L: min{2,7 +2), we obtain

,1., '  (t) < - LE(t) +z I x6,t)ly' l2d,r + [ xrp,t)y'ydn
J A  J N

t f f

Jro(*,t)y'ydn 
- 

Jr,la' loa'ydr 
- 

Jr"r'oor. 
(4.9)

Now we are going to analyse the term J : Iroln'1qytydl . From Young's
inequality, we have for an arbitrary 4 > 0

l l l<or(r t )  [  W'f*zdr+r7 [  Wf* 'or ..  
J l o  J r o

From (2.6), (4.1), (4.3) (4.9), and (4.10), we obtain

(4.10)
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E ' , ( t ) :E ' ( t )+e+ ' ( t )
l r f

<-6  |  l y ' l ' d " -  |  l y ' lo *2ar -  I  l y ' l zd r -LeE( t )
Ja J ro  J fo

f  . ^  |  f
+2e I  K( r , t ) l y ' l zdx*e  I  K1(x , t )g tydr -€  I  a (n , t )y tydr

J O  J A  J a

f t . '-  e  I  y tyd. l - r  e | t (q)  I  la ' l r * 'ar  + €q I  ly lo*zar .  (4 .11)
J to  J t o  J f o

Let us consider p ) 0 such that

I ppar < p I lyul2dr, yu e v. (4.r2)
Jro Ja

Then, from (4.11), (a.12) and making use of Schwarz inequality, we get for an
arbitrary 4 ) 0

r ^ r
EL(t) < - I to - eMroi)ly'1',d" - I (r - e01(ri)ly'lo*2ar

J a  J f o

- [ r, - el+(d)ly' l2ar - enltl lL - nflK; l- l + l loll-) +2rr)]
"/f o

f

+ €q I lylo*zdr, (4.1g)
J f o

where
Mt(r i :  2 l l1( l l *  + l lKt l l *dz(4) + l lo l l -d3(4).

Since 7 
- p, from (4.13), we obtain

E',(t) < - [ fu - eMrh))la'12d, - [ f, - ee{rt))la' lp+2dr
Ja Jro

- [ O - eot(n))ly' l2ar - enpl(L - nMz),
J t o

where
M2 : (l lKtl l* + ;1o11- )) ' + 2p + (t + 2).

Choosing 4 > 0 small enough in order to obtain Cz : L-\Mz > 0, it comes
from the last inequality that

E',(t) < - [  O - eMt(nDly' l2d* - [  f ,  - e0t(d)ly' lp+2dr
Ja J fo

- [ O - "o+(rt))la' l2ar 
- ecrn1t1.

J to

For the chosen 4 we def ine er :  min{6/Mr, l f  01,710a}.  Thus, i f  e e (0,e1]
from the above inequality we conclude that there exists C2 > 0 which verifies

EL(t)  < -eC2E(t) .  (4.14)
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The proof of Proposition 4.2 is complete. r

Defining 
. ( I )€o :  mrn \zcr ,  u ,  y ,

for all e € (0,e6] we obtain from Proposition 4.1

( I -C1e )E ( t )  <  E , ( t )  <  (1+  C1e)E( t ) ,  V t  >  0  (4 .15 )

and consequently,

l ,  3
2E(t)  s E,( t )  s i t ( r )  <28(t) ,  vt  > 0.  (4.16)

Flom the above inequality we get

-2eCzE(t) < -eC2E,(t), (4.I7)

where Cz ) 0 is the constant obtained in Proposition 4'2' Hence, from (4'17)

and Proposition 4.2, we obtain

c

EL(t) < -;C2Ee(t),

t ha t i s '  
, .  r  (F  . r \

rt lr,@exe \;crt j) < o.

Integrating the above inequality over [0,t], we get

E,(t) s a, (o) exp { 
- Crr}. (4.18)

Combining (4.16) and (4.18) we conclude the exponential decay, that is,

E(t) <Bexn { 
- 'rcrt}n101. I

B. Algebraic Decay

Let us define

th(t) : ln1t1lctz [ *@,t)y'sd.r. (4.1e)
Ja

Taking the derivative of $ with respect to f , we obtain

t, e) : r^l"Al# n, U) [ xr,ro*
z ' ,  "  J n

-  - e -  |
+ lE'(t)lr I (xry'y + Ky"y + Kly'12)dn. (4.20)

J o
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Substituting Ky" : -aA' + Lg in (4.20) and taking into account that

f f ^ f

J n 
orro" : - 

J nly 
ylz dn - 

J, " 
(lul, u * ly' lo y' * y') ydr,

we have

$ ' f t \ :  L l n f t \ 1 " - '  r
r  \ - ,  2L_ \  l ) "  n ' ( t )  

JnKu 'ud t

+ [r1ty] '{ 
lro,r'oo, * lnKfu'lzd,r 

- 
lroa'ua*

r ^ t r ^ r / y a r ) .-  
Jnlval 'a* 

-  
,r"y 'ydr 

- 
Jr" lal '*"ar 

-  
Jr" la ' lot )  @.2r)

On the other hand, using Schwarz's inequality, considering (4,2) and observ-
ing that E'(t) < 0, it follows that

| | n 
o o', o"1s | | r( | | U 2 .rr /' n Q) < ll K lltJz ^t / 2 E (0) .

