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Abstract. This paper deals with matrix transformations of generalized Dirichlet series
with complex frequencies that define holomorphic functions in a bounded p-convex
domain of C.

1. Introduction

The matrix transformation is one of the methods for summing series and se-
quences using an infinite matrix. Matrix transformations of power series of one
complex variable has been studied previously by several authors. Most papers
dealt with Norlund matrices, i.e., triangular matrices of a special form (see, e.g.,
(7,8]). For the general case of matrices there seem to be very few articles. In [1],
Borwein and Jakimovski considered matrix transformations of power series in
the complex plane C and obtained some results on this direction. Later, Lé Haij
Khéi [4, 5] considered cases of the class of multiple Dirichlet series with complex
frequencies that define entire functions on C"* as well as holomorphic functions
in bounded convex domains of C*.

Based on the ideas in [4], in our previous paper [10], we considered matrix
transformations of generalized entire Dirichler series with complex frequencies
in C.

In this paper, following the methods of [5], we consider matrix transforma-
tions of generalized Dirichlet series with complex frequencies that define holo-
morphic functions in a bounded p-convex domain of C.

In Sec. 2 we recall some notions and, by the same method as in {6], prove
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some auxiliary lemmas which will be used in the sequel. In Sec. 3 we consider
matrix transformations.

2. Generalized Holomorphic Dirichlet Series in a Bounded p-Convex
Domain

First we recall some notions.

Let 0 < p < +o00. We suppose that the reader already knows the notions
of p-convex compact set with its p-support function (see, e.g., [3, p.139]). A
domain G is called a p-convex domain if there exists a sequence of p-convex
compact sets G, such that G = |J2°, G, and G, C Gn41 CG,n=1,2,...,
where G, is the set of interior points of the compact set G,,. In this case we say
that the sequence of compact sets G, is inside convergent to G. Everywhere in
what follows concerning the p-convex domain (in the case p # 1), we suppose
that 0 € G. Without loss of generality we can always assume that 0 € G,,
o=l 2 B

Let G be a p-convex domain, not necessarily bounded and let (G,)5%; be
a sequence of p-convex compact sets with the p-support functions h,(—¢), ¢ €
(—m, 7], which converges from inside to G. Then 0 < h,(¢) < hpy1(p), n > 1,
¢ € (—m,n}], and there exists h(—¢) = limp_oo An(—p). As hn(—¢p) are p-
trigonometrically convex functions, the limit function h(—¢) belongs to the same
class of functions. This limit function is called the p-support function of the p-
convex domain G (see, e.g., [2]). It should be noted that in the case p =1 the
notions of 1-convexity and 1-support function coincide with the usual notions of
convexity and support function.

Furthermore, we denote by O(G) (G being a p-convex domain) the space
of holomorphic functions in G, with the topology of uniform convergence on
compact subsets of G.

Now let G be a bounded p-convex domain (G 3 0) with the p-support func-
tion A(—¢) > 0, ¢ € (—m; 7] and let (Ax)72; be a sequence of complex numbers
in C, 0 < |Ax| T 400 as k — oco. Consider a generalized Dirichlet series

oo

Y aE,(M2), z€G, (2.1)

k=1
where coefficients ¢, € C and E,(z) is the Mittag-Leffler function

By = Z F(—%z:——l) (T being the Gamma function).

n=0

First we recall the following estimates which will be used in the sequel (see,
e, (2)),

Lemma 2.1.

(a) Let K be an arbitrary compact subset of G(K 3 0). Then there exists q €
(0;1) such that K C qG and, furthermore, there exists C = C(p) > 0 such
that, for all k > 1, we have
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sup |B,(Ax2)| < sup |E,(Ae2)| < Celhere i) el (2.2)
zeK 2€qG

(so we can assume in addition that C > 1).

(b) For 8 € (0, 1) and 6; € (0, 1), there ezists C; = C1(p,0,01) > 0 such that,
forall k > 1, we have

sup |B,(M2)| 2 Crel#ers ) el (2.3)
EASL |
(so we can assume in addition that 0 < Cy < 1). n

The following charaterization [2] of the coefficients of the series (2.1) when it
converges in the topology of O(G) is important and necessary for further study.

Theorem 2.1. If the series (2.1) converges in the topology of O(G), then

) log |cx |
z <0. .
h;rlsol:p ( T + h(arg )\k)> <0 (2.4)

Conversely, if the coefficients of (2.1) satisfy condition (2.4) and if

log k
am e =0 (2:5)
then the series (2.1) converges absolutely in the topology of O(G). ]

In connection with Theorem 2.1, we can associate to the sequence (A) the

following class:
A = {c=(c) : (24) holds}.

