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Abstract. An iteration scheme, more general and practicallv efficient than the one in
[9], for non-expansive mappings in metric spaces of hvperbolic tvpe is studied. Fixed
point theorems are established,

1. Introduction

Iteration method is the most popular and powerful tool to solve approximately
almost every kind of equations: differential, integral, partial differential, op-
erator, linear and non-linear equations, especially the well-known iteration sug'-
gested by Krasnoselskii in [11] . After the publication of this work, many iteration
processes of this kind are developed (see [1,2,4,61 and references therein). In

[9] Kirk has extended the Krasnoselskii iteration scheme to study fixed points of
non-expansive mappings in metric spaces of hyperbolic type (see also [3, 8, 10, 12]).

The aim of this note is to develop this scheme. The developed scheme is not
only more general than the one in [9], but also more practically efficient even in
the holomorphic setting. Here the proof is also more complicated than the one
in fel.

2. An Iteration Scheme in Metric Spaces of Hyperbolic Type

Let (X, d) be a metric space containing a family of metric lines such that distinct
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points r jy e X lie exactly on one member of the family. We denote by Mlr,y]
the segment joining r and y.

The following condition 1/ will be used:
Le t  r ,A l z  e  X to  be  a  number ,  0  <  o  <  I ,m1  €  M l * , y ] ,m2  €  M [ r , z ] .  I f

d(r,m1) : ad(n,y) and d(r,m2) : ad'(r, z), then

d (m1 ,m2)  <  ad (y , z ) .

A metric space (X, d) satisfying the condition ff is called a space of hyper-
bolic type.

Using condition 11 it is not difficult to prove the following:

P r o p e r t y  L .  G ' i u e n y , z e  X , 0 < o <  l .  I f  m e M l A , z l , a n d , d ( y , ^ ) : a d ( y , z ) ,
then

d ( r ,m)  l  ad ( r , z )  +  (1  -  a )d (x , y ) ,

V r € X .

Theorern l. Let (X,d) be a metric space of hyperboli'c type, and'T : X -----+ X
to be non-erpansiue, ' i .e.,

d(T(r ) , r (y) )  < d(r ,a) , r ,s  €  X.  (1)

Let ns be any po'int in X . The sequencbs {r"), {a"},n ) 0, are defined as follows

I  r ,  :  T ( ,^ ) ,  na1 €  Ml rn ,Yn] ,

ld , ( rn , rna1)  and ' ( rn ,U, ) ,0  <  an  ' - I .  
(2 )

ThenVi ,n )  0  we haue

d , (n6 ,y6an ) )  ( a t+n -a t )

+  (1  +  d r  I  " ' l  aaan -1 )an ,  (3 )

where ap : d(rx,an), (when n : 0 for (3) it is assumed that d(ri,ut) : ai) '

Before giving the proof of Theorem 1, some needed properties are stated
without proofs which are quite easy. Let us denote by N the set of non-negative
integers.

Property 2. For the sequence defined by (2) we get

d ( A n + r , U n )  1 d ( r n + t , r , ) ,  V n  €  N .

Property 3. For the sequence defined by (2) the inequal'itg

d (Un+ t  t  nn+ t )  <  d (An ,z ' ) ,  Vn  €  N

holds true.

Proof of Theorem L We shall prove Theorem 1 by induction.
For any i, and. n: 1, by Property 1,
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d(,  o *  r ,  y t  + t )  3  atd(yt ,  At  + t )  *  ( l  -  aq)  d(r  i ,  y6 a 1) .

By Property 2,
d(At ,A*t )  < d(n6,r i ' r1) :  a id(r i ,At )  :  a tat .

Consequently,
at+t  1 o?on + ( l  -  a i )d(n i ,y ia)

and
( 7 - a ) d , ( r ; , A + t ) )  a t + r  - o 2 u o 6 :  ( o n * ,  -  a ; ) +  ( 1  - o ? ) " u .

Because | - ai ) 0 we finally get 
_

d(r t ,At+t)  > 
t  _  *@r+t  

-  ar)  *  ( l  - l  ar )ar .

The inequality (3) is thus proved for any i and n: 1. Assume now that (3) is
true for any i and for n. It will be proved that (3) is true for n * 1 and for any
i .

Indeed by Properties 1 and 2,

d(*u*r ,  a+t+n)  3 atd(h,a i+1+n) + (1 -  a i )d(r i ,  a i+t+n)
<  o t l d ( A r , y * t )  * . . . I d ( y o . + n , U t + n + t ) ]  +  ( t  -  a 6 ) d ( x i , A i + * n )

<  aa ld ( r i , n , i + l )  +  . . . *  d ( x6 * , , r+n+ t ) f  +  (1  -  aa )d ( r6 ,A i+ t+n )

:  a t l a ta , t  *  a641a ia ,1  +  " ' +  a i+na i+n ]  +  (1  -  a )d ( r i , y i+ t+n ) ,

Flom this, using the induction assumption and Property 3, we get

d(r i ,y ianal ) )  la t+n+t  -  a t+t l

+ (r i+r- tkPoo
r - a t

1 ,:  
G -; '  -  {1- 0c+;Iat+n+t 

-  at ' l

* f 
1 + or+r +... + or+,, _ _____1- 

.|o,.,

I  t - o ,  ( 1 - o , ) . . . ( 1 - o , * n ) l - ' * '

+ f ______1--_- _ oi(ai + ...+ ot+,)lai. (4)
L ( 1 - " o ) . ' ' ( I - o o * " )  | - a r  ) - '  

\ - /

We stay here a moment to prove the following

Lemma L. Voial ,. . . ,di+n € (0, 1),Vn > 7 the following inequal' i ty holds true:

T i _ o , i + t + " ' + o t i + n - ( 1 _ a , + i l _ { _ a , + J  < 0  ( 5 )

Proof. Obviously, for rL : I, inequality (5) holds valid. Assuming that it is true
for n, we shall prove that it is true for n * 1.