Then we infer 
- -  p-z f
lnAll+ Jnxu,ua, < cf,ln{U)+ ,

where C: l lx l lu2>,t /2.
Defining Q : C t[e(o)] 

t, fro* the above inequality, we conclude

lfnAl "'Q) InKv'vdr 
< -ctE'| (t).

Flom (4.21) and, (4.22) it results that

,1,' (t) < - clE' (t)+ [E(t)] U 
{ lro*' oo, * 

lrKfu' l2 d,x

- 
lnoa'ua,- lnlorl 'u,- l,"a'ad,r

- 
lr"wl'*'0, 

- 
Ir,w'lov'vdr\.

Considering that (p +t) l@+2) +1/(p+2):  t  and that (2.4) holds from
Holder and Young inequalities, we obtain, for an arbitrary 11 ) 0,

I  f  '  " '  / ydr l< (  [  w ' r * 'a r )# l l y ( t ) l l  , c+z( tn )I  J r " , o  , t  ,  . J f o

s cz( [ lr 'Y*'or)Hlvr(t) l. J f o

s c{rr) 
lr"W'f*'0, 

+ c2nlva(t)lp+2. e.24)

(4.22)

(4.23)
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Thus, combining (4.23) and. (4.24), we have

,1,' (t) < - c 1 E' (t) + ln 1t1lo / 2 
{ I n 

o,r', o" * I n 
K fu' l2 d,r

- [ oy'yar- lntoof 
or- Ir,a'adt 

- 
lr,Wl*'or\Ja

+ cz(rilne)lol' I W,f*ro, + crqlE(t)lol' lva(qlo*'.
rfo @.25)

Applying Holder's inequality, we get from (4.2), (4'72), and (4.25)' for an
arbitrary 4 > 0

{, (t) < - clE, (t) + lnltllo/2{ ttrtt- lnw' l' 
o,

+ l l l( , l l -c4(n) lnw'f 
ar+ l lol l-G(rt) lnlr ' l 'a*

+ caUr) lr,W'l'0, +znx lnlYvl2d'x

*r, lnlYylzd,n 
- 

lrVrPo* 
- 

I, ,Wl'+zar

+ cs(rt) lr"W'f*'0, 
+ czrtlYy(t)l'. ')

In addition, we have that

lv a G)lli?rt 3 2p / z lE U\p / 2 lv a(r) l'? s 2e / z 1n 1s710 t z 1v y (t)12r, p1. e.27)
Combining (4.26) and (4.27), we conclude that

l)' (t) < - ctE' (t) + lnlt]lo/2 urh) 
lnla'l'a* + ln1t1]o/2 11*, 

lnlvvl2 
dr

- ln(t)lot' lnlorf 
o* - lE1t1lorz lr,Wl'*'0,

+ lnltllolzcrh) lr,W'lo*zar 
+ cait)ln|)lo/' 

lr"W'l'or, (4.28\
where

M(ri : l l /{ l l- + ca(dllKtl l- + cs(ry)l lall-,

Mz : 2), + 2Pl 2 CzlnPletz * r'
Choosing n: ll2Mz from (4.28) it results that

,1,' Q) < - ClE' (t) + MllE(t)lptz [ 1y'12 ax
Ja

-  1 l  
' ^ rc  |  ^  

f r ( t ) lo /z  [  61t+z4Y'
2LE( t ) l ' ' '  Jn lVu l ' d r - .  J ro

+ lnltllo/2c, I W'f*'0, + c6ln(t)]p'' I W'for.
Jro 

'  Jro 
Q.2g)

(4.26)
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However, taking into account (2.7), (4.1) and considering

ct  :  max{6-7 Mt,q,c6} lE(o) lp l2,

we obtain from (4.29)

,b' (t) < -(ct + cT)E' (t) - *luA\' ' ' [ 1vs1'a* - ln(t)1ot' I Wl*'or.z ,  J a ,  L  \ / J  
J r o , " ,  

( 4 . 3 0 )
Defining the perturbed energy

E"(t) : [t + €Cs]E(t) + en1,,(t1, (4.31)

where Ce : Cr * C7, we have from (4.2) and (4.19)

lE, (t) - E(t)l < eCgE(t) + eltlt(t)l

s'(c '+ [E(0)]ot ' l lx11u'^ ' t \E(t) .  (4.s2)

Considering Cl: Ce+ [E(O)]n/z 11 Kll!2 St tz and e ( (2C't)-r, from (4.32) we
have

l"al = E"(t) s2l(t)
and therefore,

(4.33)

On the other hand, from (4.30) and (4.31), it follows that

E'"(t) < E'(t) -'UlnfAl'/ ' 
lnlrol'o* 

- elnltl lorz 
lr"Wlr*,0r. 