It is easy to verify that Ag is a vector space (with the usual vector addition
and scalar multiplication).

Theorem 2.1 then shows that in the compact-open topology of O(G), the
series (2.1) converges if and only if it converges absolutely. In this case this
series represents a holomorphic function in the bounded p-convex domain G,
i.e., an element of the space O(G). Thus the space Ag defines the class A(A, G)
of generalized Dirichlet series with the sequence of frequencies A = ()\;) that
converge locally uniformly in G.

Note that A(A,G) C O(G), the equality holds if and only if the system
(Ep(/\kz)):;l is an absolutely representing in the space O(G) (see, e.g., [2]).

Before going on we recall the following fact [11] which will be used in the
sequel: if (Ax) satisfies condition (2.5), then

> M < 400, Wr e (0,1). (2.6)
k=1
We prove the following:

Lemma 2.2. For any ¢ = (cx) € Ag and £ € (0, 1), we have
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o0
Z |ck|e(“’(""g Ae)) el < +o00.
k=1

Proof. Let ¢ = (¢x) € Ag. Then for some € € (0;1), there exists N such that,
for all kK > N, we have

log |cx |

| Ak |

+ h{arg Ax) <e,

which is equivalent to
o] < elebtren )i

We put £ = min h(p) > 0, ¢ € (—m;n]. Then, by (2.6), we have

e(e+(l—l)h(arg A)) e le

IA
hE

oo
SE IR CIC 2 W)ENG
k=1

B
Il

b

(e+(£-1)€) Ini

e < +o00,

?.
1l
—

IN
;M8

by choosing ¢ such that 0 < e < (1 — £)£. The proof is complete. m
Denote by A% the Kothe dual of the space Ag, i.e.,

&= {(uk) g chuk converges absolutely for all (c;) € AG}.
k=1

Also we consider the following set:

A8 — {(uk); chuk converges for all (¢) € .Ac}.

k=1

We prove the following:

Lemma 2.3. If (2.5) holds, then (ux) € Aé’; if and only if (ux) € AZ, e,
& =Ag.
In this case these sequence spaces can be defined as follows:

. log |ug|
B _ aa . 21Uk 3
ees ADE {(uk) g lliszp (——|)‘k|p h(arg/\k)> < O}.

Proof. Necessity. Let (ux) € .Ag. Suppose that
log |uy
lim sup <—i1;’”—l — h(arg )\k)) > 0.
k— o0 |)‘|k
Then, for a sequence (gp)52; | O there exists an increasing sequence (kp);Z; of
positive numbers such that
log |ug, |
1Ak, 17

=7 h(a‘rg )‘kp) 2 —€p, VP Z 1,
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which is equivalent to
log(1/ux,) < (ep — h(arg Ax,))|Ax, 7, Vp > 1.

Define a sequence (ci) as follows:

nk lyffupe|, slifebitey, p =112, sl
= 0, otherwise.

Then we have

[ log |ck : log 1/|Ukp|
llﬂsc)gp < l)\k'|P | + h(arg /\k)) < h;r_l#sotom (W + h(arg A, ))
< limsup(e,) = 0,
p—o0

which means that (c;) € Ag.
However, since |c, ug, | = 1 for p = 1,2, ..., it follows that the series Z:il Ci U,
does not converge. We get a contradiction.

Sufficiency. Assume that there exists a constant @) such that

log |u |
Ak lP

lim sup (

k— o0

— harg ) =Q <0,

and also the condition (2.5) is satisfied. Then, for ¢ > 0 (satisfying Q + ¢ < 0),
there exists V; such that, for all k > Nj, we have

log Jug|

. < €
I)‘klp h(a'rg’\k)—Q+2a

or, equivalently,
lug| < e((@F E+hlargrn)nel?).

Now, let (cx) € Ag. Then there exists N such that, for all K > N3, we have
jeg] < els=RGmer) Il

Hence, for all £ > N = max{N, Ny}, we have

e <] o] AP
5l € 3° (€29 < 4,
k=N k=N
due to (2.6).
Consequently, the series Y, ; ckux converges absolutely. This completes the
proof. [ ]

We prove the following:

Lemma 2.4. Let (ai) be a sequence of real numbers. Suppose that

' log | E, (A 2)|
lim sup (ak + I)\kl"h(argkk)) <A< 400, VzeQG. (2.7)

k— o0
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Then
limsupay < A—1.

k—r00
Proof. As the function log |E,(A;2)| is subharmonic in G, k = 1,2, ..., and we
already have condition (2.7), it is desirable to apply Hartogs’ lemma for the
sequence
_ log |E, (Ax2)|
#r(2) = 8+ 13 Dh(arg )

Since |Ax|Ph{argA;) > Oforall k = 1,2, ..., it is clear that the function ¢ (2),
k=1,2,..., is also subharmonic in G.

