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Abstract. An iteration scheme, more general and practically efficient than the one in
[9], for non-expansive mappings in metric spaces of hyperbolic type is studied. Fixed
point theorems are established.

1. Introduction

Iteration method is the most popular and powerful tool to solve approximately
almost every kind of equations: differential, integral, partial differential, op-
erator, linear and non-linear equations, especially the well-known iteration sug-
gested by Krasnoselskii in [11]. After the publication of this work, many iteration
processes of this kind are developed (see [1,2,4,6] and references therein). In
[9] Kirk has extended the Krasnoselskii iteration scheme to study fixed points of
non-expansive mappings in metric spaces of hyperbolic type (see also [3, 8, 10, 12]).

The aim of this note is to develop this scheme. The developed scheme is not
only more general than the one in [9], but also more practically efficient even in
the holomorphic setting. Here the proof is also more complicated than the one
in [9].

2. An Iteration Scheme in Metric Spaces of Hyperbolic Type

Let (X, d) be a metric space containing a family of metric lines such that distinct
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points z,y € X lie exactly on one member of the family. We denote by M|z, y]
the segment joining z and y.

The following condition H will be used:

Let z,y,2 € X, a be a number, 0 < a < 1,m; € M[z,y],ms € Mlz,z]. If
d(z,my) = ad(z,y) and d(z,m2) = ad(z, z), then

d(my,mz) < ad(y, 2).
A metric space (X, d) satisfying the condition H is called a space of hyper-

bolic type.
Using condition H it is not difficult to prove the following:

Property 1. Giveny,z € X,0 < a < 1. If m € My, 2],and d(y, m) = ad(y, 2),
then
d(z,m) < ad(z,z) + (1 — a)d(z,y),

Vz € X.
Theorem 1. Let (X,d) be a metric space of hyperbolic type, and T : X — X
to be non-expansive, i.e.,

d(T(z), T(y)) < d(z,y),2,y € X. (1)
Let zg be any point in X. The sequences {z}, {yn},n = 0, are defined as follows

{yn i T(zn),-’rn+l € M[xnayn]a (2)
d(Tn,ZTns+1) = and(Zn,Yn),0 < an < 1.
Then Vi,n > 0 we have
1
d(z;, Yirn) = —(Qiyn — Q4
(@1, Yien) (1—f-r-,:)--'(1—0';'+n.---1i(a+ )
+(1+0 4+ + ign_1)ai, 3)

where ay, = d(zk,yr), (when n =0 for (3) it is assumed that d(z;,y;) = a;).

Before giving the proof of Theorem 1, some needed properties are stated
without proofs which are quite easy. Let us denote by N the set of non-negative
integers.

Property 2. For the sequence defined by (2) we get
d(yn+17yn) < d(mn+1,xn)’ Vn € N.

Property 3. For the sequence defined by (2) the inequality
d(yn+1azn+1) < d(ynamn)vvn eN
holds true.

Proof of Theorem 1. We shall prove Theorem 1 by induction.
For any i, and n = 1, by Property 1,
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d(Tiv1, Yis1) < @id(Yi, Yiv1) + (1 — ai)d(z4, Yiv1).

By Property 2,
d(yi, Yiv1) < d(xi, Tiy1) = ud(zi, ¥i) = a;.

Consequently,
aiv1 < afa; + (1 — oy)d(xi, yiv1)

and
(1 — 0;)d(Tiy Yig1) > @iv1 — @Za; = (a1 — a;) + (1 — &?)a;.

Because 1 — a; > 0 we finally get

d(zi, yiv1) > (@i+1 — ai) + (1 + a;)a;.

l—ai

The inequality (3) is thus proved for any ¢ and n = 1. Assume now that (3) is
true for any ¢ and for n. It will be proved that (3) is true for n + 1 and for any
1.

Indeed by Properties 1 and 2,

A(Ziv1, Yirr4n) < 06d(Yi, Yir14n) + (1 — 04)d(Ts, Yig14n)
<o [d(yi, i) e d(yi+n,yi+n+1)] + (1 —a)d(zi, Yiv14n)
< ai[d(@i, Tig1) + -+ ATign, Tigns1)] + (1 — @)d(@i, Yiv14n)

= a;[040; + Q1641 + -+ QirnGizn] + (1 = 0)d(Ti, Yir14n).