(4.34)

Now, from (1,2), we infer

1  f  ^  1  r  . ^  1  |  . ^- i  I  lYa l "dr : i  I  X(" , t ) ly ' l "dx+:+;  I  la l , * 'ar -E( t )z J a  z J a  . y + Z J r o

and consequently, from (2.5), (4.1), and (4.34), we have

E',(t) < - a I W'far - e[E(t)]ptz EG) + l1n1t11rrz I xg'1'a,
J a ' " '  2 '  J a

t 
^ [E( t1lotz I lyl+2ar - e[n1111otz I lrlr*'or.*  

O  * r l '  J r o  
'  

J r o

Since 7 ) 0, the above inequality becomes
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E,,(t) < - 6 
lala' l' 

d* - rln1t1)' / 2 n1t1

+ llne)lo/'llnll- [ w'fo,'  
2 r  ' r  "  " '  J n ' "

< -  6 [  la ' l '  d*-  e[r1ty]  b+z)tz 
"pyl n ' " '  

I

+lrln{o)) ' / ' ( l lol l- at) lrfu' l 'd,. 
(4.35)

Choosing e ( e0 : min {rr-:!r---. ."^,(2C'r)-'}, *u conclude
L f l l r l l -  + 1)[ .E(0)]p/ '  

'  )
from (4.33) and (4.35) that

E L ( t ) < -  [ 4 ( r ) ] ( p + 2 ) t 2 ,

that is,
EL@lE,(t)lGP-z)t2 . - (4.s6)

But since

f i l r ,a\-P/2 :  - f ln,a\Ge-z)tz p;P\,

it results from (4,36) that

fi1",a\-pt2 ,

Integrating the above inequality, it follows that

[4(r)]-p/2 u- [a(0)]-p/2 + xffit (4.37)

Finally, from (4.37), we obtain

E,(t) <{taiol l  
-pt2 + X,+,rt}-2re

.  {Z -o t ' f f fOt l  
-P lZ  -  €P , \ - ' l o- L L ,r  -r  

r@7T' l

S 2 {z- 
<e+z) e pt -t ln{oy 

o py-' r o

which concludes the algebraic decay and consequently the proofofTheorem 2.1.
I

5. Appendix

Lernrna. There eaists a continuous linear rnap
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1o : H1 (O) n ,p (f)) ,--. L# (f ) such that Tg : plr , V9 e C2 (A).1

Proof. It is suftcient to prove the above lemma when O - Ri : {(n' ,nn), r' e
/?"-1 and nn e Ra), since by local chart we have the same result when O has
smooth boundary,

Indeed, first of all we are going to prove that

l l".ll 
"ry,*^-,t 

< cllrll!/i,#ltrtftlftir,, ve e c3@). (5 1)
For this end, let G(t) : ltlntz, ̂ nO consider I eC|(R"). We have

G(p(r',0)) : - 
lr* *rrr(r ' |,rn))d,rn

:  - 
Io* 

G,(e(*,,*,D#@, ,rn)dnn

and therefore,

Hence,

s,:2( t  rerna") ' ' '  ( f  I  lgl ' )" '-  2  \ / * l  
' ' '  - -  

)  \ * " r l r y l \ u l  )  
'

which proves (5.1).
Observing that pl@+2) +21(p+2): t we obtain from Young's inequality

that

l lvl l,qu,,^-,) < Gllell!/:r i:;, l lel l?lit i tt sc(l lpll",(ft i)+ ttptla,rnl).

Considering the above inequality we obtain by a density argument the desired
result which is proved by marking use of a density argument. I

Remark. Note that in our manuscript we consider the Laplace operator but
without loss of generality we can 

,"otr.t^O"t,rn" 
elliptic one given by

A( t ) : -  i  3  ( ooo@, t )g ) ,
o 7 ' d ' o  \  

- " ' d ' i / '

1u"'" C2(O) -"u.,' {rpl6, 9 e Cl@")}



256 M. M. Caaalcanti, V. N. Domingos Caualcarfii, and, J. S. Prates Filho

wnere
n

a i j :a j i  and  3a6 >0 suchtha t  Doo i@, t ) t r t i>ao l€12,  fo ra l l {  e  f t "  >0 .
i , i=1,

This conclusion comes from the fact that if we define

a(t ,u,u):  i  oo1@,1!!d ' ,  for  a l lu,u eV,' 
tFt ori ori

provided that the functions a6i(r,t) satisfy some appropriate hypotheses, we

have
ag lYu l z  1a ( t , u ,u )  <  a r lVz l2 ,  f o r  a l l u  eV .
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