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Abstract. In this paper we use calibration method to study an absolute minimality
of networks in Rn with respect to the lagrangian of degree 1. The main results of the
paper can be used to find the networks minimizing a given parallel convex lagrangian
in R'.

1. Introduction

In the last few years, the networks of least length in IRn with fixed ends M have
been studied by many a,uthors, see for example [3-8], In [3] the authors used
the calibration method to study the global minimality for Steiner networks with
respect to the Euclidean metric in lR". In this paper, by using calibration system
we prove that every locally Lminimal network is also absolutely Lminimal in
the class of networks of a fixed topological type, We also find conditions for a
network to be absolutely Lminimal in the class of all the networks with fixed
boundary points. The calibration systems were used first in [5].

2. Locally LMinimal Networks are Also Absolutely LMinimal in the
Class of Networks with the Same Tbpological T\pe in R"

Let Rn be the n-dimensional Euclidean space with scalar product (.) and norm
l.l. The tangent space R] to R" at c can be identified with lR". We denote the
vector space of all real differentiable l-forms on IR" by OrR".

Suppose that ,y is a differentiable l-dimensional curve ? : [o, b] -' IR', I -'

r(s)' l i l : 1. BY definition, for every'y,
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Deffnition L. A lagrangian ol d,qree 1 on R is a qntinttous mopping

| :  IR'  x lR'  -  R, (c,()  - '  l (c,{)

satisfging
1.  t ( r ,64) :  la l l (c ,O;  Vc , f  e  Rn,  o  €  lR ,

2. l ( r , t )  > 0; V€ 10, Vr € R"'

Every lagrangian I of degree 1 on IR' defines a positively homogeneous func-
tional on the set of all the curves

L(t): [ 4",11"'11a".
J 1

Obviously, if t is the norm functional | ' l, then ,t(7) - l7l, where l'yl is length of
't.

Deflnition 2. A network in lR" rls any ennnuted e.ompler of l-dimensional sim-
plexes.

A network uithout uertices ol degrce two is called a nond,egenerate network,

Henceforth, we shall stud,y only acyclic nondegenerate networks with boundary
coinciding with the uertices of dqree l. Such networks ore ulled sirnply net'

works. Any poth p in a network N lrcm a boundary point A; to a boundary
point Ai denoted by (A;A1), uhich is called the rno,simal path. A network is said
to be ori,ented if its sides con be oriented such that euery tuo adiacent sides are

orientd oppositely to each other.
A system ol the ma,aimal paths {R, ... , P^} on N is i,ndependent il there is

no Po(a € {1,2, ..., m}), cornposed of some mwi,rnal paths from

{Pt ,  " '  r  Fo ,  " ' ,  P* ,  -Pr ,  " '  r  -For " ' ,  -P- } '

Deftnition 3, A system of monimal patlw {Pili6J on a network N is called a
bas'is on N if it satisf'es the following conditions:
L. The system {Pillet is independ'ent;
2. Euery ma.oimal path on N is a combination ol paths from {Pi),ie,t.

Remarks. (See [2,3])
1, Every network in IR" has exactly two orientations;
2. Every oriented network N with k boundary points has a basis consisting of

k - lmax imalPaths ;
3. For every side a € N, we have

L(a) :  [4r ,a;ar,  and L(N) : I t (o) ,
Ja  ceJV

t (w):  1, .G,y ' (s))ds,  
ro € OrRo, s € 7.
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where d, is the unit tangent vector to the side a at r € o.

Suppose that P is an arbitrary path in N consisting of the sides a1 ,...tem.
Then

p(ur) : [_.@,fl)ar:D I r@,ai)ds,
JP T J"t

where 4 is the unit tangent vector to P at r e P and di, is the unit tangent
vector to ai at x € ai,

Theorem l. Let N be an oriented network with k boundary points At,..., A*
in R and with a basis of madmal paths P1,..,,Pk-t. Suppose that there is a
sgstem olk-I closed differential L-formsrart..,sw1,-1 in OtlR', suchthat

( f  erto)rr){",e) < l(c,€),  v{ e IR",
j e Jn

and

( D er(o)'r){',a; : t(x,d,), Yr € a,
j € J "

where d,, is the unit tangent uutor to a dt r, e a, J" : {jla e Pil;, €i@) : L if
a and Pi are of the some orientation or (i(a) - -1, it a and Pi haue opposite
orientations. Then N is the L-minimizing network in the class ol networks with
fined topological type. (Such system ftai\1 is callel o calibration system on R'
rninimizing N ).