Now, ‘let K be an arbitrary compact subset of G{K 3 0). Then, due to
Lemma 2.1, there exist q; € (0, 1) and C; = Ci(p) > 1 such that, for all & > 1,
we have

z€G, k=1,2,....

1By (02)| < sup |[Ep(Me2)| < 50D |B, (A2)
ze

261G
< Crelantesr )l v, ¢ g (2.8)
Hence, by (2.8), we have
D (A ' C C
log | B, (A 2)] P log Cy log C, +qy =M, Vze K. (2.9)

+q < —
ilh(arg M) = DlPhlacgde) = TaTPE
Moreover, from (2.7), it follows, in particular, for z = 0 that

limsupa; < A < +o0. (2.10)

k— 00

By (2.9) and (2.10), there exists Mg > 0 such that
vr(2) < Mg, Vze K, VE> 1.

Now applying Hartogs’ lemma (see, e.g., [9]) we obtain that if K is a compact
set in G and € > 0, then there exists ko € N such that, for all £k > kg, we have

or(z) §A+%, Vz € K,

which implies that, for all k& > kg,

sup i (2) < A+
zeK

(2.11)

N ™

Furthermore, for such an e > 0, we put ¢ = 1 —¢/3 and g3 =1 —¢/4. Tt
is clear that 0 < g < g3 < 1. Then, due to Lemma 2.1, there exists 0 < C5 =
Ca(p,€) < 1 such that, for all k£ > 1, we have

sup |E,(M2)| = sup |B,(Mez)| 2 Crelohlamsi)inl”,
quBE ze€qa G

Furthermore, since log C; < 0, there exists k; € N such that, for all & > k;,

we have

(2.12)
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log Co log Cs €
> ——, .
DrlPh(arg 3e) = PwlPE = 6 (213)

Then, by (2.12) and (2.13), for all k£ > k;, we have

lup,‘( sup_ |Ep{’\kz}|)

zeqG log Cy
3 = ag - = @ _
ok ) = Bt T e hGarg ) " Pelhiargae)
& EX
Zak~6+<1—§)—ak+1——2-. (2.14)

Since K is an arbitrary compact subset of G, we can choose K = g3G. Then,
by (2.11) and (2.14), for all k£ > N = max{kg, k1 }, we have

T
ar +1 giS A+2,

which implies that
ap < A—-1+4¢, VE> N.

Hence,
limsupay < A—1.

k— o0

The proof is complete. ™)

We also recall the following fact which will be used in the sequel: Let (¢ )32,
be a sequence of real numbers and (ur)je, be a sequence of positive numbers
such that 0 < m < w < M, for all k > 1. Iflimsup,_ ¢ < 0, then
lim sup;,_, o (ukck) < 0. ™

3. Matrix Transformations of Generalized Holomorphic Dirichlet
Series

Denote by Ac () the class of all matrices [u;x]2%_; having the property that
whenever the sequence ¢ = (cy) € Ag, the sequence of functions (f;(2))".

=1
given by

Z ujrer E,(\2), §=1,2, ..., (3.1)

converges uniformly on every compact subset of G, each generalized Dirichlet
series Y oo ; ujkck E,( Mk 2) being convergent in G, j = 1,2, ....
We shall study conditions for a given matrix [u] k]

Acq ().

ko1 tO belong to the class
Theorem 3.1. If the following conditions hold
3 lim ujp =u, k=1,2,. (3.2)

]—i
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and log |
limsup { sup ————_ )} <0, 3.3
llrcrlboop(jzll) |’\k|ph(a"'g)\k)> (3:3)

then the matriz [u;i] belongs to Ag(U).

Proof. Assume that conditions (3.2) and (3.3) hold. Let ¢ = (¢;) € Ag. Take
an arbitrary compact subset K of G(K 3 0). Then, we have K C ¢, G for some
g1 € (0, 1).
Due to condition (3.2), for every k € N, the sequence (Ujk);il is bounded
and therefore,
Q. = suplog Jujk| < +o00, VEk >1.
j21

Hence,
lujk| < €@, Vk>1, Vj>1 (3.4)

Furthermore, by condition (3.3), for ¢4 = (1 — q1)/2, there exists N = N(¢;)
such that
log |u; | ,
—— 1 _<q, YVk>N, Vj>1,
PwlPh(arg Ac) 7=

or, equivalently,
luji| < elaun(erra)) el vy s N vy > 1. (3.5)
Then, due to Lemma 2.1, Lemma 2.2, and by (3.4), (3.5), for all j > 1, we have

oo o0
sup ‘ ZujkckEp()\kz)‘ < Z |ujkce| sup |E,(Ax2)|
zeK k=1 k=1 zeq G

o0
<Gy IRPARCULIC 2 ) L

k=1

N 00
= C [Z fugici e (0 RErEA) el o IUjkc:cle(q'h(argAk))wlp]

k=1 k=N+1

|:Z Ic |6Qk+ Q1h(arg/\k))|z\k|!’+ Z ICk|€((q1+q4)h(arg/\"))|>\k|p]

k=N+1
< +00.

