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1. Introduction

Consider singular integral equations of the form

Kg :: (Ko -lT)p : l,

where

(Kop)(t) : :  a(t)p(t).Y I **. (rv)Q),: 
I  

,U'r)eft)d'r.
f l

It is known that the characteristic equation and its associated characteristic

equation admit effective solutions. In general, equations of the form (x) do not

admit effective solutions. However, there are some suffrcient conditions which

are given by samko and Mau (see [2]) such that the equation (x) can be solved

effectively. In order to get other sufficient conditions for kernel T(t,r), we con-

sider a problem on characterization of singular integral equations, i.e. we find

the operators ? such that equations (*) can be reduced to either KoP : g or

the generalized characteristic equatio" (K0 + To)p : I where ?o is a compact

operator with the kernel Tg(t,r) satisfying sufficient conditions which are given

by the authors mentioned above.
This report deals with characterization of the singular integral equations

with a regular part that has degenerated kernel to the characteristic equation.

Let I be a simple regular closed arc and let X be the space I{t'(f) (0 < l, <

7), L(X) be the space of all linear operators acting on X. Denote by D+ the

d.omain bound.ed by f and D- its complement including the point at infinity.

Consider complete singular integral equations of the form
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wnere

(se)(t) :: t f lh,," 'd  '

T . ( t , r ) : D T : r a p ( t ) b p ( r ) ; , p ( t ) , f ( t ) , a ( t ) , b ( t ) , a p ( t ) , b e ( t ) e X ( k : r , . . . , n ) ,
a(t) +b(t) + 0 for all t € l, {ot(t)}n:r,..,,, is a linearly independent system,
b * ( t )  l 0  ( / c  :  l ,  . . .  , n ) , 0  I  I  e  C .

Denote

(xe)(t) : :  a(t) + b(t)(Sp)(t) + ^ [ T^Q,r)eQ)ar : f(t),  (1)
J
I

(x od (t) : a(t) cp (t) + b(t) (srp) (t),

(Re)(t) : Ff@@l"orot - WP 
! ffi *),

where

I

Denote
o o : { : ' : ^ . a : '  F : r - R K o .

1 . 0  i f  r c ( 0 ,

Lemma L. The followi,ng equali,ty holds

@d@: - i un(P)Pn(t) on x,
k:0

where 4s(t) : 0, I j(t) : la2(t) 
- b'(t)]-'u1t!z1t1ti-' (i :1, ... , rco) and, u1,(p)

(,k : 0, ... , rco) are I'inear funct'ionals which are def'ned bg

(  o  i , f  k : 0 ,

u n ( p ) :  {  :  t # l - , p ( , ) * !  [ r ( ' , )  a , , ] a ,  i f  k : r , . . . , K 0 ,
|  

2 T i  I  e r - ( " )  L  r \ '  /  '  
r i ,  I  1 1 -  r " ' ' J - '

where f- (t) 'is a boundarg ualue of the funct'ion l(z) i.n D- .

Let A: lXirli,l"ll .b" utr (n+ ns) x (n4- rcs) matrix that is defined by
complex numbers Ki*, where

( L + K ' , . ,  I f  i : k .
K i n :  

\  * l -  
r n  

r t  i  + k ,  
( i ' k : l ' " ' ' n r n s )
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and

Let Ak(,p) be an (n + K0) x (n + ns) matrix, obtained from "4 replacing the

kth-column by the 7(9) column, where

l (p)  :  [ ( l r (P) ,  lz(P) ,  " ' t ' fn tno(d] '  ,

(  [  b j \ t ) (Rp ) ( t ) d t  t f  j  -  r , . . .  , n ,  ( 3 )
t i ( p ) :  I  I

I  u i - " ( R P )  i f  i  :  n  *  1 , . . .  , n l  K o .

Set A : det,4 and Ln(p) : det Ak(p).