Proof. Let lV' be an oriented network belonging to the given topological type
of N. Assume that / : R' --+ R" is homomorphism, such that /(lV) : N'
and /(A1) :  Aj , for any j  -  I ,2, . ' . ,k.  (The or iented on N' is induced by the
oriented on N under /). Clearly, {Pi: Ier),..., Pi_r : /(Pr-r)} is a basis of
ma>cimal paths in N'. We have

L(/v) = D t(')
ae lV

f

:  t  /  l(x,d,,)d,s
o e N  J a

: D I t! {i{o)-1) (x,d,)ds
o e N  u  a  j e J o

& - l  t

.: )- I .,@,Fi)d,s
frJr'
t - l  t

: D /_. ui(r',F|,ira"'
i = t  

t  F i
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:,8, 1",{l €, {o' )')('" d'"' )d's'

s I [  .4, ' ,d,10,'
A t e N .  r O '

:  t  L(o ' ) :L(N') ,
o, eN,

where a' = I(a),d : !(t), Fir,Fjr,are the unit tangent vectors to P1 and
Pj respectively at r, c' and ii^ dr, are the unit tangent vectors to a and a'
rdspectively. The theorem is proved. r

Now, we a.$rume that d € R",ldl : 1 and I is a parallel convex lagrangian.
Then, there is a differentiable l-form u, € OlRn, satisfying
(1) tu(c, d) : l(a,d), Vc € R";
(2) w(r,O < l (" ,  €),  Vc, r i  € R'.

Such l-form tu is called the l-form induced by a-. By using Theorem 1, we obtain
the following result.

Theorem 2, Suppose that I is o @nuer lagrangian on R'. Then, euery lou'lly
L-minimol oriented, network consisting of straight line segrnent is olso absolutely
L-minimol in the class of the networks ol a ficed topologienl type, with fwed
bound,ary points.

Proof. We shall prove the theorem by induction on the number of nodes in the
network N. At first, we consider the case of N having one node B. We put

P2 : (-a1)U o2,

P 3 : ( - o 1 ) U a 3 ,

P1 : (--a1) U a1,

where oi  denotes the side Bai,  i  = 1,2,, . . ,k.  Clearly,  {P2,Ps,. . . ,P3} is a
basis of ma>cirrral paths for N. Let di be the unit tangent vector to N on a1
and ug is the l - form induced by di j  = 1,2, ' . ' ,k) '  Then {ur2,ur3,. . . ,urt}  is
a calibration system Lminimizing lV. Indeed' as we know in [4], since N is a
locally Lminimal network, we have

ft

Iti : o'
j = l

Now, for any x € N, we consider the following cases

(1) If c € ai then wi(x,di') : I(x,di,),Yi and tui (c, () J l(r, (), Vf ;
(2) It x € a1 then

k

D 
-rt  (r ,  d, i r)  = w1(x, d1,)  :  l (x,  d4"),

i=2
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and
,a

D-*,(' '€) : ' '(c'€) < t(r '€)' v{ e IR'"'
i=2

Thus, {tn2,ws,.,.,u*} satisfies the conditions of Theorem 1 and N is the L

minimizing network. Now, we consider an arbitrary locally Lminimal network
N with nodes 81 ,82,. . . , .B0 and the boundary points At,Az, ' . ' ,Ax'F\rr ther,
assume that the statement of the theorem is true for the lV with p - 1 nodes
Bt,Bzr. . . ,Bp-r and the boundary points At,Az,. . . ,Ao,Br(o < /c).  So, in N,
the basis of ma:cimal paths is

P i  :  (A1,  A i ) ,  i  :2 ,3 ,  . . .  ,a ,
Pc+l :  (At,Bp).

