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Abstract. In this paper we use calibration method to study an absolute minimality
of networks in R™ with respect to the lagrangian of degree 1. The main results of the
paper can be used to find the networks minimizing a given parallel convex lagrangian

in R™.

1. Introduction

In the last few years, the networks of least length in R" with fixed ends M have
been studied by many authors, see for example [3-8]. In [3] the authors used
the calibration method to study the global minimality for Steiner networks with
respect to the Euclidean metric in R™. In this paper, by using calibration system
we prove that every locally L-minimal network is also absolutely L-minimal in
the class of networks of a fixed topological type. We also find conditions for a
network to be absolutely L-minimal in the class of all the networks with fixed
boundary points. The calibration systems were used first in [5].

2. Locally L-Minimal Networks are Also Absolutely L-Minimal in the
Class of Networks with the Same Topological Type in R"

Let R™ be the n-dimensional Euclidean space with scalar product (-) and norm
|.]. The tangent space R? to R™ at z can be identified with R®. We denote the
vector space of all real differentiable 1-forms on R® by Q!R".

Suppose that « is a differentiable 1-dimensional curve v : [a,b] —» R", s —
v(s), |§] = 1. By definition, for every 7,
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y(w) = / w(s, ¥ (s))ds, we QR s€r.

9.

Definition 1. A lagrangian of degree 1 on R" is a conlinuous mapping
l: R*"xR* >R, (¢ —E)

satisfying
1. U(z,a€) = la|l(z,€); Vz,£€R", a€R,
2. l(z,6) >0; VE#0, Vz e R".

Every lagrangian ! of degree 1 on R" defines a positively homogeneous func-
tional on the set of all the curves

Liy) = / I(s, 7 (5))ds.

Obviously, if ! is the norm functional |- |, then L(y) = |v|, where |v| is length of
.

Deflnition 2. A network in R® is any connected complez of 1-dimensional sim-
plezes.

A network without vertices of degree two is called a nondegenerate network.
Henceforth, we shall study only acyclic nondegenerate networks with boundary
coinciding with the vertices of degree 1. Such networks are called simply net-
works. Any path p in a network N from a boundary point A; to a boundary
point A; denoted by (A;iA;), which is called the mazimal path. A network is said
to be oriented if its sides can be oriented such that every two adjacent sides are
oriented oppositely to each other.

A system of the mazimal paths {Py,...,Pn} on N is independent if there is
no P,(a € {1,2, ..., m}), composed of some mazimal paths from

{Pi,e.,Payiues Pny=Piy e y—=Bysy ., = Pn}.

Definition 3. A system of mazimal paths {P;};jes on a network N is called a
basis on N if it satisfies the following conditions:

1. The system {P;j}jes is independent;

2. Every mazimal path on N is a combination of paths from {P;}jes.

Remarks. (See [2,3])

1. Every network in R" has exactly two orientations;

2. Every oriented network N with k boundary points has a basis consisting of
k — 1 maximal paths;

3. For every side a € N, we have

B / lz,G;)ds, and L(N)= Y L(a),

aeN
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where @, is the unit tangent vector to the side a at = € a.

Suppose that P is an arbitrary path in N consisting of the sides a1, ..., am.
Then

P(w) = /P w(z, P,)ds = Z/a, w(z, ;. )ds,

where P, is the unit tangent vector to P at = € P and &;, is the unit tangent
vector to a; at z € a;.

Theorem 1. Let N be an oriented network with k boundary points Ay, ..., Ax
in R® and with a basis of mazimal paths Py,..., P,_1. Suppose that there is a
system of k — 1 closed differential 1-forms wy, ..., wx_1 in Q'R", such that

(¥ g@w)@o<i=e), veerr,

jeds

and

( z £.‘i(a)wj)(zaax) =l(z,d;), Vre€a,

Jj€da

where @, is the unit tangent vector to a at = € a, J, = {jla € P;}, {(a) =1 if
a and P; are of the same orientation or §;(a) = —1, if a and P; have opposite
orientations. Then N is the L-minimizing network in the class of networks with
fized topological type. (Such system {w;}; is called a calibration system on R™
minimizing N ).
Proof. Let N’ be an oriented network belonging to the given topological type
of N. Assume that f : R®* — R is homomorphism, such that f(N) = N’
and f(A;) = Aj, for any j = 1,2,...,k. (The oriented on N’ is induced by the
oriented on N under f). Clearly, {P; = f(P1),...,P{_; = f(Pc-1)} is a basis of
maximal paths in N'. We have

L(N) =) L(a)

aeN

=Y [ lz,d)ds

eeN“E

=Y /(Z & (a)w;)(z, 8, )ds

aeN "% jeJ,

k-1 .
=Z/ w;(z, Pjz)ds
i=175

k-1
1 pt !
=Z/le(a: , P;)ds
i=1 PJ'
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Y [ (e, ands

a'eN’ a

< Z l(«',a,)ds
a'eN' o’

