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1. Let X be a quasi-normed linear space and W, M C X. For approximation
of elements from W by M, the quantity

E(W,M,X) := sup inf |f —
( )i= sup inf IIf =l

gives the worst case error of approximation. When M is a linear manifold we
have the linear approximation problem. Non-linear approximation is that when
the set of the approximation M is a non-linear manifold.

Given a family M of subsets in X, we are interested in the best approxima-
tion by M from M in terms of the quantity

d(W, M, X) :=Mi161LE(W,M,X). (1)

In linear approximation, if M is the family of all linear manifolds of dimen-
sion < n, then d(W, M, X) in (1) defines the well-known Kolmogorov n-width
dn (W, X).

We are interested in non-linear approximation in terms of the entropy number
€n(W, X) and the non-linear n-width p, (W, X).

The quantity d(W, M, X) is called entropy number &, (W, X) if in (1) M
is the family of all subsets of X such that |[M| < 2", where |M| denotes the
cardinality of M. It is inverse to the e-entropy H, (W, X) := logN, (W, X) where
Ne(W, X) is the cardinality of the minimal e-net of W. The e-entropy H (W, X)
was introduced by Kolmogorov and Tikhomirov [5].

The non-linear n-width p, (W, X) introduced recently by Ratsaby and Maio-
rov (7, 8] is defined only for a space X of real-valued functions on a set . It is
d(W, M, X), if M in (1) is the family of all subsets of X of pseudo-dimension
<n.

The notion of pseudo-dimension is defined as follows. For a real number #
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let sgn(t) be 1 for t > 0 and -1 otherwise. For z € R" let sgn(z) = {sgn(z),
sgn(z2), ..., sgn(zn)}. Let M be a set of real-valued functions defined on . The
pseudo-dimension of M is defined as the largest integer n such that there exist
points a', a2, ...,a" in 2 and b € R™ such that the cardinality of the set {sgn(y) :
y = {f(al)+b1, f(a?)+bz,..., f(a")+br}, f € M} is 2. If nis arbitrarily large
then the pseudo-dimension of M is infinite. We denote the pseudo-dimension of
M by dim, (M).

The definition of pseudo-dimension of a real-valued functions set is intro-
duced by Pollard-[6] and later by Haussler [4] as an extension of the Vapnik-
Chervonekis dimension [12] of an indicator function set. The pseudo-dimension
defined above and the Vapnik-Chervonekis dimension are measures of capacity
of function set. They play an important role in theory of pattern recognition
and regression estimation, empirical processes and computational learning the-
ory (see also (7, 8] for details). '

If M is a linear manifold of dimension 7 in X, then dim, (M) = n (see [4. 6]).
From the definition we can see that dim,(M) < log|M], and consequently,

pn(W, X)) < en(W, X) ()
for any subset W in the quasi-normed linear space X of real valued functions on
Q.

We establish in our paper asymptotic orders of the non-linear n-width pn
and entropy number ¢, in the space L, (T?) of the unit SW of Sobolev space
and the unit ball of SB] 4 of the Besov space of functions on T¢ with common
mixed smoothness 7.

2. For a nonnegative integer r, the univariate symmetric difference operator
¢, h € T, is defined inductively by Aj := ALA;™Y, starting from the operator

ALf = f(-+h/2) = f(- = h/2).
For a natura] number s and e C E := {1,2, ...,d}, we let the multivariable mixed
s-th difference operator A3, h € T¢, be defined by

d
se)f =T]a% 1
jée
where the univariate operator Aj  is applied to the variable z; (in particular,
ALO)f = ).

Forr>0and 1<p<o00,0<8<o00,let B, denote the Besov space of all
functions on T¢, for which the quasi-norm

Ifls:, =D |fiss
ecE
is finite, where || - ||, is the usual p-integral norm in Ly := L, (T¢) and

1/6
oy o= ( [ TIIE " iag(estgan) — 0<oo
j€e
(the intégral is changed to the supremum for 6 = oo) for some s > r. The
definition of B} ; can be extended for any r € R (see, e.g. [3]).
The Sobolev space W7 is defined in the same way as Bj , by replacing
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I7lle;, and |flsr< by [fllw; and |flw;e := [[(ITjc. 8" /8})f |, respectively,
where 6’ [0z} is the fractxona.l partial differential operator of order 7 in the sense
of Weil.

3. We give the main result of our paper. Let
8By :={f € Wy : |fllw; <1}

d r r
o SW;:={f€B},:|flle;, <1}

be the unit balls in By ¢ and W7, respectively.

We use the notation F < F' if F « F' and ' « F, and F < F' if
F £ CF' with C an absolute constant. Denote by v, either ¢, or p, and put
a4 = max{a,0}.