Thus, each series

o
ZujkckEp()\kz), §=1,2,..,
k=1

converges absolutely in the topology of the space O(G) and therefore, represents
a holomorphic function (f;(2)) in G.

We now prove that the sequence (f;) converges uniformly on K.

Let £ be any positive number. Due to Lemma 2.2, we choose N; > N so
that
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o0

((@+anh(arern) el o _E_
k ;4-1 & 4G, (36)
=iVy
Denote N
1
Ca(Vy) 1= 3 g felarrterer et (3.7)

k=1

From condition (3.2) it follows that there exists Ny such that
€

2C,C5(M)’

Furthermore, by (3.5) and (3.6), we have

Iumk = unk| < Vk = 1,2, .y N1, Ym,n > Ns. (38)

oo

Z (|Umk| + Iunk|)1ck|e(‘11h(arg/\k))|f\k|f’
k=N;+1
- )
’ ; »
= Z Iumkl |Ck|6(qlh(arg/\k))|)\k| + Z Iunkl !ck|e(q1h(alg ’\k))|/\k|
ks k=Ni+1
00
<2 Z |ckle((‘Il+Q4)h(arg)\k))|)\k|p
k=N+1
£
< D
4Gy
— 2—%, Vm,n > Nj. (3.9)

Then, due to Lemma 2.1 and by (3.7), (3.8), (3.9), for all m,n > Ny, we get

sup [fm () = fa(2)] = sp | 3" (umk — unk)ex By (A2
zeK z€K E=1

8

o ¢]
<3 [ttt — tenk] k| 5P [Bp (M 2)l0eCy 3 [ttmk — | i e (0rha8 1)) el
k=1 AES k=1
N,
61| 3o~ sl
k=1
[0}
DY |umk_unknck|e<m<arw>>w}
k=N;+1
H2aiGn) &=
o0
+ Z (|umk| + lunkl)Ickle(‘hh(arg/\k))l)\klp]
k=N, +1
(3 & & &
<C [——20103(N1)C3(N1) + ﬁ] =3 + 5= E.
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The theorem is proved. n
Theorem 3.2. If the matriz [ujk]jok=1 belongs to Ag(U), then condition (3.2)
and the following condition hold:
: log |u;i| ;
limsup{ —————"————=) <0, Vi=1,2,... 3.10
e (|)\k|Ph(arg)\k)) J (&)

Proof. Assume that the matrix [u;k] belongs to Ag(U). Consider “unit
vectors” a{™), m = 1,2, ..., in Ag, with
(m) _ { 1, iUk =miiml="1525.5

aq, .
k 0, otherwise.

Obviously, for each “unit vector” al™) of the space Ag, the sequence
(fj (Z))_I‘:p glven by

(@) =Y ueal™ B, (Me2), §=1,2,...,
k=1

is well defined. Furthermore, from the convergence of the sequence ( f](m) (0));’;1,
which in this case has the form (ujn )72, it follows that uy, = limj_.o Ujm,
m € N, exists. Thus condition (3.2) is satisfied. Now let ¢ = (¢;) € Ag. Then

the series

o0
ZUjkaEp()\kZ), i=12,..,
k=1

converges in G. This implies that
(ujeEo(Mk2));., € A%, V2 €G, ¥j 21
Due to Lemma 2.3 we have

lim sup (%ﬁﬁ#’ﬂ = h(arg)\k)> <0, Vz€G, j=1,2,... (3.11)

k— o0
Put v = max h(p), ¢ € (—m;7]. Then we have

1

1
SRR e
e v = h{argA;)

< % vk > 1. (3.12)

By (3.11) and (3.12), we have

: log |u;i | log | Ep(Axz)| .
-1) <0, Vz€G, j=12,...
llmsuP(l)\klph(arg)\k)+ T [PR(are ) ) z € J

k— 00
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Hence,

lim sup
k— o0

( log |ui | log | B, (A& 2)|

Y | =
|Ak|?h(arg Ar) |)\k|!’h(arg)\k)) SR EACKGARISR2,

Applying Lemma 2.4 gives

! log |w;k| -
limsup —————— <0, j=1,2,....
k_,oop AklPh(arg Ag) — J

The proof is complete. =
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