= Y L) =L@,
a’eN'

where o' = f(a),’ = f(z), 13;-,,,13_41, are the unit tangent vectors to P; and
P respectively at z, z’ and @, @, are the unit tangent vectors to a and a’
respectively. The theorem is proved. =

Now, we assume that & € R",|@d| = 1 and ! is a paralle] convex lagrangian.
Then, there is a differentiable 1-form w € Q'R", satisfying
(1) w(z,d) =Uz,@), VYzeR
(2) w(z,€) < Uz,6), Vz,zi €R".
Such 1-form w is called the 1-form induced by &. By using Theorem 1, we obtain
the following result.

Theorem 2. Suppose that | is a convez lagrangian on R*. Then, every locally
L-minimal oriented network consisting of straight line segment is also absolutely
L-minimal in the class of the networks of a fized topological type, with fized
boundary points.

Proof. We shall prove the theorem by induction on the number of nodes in the
network N. At first, we consider the case of N having one node B. We put

P, =(~a;) Ua,,
Py =(—-a;)Uas,

Py = (-a1) U a,

where a; denotes the side Baj, j = 1,2,...,k. Clearly, {P:,Ps,..., P} is a
basis of maximal paths for N. Let @; be the unit tangent vector to N on a;
and w; is the 1-form induced by &@;(j = 1,2,...,k). Then {we, w3, ..., wx} is
a calibration system L-minimizing N. Indeed, as we know in 4], since N is a
locally L-minimal network, we have

k
ij =0.
j=1

Now, for any = € N, we consider the following cases
(1) I z € a; then wj(z,djz) = Uz, 8;2),Vj and w;(z,§) < Uz, E), VE;
(2) If z € @ then
k
Y ~wi(2,852) = wi(2,812) = Uz, Gic),
j=2
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and p

Y ~w;(z,6) = wi(z,€) < Uz,E), VEER™

i=2

Thus, {ws,ws,...,w;} satisfies the conditions of Theorem 1 and N is the L-
minimizing network. Now, we consider an arbitrary locally L-minimal network
N with nodes By, By, ..., B, and the boundary points A;, Az, ..., Ax. Further,
assume that the statement of the theorem is true for the N with p — 1 nodes
By, By, ..., Bp_1 and the boundary points 41, A, ..., Aa, Bp(@ < k). 8o, in N,
the basis of maximal paths is

PJ = (AhAj)y .7 =2,3,.- ,a
PQ+1 =(A1,Bp).

There is the calibration system {ws,ws, ... , Wq, 0y } satisfying Theorem 1 (where
w; is induced by the unit tangent vector to the side a; crossing A; and 6, is
induced by the unit tangent vector by to the side b, crossing Bp).

In N, we choose the following basis of maximal paths:

P--—P,-,j=23 dae
Pai1 = (A14a41)

(Al Ak)

Suppose that Wa+1 € Q'R (i = 1,2, ..., k—a) is the 1-form induced by €ari(Qati)-Bati
(here, €n+i{aqn+:) are the sign of the 31de Ga+i in the path P,y; and @4 is the
unit tangent vector to the side a,4: crossing Aaqi).

We put W =wj;j=12,..,a

Then {wg,ws,...,w;} is the calibration system L-minimizing N. Indeed, for
proving that the system {we,ws,...,wx} is a calibration system, we need to
check this system by the conditions of Theorem 1 for following case:

(1) The side a does not belong to any path from {Ppy4,..., Pr}. We have

3 Eila)ym)(z,d:) = Y (&i(a)w;)(, &)

jE-fa jEJa
=l(z,d;), Vz€a,
and

Z (E—J (a‘)mj)(xaf) = Z (E,-(a)wj)(a:,ﬁ)

jel, j€Ja
< l(z,§), VEeR",
where J, = {jla € P;}.
(2) The side a belongs to Pat1.
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In this case the side a also belongs to Pa+ 1, .., P and further, assume that
the side a belongs to some paths P; , ..., P;, (2 < ji < a). We have

Ji

k
(3 &@w)@a) =Y E@v)ea) + Y. &@w;(zd)

jelJ, =5 j=a+l

Jt
=Y (&(@)w;)(z,8:) + & (by)0p(z, &2)
i=h
=l(z,8;), Vz€a

and

> &(a);(@,6) = (Zs;(a w; + &(55)6 ) (<€)

j€Ja J=n
<lz,£), VEeR".

(3) The side a belongs to the set {ag+1,...,ar}. We have
éj(a)wj(x’az) = l(z,d;); VYr€a

and }
€i(a)w;(z,€) < U(z,€); VEER™.