Theorem 1. If L f 0, then the equation 1kX971t1 : (kil(t) i's the charac-

terist'ic equat'ion, where

k : r - Tt, (T1e)(t) : s 
L-!ptr"(t).

k :7

Proof . It is easy to check that k € L6) and dom.fr : domB ) ImK .
We have

1k x e11t1 : e - r,)(K p)(t)
:  a(t)p(t)  + b(t)(scp)(t)

* ̂ i a1,a1"(t)- )i bfgor(il,
K:L  K :T

where
I

" r  
:  

J  
bp( t )e f t )d t ,  k  :  r , . . . ,n .

I

Using (2), (3) and Lemma 1, we obtain

( [otfOfr(tt + DI:i" 1n,t'ft)fat ir j - r,...,n,
r 6 d :  {  "J \ 

[ ,r-, [r(t) + t;]f ' P*,h@f ir i : n+ 1, ... ,n t ns

: oi t"f u*^|r: 
"i 

BpKin, i : r,... ,TL t tlo,
K:L  K :L

where



82 Nguyen Tan Hoa

Br :  {  " *  
t . r - f :  r '  " ' 'n '

I  u r - ,  i f  k : n  + 1 . . . . , n 1 n o ,

$n(t) :  {  
x{aa1)!t)  

"": :  
r '  " ' ' f r '

I  px - " ( t )  1 f  k  :  n  - t  I ,  . . .  ,n  I  Ko .

Thus

An(Kp)  :  /nL ,  k  :  1 , . . .  , r1*  Ko

and
f l  A  / r z . _ l  n  n

t 1!fr2 a1,(t) : I A*ar,(t) : \ a1"a*(t).
h :L  k : I  k=L

This implies

1k x e11t! : a(t)e(t) + b(t)(s Qft) : G il(t).
The theorem is provec. r

Consider now the case A :0.

Suppose that r is the rank of matrix A and,A : lK,,r^fl,*:, tr a submatrix
of,4 such that

L ' : d e t A # 0 ,

where
vp  1u j ,  I , t n  <  l t j  i f  k  <  j  ( j , k  :  I , . . .  , r ) ,

u L t t / 2 t . . .  , l / e ,  l . r t ,  H 2 t . . .  t  F *  €  { I , 2 r . . .  , n } ,

U e l t t U e i y t  . . .  t U r t  p m l t t  p m l 2 t . . .  ,  F ,  €  { n  I  I r n  1 2 r . . .  , n  +  K O ) .

LetApn (p) b" an r x r rnatrix, obtained fuomA replacing the /cth-column by
the 17,,(p),"y,,(p),... ,1",(p)lT-column, where ̂ t",(p) (j : 1,... , r) are defined

bv (3) and set L'ro(p) : aetA" (p).
The set of all equations of the form

(Kop)( t ) *  ̂ i  d ,1"( t )u1, (Q:  f  Q)
K:T

will be denoted by H"6o, where {dy.(l)}*:r,...," is a linearly independent system
in X, 0 # un e X- (k - 1,...,s) are l inear functionals, /(l) € X is a given
f u n c t i o n , 0 l , \ e C .

Denote
H?<o : {@od(t) : f (t) | f (t) € x},

fr"n": U "f.l :o

Evidently, every equation of the form (1) belongs to Hfro.

By similar arguments as in the proof of Theorem 1, we obtain
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Theorem 2. If L' + 0, then the equat'ion 1kXp11t7 : (rtilQ) belongs to
fip+^o-", where

ft: r -rz, (rzd4):  ̂i LJpo,^{t).
tr-_L

Corol lary L.  Suppose thatup(g) :  en (k :0, . : ,Ko) ,  en € C are the g ' iuen

compler numbers. If L' + 0 then the equat'i,on (frXd : (fril(t) belongs to
fr2;*, ,h"r"

k : r - r ; ,

(rld(t):^i a,nQ)+ i 
^Jfvr,-.(t).

k : I  j :m+ t
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