There is the calibration system {*2,*s,...,uator} satisfying Theorem 1 (where

u5 is induced by the unit tangent vector to the side oi crossing Ai and,0, is
induced by the unit tangent vector Do to the side bo crossing Bo),

In N, we choose the following basis of ma.:<imal paths:

P i  :  P i , i  : 2 , 3 , " ' , Q ,

Pa+r :  (Ar r4 .+r )

P1,:  (A1Ap).

Suppose that tlraa 1 € OlR" (i = I,2,... , k-a) is the 1-form induced bY {o+i (ao+ ;).da+;
(here, {oa1(ao+i) a,re the sign of the side oo+i in the path Pa1; and doa; is the
unit tangent vector to the side aoa; crossing A'+;).

W e  p u t  0 i : t u i i i : L , 2 , . . . , d .

Then {r4,uls,...,trrp} is the calibration system Lminimizing N. Indeed, for
proving that the system {rzr*s,...,uxl' is a calibration system, we need to
check this system by the conditions of Theorem 1 for following case:

(1) The side a does not belong to any path from {Po+ r , .'. , P* }. We have

315

I (€, (o)tr)(', d") = D (g@)w)(n,d',)
i eJ " i€ J"

: l (n,dr),  Vr € a,

a"nd 
D(gr('),ai)(",€): t(g(a)t4)(r,{)

j e J "

where J" : {ila e Pi}'

(2) The side a belongs to P"a1.

i e Jo

< l(",€), V{ e IR",
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In this case the side a also belongs to Po+r,...,Pr and further, assume that
the side a belongs to some paths Pi, , ... , Pi,Q < i, ( a). We have

and

i t  k

( I e,.t")rr) {", a") : t ((1@)a)(r,d,") + L €t@)a,(r, d,)
j e i "  i= i r  i=d+r

J t

: | {€i (") wi)@, d,) + ei (b)ep(r, d,)
J = l r

:  I (x,d,) ,  Yr e a

1 t

$(a) t4@,d, ) :  l ( x ,d , ) ;  Y t  €  a

$(a)fu(r,O S l(",€); V{ e IR".

satisfies the conditions of Theorem 1, The theorem is
I

3. LMinimizing Networks in the Class of Networks with Fixed Bound-
ary in IR"

Suppose that N is an oriented network consisting of the straight segments in IR"
with k boundary points At,Az,. . . ,Ap and nodes 81 ,82,. . . , .B0. Aswe know in

[3], N has a finite sequence of embedded subnetworks

N t C N 2 C . . ' C N p : N .

Here, Ni has i nodes Bt,B2,'. ',8;. Let Pi be the path from A1 to Ai,(j :

2,...,k). Let ai be the side ended at Ai, di be the unit tangent vector to
ai, and wi be the l-form in IR". Let br be the side with the ends Bi-r,B;;

6, ttr" unit tangent to b; and d the l-form induced UV dr(l :2,...,P)' For
every p(p :1,2,...,p), we put Jp : Ul the side ai crosses Bp\ and Ip :

{il the side b; crosses Bp}'

Lemma l. Assume that

D ,t + ! er = 6' Y0 : r,2,...  ,p.

|  € i ( " ) - i (c ,€)  :  (D er( r ) , , ,  +€1(Do)go)(c ,q;
i eJ " J = J  I

< l(",€), V{ e IR".

(3)  The s ide a belongs to the set  {aoa1, . . . ,ar } ,  We have

and

Thus,  { t2 ,2, . . . , t l t }
proved,

Then

j e J o i e lo



On the L-Minimizing Netuorks inRn

k

De,@t)rt: €r(ar)tur,
i = 2

uhere Q@i) is the sign of ai in Pi U : L,2,... ,k).