Thus, {s,..., Wk} satisfies the conditions of Theorem 1. The theorem is
proved. =

3. [-Minimizing Networks in the Class of Networks with Fixed Bound-
ary in R"

Suppose that N is an oriented network consisting of the straight segments in R
with k boundary points A, A, ..., Ax and nodes By, By, ..., By,. As we know in
[3], N has a finite sequence of embedded subnetworks

NiC Ny C ... CNP=N.

Here, N; has i nodes By, Ba, ..., B;. Let P; be the path from A; to A;,(j =
2,...,k). Let a; be the side ended at A;, @; be the unit tangent vector to
aj, and w; be the 1-form in R". Let b; be the side with the ends B;_,,B

b; the unit tangent to b; and @ the 1-form induced by b; (¢t = 2,...,p). For
every (8 =1,2,...,p), we put Jg = {j| theside a; -crosses Bg} and Ig =
{i| theside b; crosses Bg}.

Lemma 1. Assume that

ij+29,-=o; V6=1,2,..,p

Jj€Js jels

Then
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k
&i(aj)w; = &i(ar)w,

j=2
where §;(a;) is the sign of a; in P; (j = 1,2,...,k).
Proof. We shall prove the theorem by induction on the number of nodes 8. At
first we consider the case, where N has a single node B;. In this case G =
—¢&1(a1), for any j = 1,2,..., k. Further, we have J; = {1,2,...,k},I; = 0. Since
Z§=1 w; = 0, we obtain

k
Z &i(aj)w; = &1(ar)wy.

=2

Now, assume that N is a network with p nodes and N,_; is a subnetwork with
p — 1 nodes satisfying the conditions of the lemma. We consider the subnetwork
N consisting of B, and the sides crossing B,. Similarly to the proof above, we
get

Z &i(aj)w; = &p(bp)0p-

Jj€Jp,j#l
On the other hand,

p-1
Gla)wi =) Y &a)ws +&(b,)6,

B=1jeJg . j#1
p-1
=Y Y Glewi+ Y &lew
B=1jeJs,i#1 jed, j#l
k
= &(ashw;.
j=2
The lemma is proved. ™

Corollary 1. Assume that
Y owi+ Y 6=0, VBi=1.2,..,p

Jj€Js j€lp

Then

/ 0i(z, Ei:r:)ds = &i(b;) Z / &ilaj)w;(z, g,-,,)ds, where a; = {jlb; € P;}.
b; b;

j€a; v

Proof. We consider the following subnetwork
N' = (Ujeo, P \ (A1By)) U by,
where (A B;) is the path from A; to B;. By using Lemma 1 for N’, we obtain
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k p
LINY =Y l(a) + ) Ub)

j=1 i=2
k ?
= Z/ l(z, @i )ds + Z Iz, big)ds
j=1Y8; i=2

k

?
=Z/ wj(z,dj,)ds+2/ 8i(z,bi.)ds
aj i=2 bi

j=1
/ &i(a)w;
P;

/P , Ej(aj)wj
=3 f $ &(a5us(e! & )as

ceN' Y€ jeld.

< Z (', & )ds’

ceN’

=Y L(e) = L(N),

ceN’

k
i=2
k
j=2

where N' is any network having the same boundary points N, P} is the path
in N from A; to Aj, c is the side of N’ and J. = {J|c € Pj}. The theorem is

proved. =
Ezample. The following network is globally minimal in R® with boundary points

M, My, M3, My, Ms such that the angles at the nodes Ny, Np, N3 equal 120°
(via Euclide metric L).

M, M,
M, Mg

Note that many papers before devoted to the investigation of globally mini-
mal networks with only one node in considered networks.
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&(b) = &(aj)w;.
JE€a;

Hence, we get

/ 6, Biz)ds = £:(b) / :(0:)0: (=, B )ds
b,‘ bi
=€i(bi)/ Z & (a;)w;(z, biz )ds. [

b jea;
Corollary 2. Assume that

Y wi+ ) 6=0, V8i=1.2,..,p.

j€Js jeJ,

Then

JX:;-/P,- §;(a;)w; =jz:;/a,- w; +,-Z:1/b.~ 6.

Proof. We have

k k
,-;/P,- Eila)w =&(a) | Y &(a)w

ap J=2

k P
+Z§j(a,-)/ &;(a;)w; +Z£.-(b.-)/ D" &(ag)w;
i=2 a; i=2 b

P jEa;
k P
a1 j=278i i=2 b
k p
=Z/ 'LUJ'+Z/ 0;.
j=178; by

i=2
The corollary is proved. s

Theorem 3. Suppose that | is a convez lagrangian on R™ and N satisfies
S wi+ ) 6i=0, VBi=1,2,.,p,
jeJg Jjelg

and

(S &(enw) @8 <Uz8), VeeR,

jJET

where T is any subset of {1,2,...,k}. Then N is the absolutely L-minimal net-
work in the class of all the networks with fired boundary points.

Proof. We have
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