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1. Introduction

Consider singular integral equations of the form

Ko:=(Ko+T)p =, (*)
where

ﬂ

(Kop)(t) = a(t)y —b(—tz/ ol dT (To)(t) == /T(t,T)(p(T)d’T.
T i

It is known that the characteristic equation and its associated characteristic
equation admit effective solutions. In general, equations of the form (x) do not
admit effective solutions. However, there are some sufficient conditions which
are given by Samko and Mau (see [2]) such that the equation () can be solved
effectively. In order to get other sufficient conditions for kernel T'(t,7), we con-
sider a problem on characterization of singular integral equations, i.e. we find
the operators T such that equations () can be reduced to either Kop = g or
the generalized characteristic equation (Ko + To)¢ = g where Tp is a compact
operator with the kernel Ty(t,7) satisfying sufficient conditions which are given
by the authors mentioned above.

This report deals with characterization of the singular integral equations
with a regular part that has degenerated kernel to the characteristic equation.

Let T be a simple regular closed arc and let X be the space H*(T') (0 < p <

1), L(X) be the space of all linear operators acting on X. Denote by D™ the

domain bounded by T' and D~ its complement including the point at infinity.

Consider complete singular integral equations of the form
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where

s = 3 [ £,

T—1
r
ar(t)br(7); @(t), f(1),a(t), b(t), ax(?), be(t) € X (k = 1,...,n),
) or all t € I, {ax(t)}k=1,..n is & linearly independent system,
Y£0(k=1,..,n),0£ e C.

=

.....

(Ko) (1) = alt)olt) + B)(Sp)(1),
_ 1 " B b()Z(t) [ o(r) dr
(Bo)0) = oo o000~ 22 F/ o,

where
) J— a(T)—bh(T)
red) '1“(7 n[r;a—hm) ;
Z(t)=e dr, = IndKjy.
T—1
Denote

k if k>0,
= F=1-RK,.
o {0 if k<0, 0

Lemma 1. The following equality holds

F)t) = - u(@)ee)  om X,
k=0

where @o(t) =0, v;(t) = [a*(t) - b2(t)]—1b(t)Z(t)tj‘1 (j=1,...,60) and uk(p)
(k=0,...,50) are linear functionals which are defined by

0 if k=0,
uk(p) =3 1 /Zij{—qﬂ+ji/fgﬁmdm-Uk:lwwm,

2mi f el (™) m) -7
T T

where T~ (t) is a boundary value of the function I'(z) in D~ .

Let A = [K; ]:::i be an (n + ko) X (n + Ko) matrix that is defined by
complex numbers K, where

1+ K, ifj=k,
jk={ gk (5,k=1,...,n+ ko)

K}, if j # k,
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and

A [bi(t)(Rag)(t)dt if jjk=1,..,n,
T
[ bi(t)pr—n(t)dt if j=1,....,n, k=n+1,..,n+ ko,

Ky, r (2)
Atj_n(Ra) ifji=n+1,...,n+kKy k=1,...,0,
Uj—n (Ph—n) if j,k=n+1,...,n4 Kg.

Let A*(p) be an (n + ko) x (n + ko) matrix, obtained from A replacing the
k*h-column by the v(¢) column, where

7(0) = [(11(9),¥2(2)s s Vo ()]

Jb;0)(Re)(®)dt if j=1,...,n, (3)
vi() = { r

Uj—n (Rp) ifj=n+1,..,n+ Ko

Set A = det A and Ag(p) = det A*(p).

Theorem 1. If A # 0, then the equation (I?K ©)(t) = (K f)(t) is the charac-
teristic equation, where

Ag(p)
A

E=1-Ty, Me)t)=2r)
k=1

O (t)

Proof. Tt is easy to check that K e L(X) and domK = domR D ImK.
We have

(KK)(t) = (I - T1)(K¢)(t)

where
o = /bk(t)cp(t)dt, kr=rl T,
r

Using (2), (3) and Lemma 1, we obtain

[h(0)[0t) + SR B dt 5 =1,...,m,

vi(Ke)=q " ’

Uj—n [W(t) + Y ﬂkw(t)] if j=n+1,..,n+ ko
n+kKo n+ro

=ﬂ] il Z /BkK‘;'k = Z /Bk:Kjk:a .7= 17'"7n+’{‘01
k=1 k=1

where
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ag if k= 1,...,n,
Br = :
Up—p fk=n+1,..,n+ kg,

A(Rag)(t) fk=1,..,n,
Pr(t) = .
Ok—n(t) if k=n+1,..,n+ ke
Thus
Ak(Kgo)zﬁkA, k=1,....,n+xg
and

Z é“_(f_@ak(t) = Zﬂkak(t) = Zakak(t)'
k=1 k=1

This implies
(KK p)(t) = a(t)p(t) + b(t)(Sp)(t) = (Kf)(2).

The theorem is proved. [ ]

Consider now the case A = 0. o
Suppose that r is the rank of matrix A and A = [K,,,, ]
of A such that

T . .
. is a submatrix
J.k=1

A’ = detA # 0,

h ; e
where ve <vj, pe < py if k<j (G k=1,..,7),
V1, V2, .y Vey H15 B2; -0 s Bm 6{1,2,...,n},

Vetl;Vet2; vy Vry tmt1; Um42, -y tr € {’I’L +1Ln+ 2’ eyt K/O}~

Let A"* () be an r x r matrix, obtained from A replacing the k**-column by
the [, (©), You (©); - s Yo (9)] T -column, where v, (@) (j = 1,...,7) are defined
by (3) and set A}, (v) = det A" ().

The set of all equations of the form

(Kop)(®) + 1D d(D)vr(p) = f(2)
k=1

will be denoted by Hj, , where {di(t)}k=1,....s is a linearly independent system
in X, 0# vy € X* (k=1,...,s) are linear functionals, f(¢) € X is a given
function, 0 # A € C.

Denote HY, = {(Kop)(t) = F(&) | /(1) € X},

8
Hi, =\ Hi,.
=0
Evidently, every equation of the form (1) belongs to H .

By similar arguments as in the proof of Theorem 1, we obtain
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Theorem 2. If A’ # 0, then the equation (KKo)(t) = (Kf)(t) belongs to
H}rgno—r’ where

=~ i A'
K=I1-T, (Tyo)t _AZ:

L(®).

Corollary 1. Suppose that ux(p) = ex (k = 0,...,K0), ex € C are the given

complez numbers. If A" # 0 then the equation (I? Kyp) = (I? @) belongs to
Hy ™, where

R:I—n,

|“l: - AL‘] ((P)
TQ()O (t = >\ Z A" P'k (t) + Z AI SO.U'j —"(t)
j=m+1
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