From this, using the induction assumption and Property 3, we get

1
d(Tiy Yivns1) = - [@itn+1 — Gig1]

(1—=ai) (1 = tign)

14y + -+ Oga ai(o;+ - 4 Qiyn)
Aiy1 —

1 —ay
= : [@isns1 — ai]
T 0-a@) (A —agn) T

+[1+a¢+1+---+ai+n 1 )]

1—0[1' (1—ai)---(1—ai+n

1 @i + - + ®iyn)
+[(1—01,-)---(1—oz,-M) 1—a ]“"

We stay here a moment to prove the following

Lemma 1. Va;i1,... ,q4n € (0,1),Yn > 1 the following inequality holds true:
1

l+aip1+ -+ aipn — < 0. 5

T o) (= amn) &

Proof. Obviously, for n = 1, inequality (5) holds valid. Assuming that it is true
for n, we shall prove that it is true for n + 1.
Indeed, setting a;+nt+1 = @, is a variable in (0, 1), we consider the function
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1
a)=1+qa; 44y +a— ¢
f( ) i+1 i+n (1—ai+1)---(1—ai+n)(1—a)
Noting that f'(a) < 0 and by the induction assumption, we get

1
0)=1 ; e itn — .
f( ) + ;41 + + Qiyn (1-‘ai+1)"'(1_ai+n) <0
So we have f(a) < f(0) < 0,(0 < a < 1). Hence inequality (5) is valid for n 4 1.
We are now able to continue the proof of Theorem 1.
Taking into account that a;+1 < a;, from (4) and Lemma 1, it follows that

|
d iy Yi > i+n - U4
(T, Yitnt1) 2 (1—ai)"'(1—ai+n)[a+ +1 a]
+[1+ai+1+---+ai+n_ 1
1—ay (1—-ai) - (1—itn)
+ L _ai(ai+"'+ai+n)]ai
(1—a;) (1 —aitn) 1—a
1

N (1—a;) (1 —Qitn) [@igns1 — ai]

[(1 —a?) +ai+1(1 —Oti) L +Ol1'+n(]. —a.;):|
+ I8e=7r a;
1

_ 1
- () (I aign)

(@idn+1 — ai] + (1+ 0+ + Qign)ai.
The proof of the Theorem 1 is complete. ™

Remark 1. If a; = a, Vi we get Proposition 1 in [9].
Remark 2. From the proof of Theorem 1, it follows that
A(Ti, Yivn) < L+ o + aigr + -+ Qipno1)d(zi, ).
Indeed it is clear that
d(zi, Yign) < (i, yi) + d(Yi, Yiw1) + -+ AYitn—1,Yien)-
Then by Property 2
d(zi, Yign) < (@i, yi) + d(@i, Tiv1) + -+ ATivn—1,Titn)
= d(zi,yi) + id(zi,¥;) + - + Aign-18(Tivn-1,Yi+n-1),

and finally using Property 3 we get the desired inequality.

3. Fixed Points of Non-Expansive Mapping

Theorem 2. Let (X,d) be a metric space of hyperbolic type, T : X — X a
non-ezpansive mapping, and {z,} the sequence defined by (2) such that
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(i) infa, =a > 0,supa, =0 <1,
neN neN )

(ii) the sequence {x,} is bounded.

Then

lim d(z,,y,) =0.
n——oo
Proof. By hypotheses it is clear that there exists such a positive number A that
d(miayi+n) < AaVian e N.

Taking into account the decreasing sequence {d{z,, ¥, )} and its boundedness by
zero we can claim that there exists

lim d(zn,yn)=12>0.
n—=00

It will be shown that » = 0.
Indeed, if 7 > 0, then Ve > 0, there exists a positive integer N > 4

e(1 - B)~" < r and since the sequence {d(zn,¥.)} is Cauchy, for i large enoégh
we obtain
d(zi,yi) — d(@is v, yirn) < e

Next we have
A+r< Nra+r=(Na+1)r <(1+4+a;+ -+ airn-1)d(zi, yi)-

Then by Theorem 1, for i large enough, we get

| [
(1—e;) (1 —aipn—1)
<SA+(1-B)"Ne<A+r,

A+r <d(z;,yien) + d(@i, i) — d(@is N, Yisn)]

a contradiction that proves r = 0.
Theorem 2 is thus proved. n

As corollaries of Theorem 2, we obtain

Theorem 3. Under the same assumptions as in Theorem 2, if the sequence
{zn} has a subsequence converging to u € X, then u is a fized point of T and
lim z, = u.

n——oo

Theorem 4. Under the same assumptions as in Theorem 2, if T(X) lies in a
compact subset of X, then the sequence {z,} defined by (2) converges to a fized
point of T' for each zq € X.
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