Theorem 1. Let 1 < p, ¢ < 00, 0 < 6 < 00. Then we have for either r > 1/p
orr>(1/p—1/q)+ and 6 > min{q, 2}

Yn(SB} g, Lg) < n”" (log n)(@-1ir+1/2-1/6) @
g =y L.
‘Yn(SW;,Lq) = (n/ logd—l n)—r. @

In addition, we can ezplicitly construct a subset M in L, of cardinality |M| < 2"
and a mapping S: M — M so that

E(W,M,L,) < fsél‘g If = S(Hlly < E(n),

where W denotes SBy , of SW,, and E(n) the right side of (3) or (4), respec-
tively.

Theorem 2. Let0 < p,q,6 <00, 1 <7 <00 and r > a. Assume that either
r—a>1l/porr—a>(1/p-1/q)+ and § > 7. Then we have
€n(SB; 4.B; ;) < Ep,r (n),
where Eﬁ,-r(n) = ha (logn)(d—l)(r—a+1/1'—1/9.
In addition, we can explicitly construct a finite subset V* in V, a subset M in
M, (V*) of cardinality |M| < 2", and a mapping S : B; s — M so that
E(SB,4,M,Bj ;) < ; Ssup If = S(Hlsg, < Egr(n).

Theorem 3. Let 0 < p,q,0,7 < 00 and r > . Then we have
Pn(SB g, BS ;) > n™"*2 (logn)(d-1r=et1/7-1/0)

The asymptotic order of e, (SWy, Ly) was proved by Smolyak [9] forp = ¢ =
2, by Dinh Dung for 1 < p = ¢ < oo [2] and by Temlyakov for 1 < p #g < oo
(10] and r > 1, and Belinsky [1] for 1 <p< g<ocoand 1/p—1/g <r < 1. The
asymptotic order of £,(SBy, o, Ly) was proved by Temlyakov [10] for 1 < p,q <
oo and 7 > 1, and Belinsky [1] for l1<p<g<ooandl/p—-1/g<r <1 Weare
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restricted to consider the case 1 < p,g < o0 of g, (SW;,Lq) and e,,(SB;lo,Lq).
See [1,11] for details of recent results on the cases p,g = 1,00 and § = co. The
asymptotic order of p, of the unit ball of the multivariate classical Sobolev space
was obtained by Ratsaby and Maiorov [8].

4. Theorem 1 is easily proved from Theorems 2 and 3 using the inequalitsr (2),
the well-known Littlewood-Paley theorem and the following

Lemma 1. Let the linear space L be equipped with two quasi-norms | - ||x and
Il - lly, and W be a subset of L. If em (W, X) >0, we have

€n+m (VV) Y) .<-. EN(SX: Y)em (Wa X)

In order to prove Theorems 2 and 3, we used non-linear n-term approxima-
tions with regard to the family formed from the integer translates of the mixed
dyadic scales of the tensor product multivariate de la Vallée Poussin kernel,
discretization methods, a lemma of Haussler on upper bound for the e-packing
number (see [8, Lemma 1]) and the following estimates of €, for sets in finite-
dimensional spaces.

For 0 < p < oo denote by I7' the space of all sequences z = {zx}ie, of

(complex) numbers, equipped with the quasi-norm [z|im = ()., |zk Ip)l/p

with the change to the max norm when p = oo.
Let 0 < p,# < 0o, N = {Ni }seq be a sequence of natural numbers with Q a
finite set of indices. Denote by bﬁ‘a the space of all such sequences

#:=Ae! hucgied{z} };-L"l}keq, for which the mixed quasi-norm

1/6
Jelby, = (T 1415 ) 0<o0
. keQ
is finite (the sum is changed to supremum for 6 = oc), where X* := I+, Let

SN, be the unit ball in b},

Lemma 2. Let 0 < p < 1. Then for any positive integer n we can explicitly
construct a subset M C I of cardinality |[M| < 2", and a mapping S: I} —» M
so that
en(By'rl0) < sup lz — S@)llig < Clp)Ap(m,n),
PSEy

where m-l/pz_"/m’ for n Z m

n~VPlog!P(m/n), for n<m.

Ap(m,n) = {

Lemma 3. Let 0 < p,6,7 < 00 and p < 6. Then for any positive integer
nEM =3, req Nk, we can explicitly construct a subset M C bg‘, of cardinality
|M| < 2*(™), and a mapping § : byly — M so that

en(SNg,bY ) < sup [lo - S(2)llby | < Cn7H/P|QP/THY/Pm1/0,
IGS:",

Remark. Lemma 2 was proved by Maiorov for the case p =1 (see, e.g., [10]) by

a method which is not suitable for the case p < 1.
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Corrigendum

The author would like to make a correction to the paper: Dinh Dung, On
asymptotic orders of n-term approximations and nonlinear n-widths, Vietnam
J. Math. 27 (4) (1999) 363-367. The assumption 7 > 1/p in the main re-
sults (Theorem) should be changed to the assumption: either 7 > 1/p or
r > (1/p—1/q)+ and 6 > min{q,2}. Therefore, the power of log in the asymp-
totic order n=" (logn)(¢~1(r+1/2-1/8) of ¢, (SB! ,,V,L,) and Y (SB} 4, Ly)
should be positive and the corresponding comments should be corrected. He
apologizes to the reader for this error.