Indeed, setting ai+n+t: ottot is a variable in (0, 1), we consider the function
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r - o . t

f  ( o )  : 1 *  c 1 a 1  + . . . +  a i + n  +  0  -  
( 1  _  C I , + M

Noting that //(o) < 0 and by the induction assumption, we get

/ (o)  :  1  *or+r  + " '  +  e i+n - f f i  <  o

So we have /(o) < /(0) < 0, (0 < a < 1). Hence inequality (5) is valid for n+ 1.
We are now able to continue the proof of Theorem 1.
Taking into account that 4a".1 ( a1 , from (4) and Lemma 1, it follows that

d(*i,a+n+rl > a----1;----;--r lot*,+r - oof
\ I  -  a t ) " ' ( r  -  o i + n ) -

-  f  1 * o t + t  * " ' + o l * '  -  1
I  -  a r  ( 1 -  o n ) . . . ( 1  -  o n * " )

I  a ; . ( a r + " ' * o ; + ' ) ' l

G-_ot] .  -11- d;J 
-  ---  

1-; t  )at

: -- _ \-1, r la*n+t - atf
( 1  -  o t ) . . .  ( 1  -  d i L , n )  

t  -

)1.,I
+ l

L

( t  -  
" ? )  

*  a r + r ( 1  -  o ; )  +  " '  +  a i a n ( l  -  a 1

I
: 7-------\----z-- lo,*n*r - oof t (1 * o1 + ... + ai+n)ai.

( I  -  a ' ; )  " ' t I  -  a i + n ) -

The proof of the Theorem 1 is complete.

Remark 1. If ai: a,Vi we get Proposition 1 in [9].

Remark 2. From the proof of Theorem 1, it follows that

d (n ,a *n )  <  (1  +  q . r  *  a l+ t  +  " '  +  d i+n -7 )d (q , y ) .

Indeed it is clear that

d ( n t , a * n )  <  d ( * o , a t )  *  d ( u , w + t )  l  " ' *  d ( a t + " - 1 1 a i + n ) .

Then by Property 2

d ( r o , y n + n )  1  d ( r 6 , a , i )  +  d ( r n , r t + t )  l ' . ' I  d ( r a * n - 1 , r i + n )

:  d(n r ,  A. t )  *  ad(r  r ,  U t )  - l  -  .  .  1  ot t+ n -  t  d( r  o*  n -  t ,  A t+ n -  t ) ,

and finally using Property 3 we get the desired inequality.

3. Fixed Points of Non-Expansive Mapping

Theorem 2. Let (X,d) be a metric space of hyperbolic type, T '. X '-----+ X a
non-expansiue mapping, and {rn} the sequence defined bg (2) such that
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( i )  in f .o "  :0  )  0 ,supc ,  -  B  <1 ,
z e N  n € N

(ii) the sequence {n"} is bounded.
Then

,L\*d('" 'un) 
: g'

Proof. By hypotheses it is clear that there exists such a positive number .4 that

d ( u , y * n ) < A , V i , n € N .

Taking into account the decreasing sequence {d(r",y")} and its boundedness by
zero we can claim that there exists

^ ! \ * d ( ' " ' a n ) : r ) o '

It wil l be shown that r :0.

Indeed, if r ) 0, then Ve > 0, there exists a positive integer N > #,
€(I- P)-N < r and since the sequence {d(rn,y,)} is Cauchy, for ri large 

"no,t[hwe obtain

d(u,yr)  -  d(*o*  tu,  at  + N) I  e .

Next we have

A +  r  <  N r a  * r  -  ( N a  *  1 ) r  <  ( 7  +  a i + . . .  +  a t + N - 1 ) d ( * u , A o ) .

Then by Theorem 1, for i large enough, we get

A+r  <  d (n i ,y iay) l  ld ( ro ,An)  -d ( ru** ,Ur+ .nr ) ]

< A + ( r - F ) - * r < A + r ,

a contradiction that proves r :0.

Theorem 2 is thus proved. I

As corollaries of Theorem 2, we obtain

Theorern 3. Und,er the same assumptions as ,in Theorem 2, i,f the sequence

{n"} has a subsequence conuerging to u € X, then u is a fined point of T and

nl-tYt*": 
u'

Theorem 4. Under the same assurnptions as 'in Theorem 2, if T(X) li,es in a
compact subset of X, then the sequence {r"} defined by (2) conuerges to a fixed
point of T for each rs € X.
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