Proof. we shall prove the theorem by induction on the number of nodes f , At
first we consider the case, where /V has a single node 81 . In this case fi(ai) :
- ( r (o r ) ,  fo r  any  j  - -1 ,2 , . . . , k .F \ r r ther ,  we have J r  :  {1 ,2 , . . . , k } , / ,  :0 .  S in" "
D!=rr i :0,  we obtain

k

Iti{,)., = €r(41)ur1.
i = 2

Now, assume that N is a network with p nodes and lfo-1 is a subnetwork with
p - 1 nodes satisfying the conditions of the lemma. we consider the subnetwork
.fv consisting of B, and the sides crossing Bo. Similarly to the proof above, we
get

t
Jp 'i

€i@)ri : €,e(b)oe.

On the other hand.
p - l

€r(a1)to1 =!  D Ei@). i+€*e')0e
9=1  i eJe , i * r
p - l

: \ . r
.(-/ .(J

p=r  j eJp , i * r i eJe , j * r
k

= \ € i @ i ) q .

i=2

The lemma is proved,

Corollary L. Assume that
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* tj e

fi@1)q + D €i@).i

D ,, + )- d, : g, Ygj : r,2,... ,p.
jeJa ie Io

Then

uhere o; : {jlbi e Pi}.

Proof. We consider the following subnetwork

1,r' - (Uieoi Pj \ (.4rBi)) U bi,

where (ArBt) is the path from A1 to 81. By using Lemma 1 for N,, we obtain

lu t,@,8,,1d": €,(b,)I lu e,t").,{x,6;")d,s,
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proved.
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k p

, (N):  D,(r r )  +t t (b i )
i = l  i = 2

k r P

=D I t(r,d,i)its+f l(r,d;,;as
i= l  r  o i  i=2

= 
2 I ",w 

i (n' d i )ds * 
E I r,o i(x'i; ')d's

: i / €i@).i
i1rPi

k r
: I / Ei@i)wi

F_zt 
pi

c€ JV'

where N, is any network having the same boundary points N, Pj is. the path

in lV trom Al io Ai, c is the side of N' and J" = {Jlc e ei}' The theorem is

= t [ 2 ett"sui(r',a',)ds'
c e M , r c  i e J ,

s t l(n',i l,)ds'
ceNt

:  D L(c): r(N'),

Exarnple, The following network is globally minimal in Rn with boundary points

Mr, Mr, Ms, M+,Ms iuch that the angles at the nodes N1 ' N2' Ns equal 120'

(via Euclide metric .L).

Note that many papers before devoted to the investigation of globally mini-

mal networks with only one node in considered networks'

M2
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{ '(h) : I Ei@i)q.
, €  a i

Hence, we get

t - f

J r,t,(",6;,)d,s 
: q,1ur) 

J 6 Q(b;)oi(r,6;,)ds

: €i(br) t D (i@)wi@,6*yar. r
Jb; if,ai

Corollary 2. Assume thot

D .t  + !  0, :  g, Y1i :  ! ,2,. . . ,P'
i eJo  ieJ t

Then k  ^  f t  ^  & r
D l -€ i@)wi=D I  q+l  l .  e , .
i=2 

r  r i  i= l  
r  o;  

i=2 
r  o;

Prcof. We have

&  r  r I
D, I €i@i)wi =€r(ar) | \€i@').1
j --z J Pi r at i=z

* i*,t",1 l" e,to),,+ f e,ta,) 1,,2,€i@)wi
i=2 

r  o i

r k l P r= 1 , ' + D l , t * D l r , ,
J ar i-_2 J 

"i 7=2 Ja,

k r P l

: D I  q + l I e ; .
i = l  

r  a i  i =2  r  o i

The corollary is proved. I

Theorem 3. Suppose that I is a, conuex lagrcngian on Rn and N sotisfies

D r, + | a, = 6, Y1i = 1,2,'.. ,P,
i eJs  ie lo

and' 
(De,t's',){",e) < t(",€), v( e R',

j e T

where T is any subset ol {I,2,... , k}. Then N is the absolutelg L-minimal net-
work in the class ol all the networks uith fl.red boundary points.

Prool. We have
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