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1. Introduction and the Results

For each integer n) l, the n-dimensional Hardy operator 1/' is defined by

(H.f)(*t, ... ,rn) : Io"' lr"" 
f (a,., .. '  ,an)dh...dan

for 11,... ,rn ) 0 and all measurable functions f (", " ' ,nn) ) 0'

Throughout this paper it is assumed that

l < p l Q ( o o ,  P ' : h ,

and

u - -  u(r1, . . .  ,nn)  and o :  u(At , . . .  ,Un)  are weights in  the sense that

0 < ff '  J;"" o'-, '  (ar,... ,an)dh... dan < * and /f i ttr"u(r1, " ' ,rn)
dr r . . . d rn  (  oo  f o r  a l l  R r , . . . ,  R r  )  0 .

The boundedness of Hn from the weighted Lebesgue space .Le(u)

,Le (] 0, m [', u (h, ..., U n) d'y1... d'A ) into .Lq (z) : trq (] 0, crcln, u(r 1, " ', r n) dr 1 "' dt n)

is aiso denoteJ by H- t ro@) -- Lq(u) and means that for some constant C > 0

( f  I f ,  @- f )n ( *1 ,  " '  , rn )u( r1 ,  " '  , rn )d ' t1 " '  o ' * ) t '
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= 
"(tr  

. . .  I f ,  fo(ar,. . . ,an)u(ar,. . . ,un)av.. .  da.) ( 1 . 1 )

for all functions / : f (yt,... ,Un) ) 0.
Interest on (1.1) comes from the fact that this inequality often arises in

n-dimensional weighted norm inequalities for many classical operators such as
strong maximal operators, Fourier and multiple Hilbert transforms 12,3,71.

Our purpose in this paper is to characterize weights u: u(n1.)...,rn) and
u : a(yt,... ,an) on ]0' m[' for which (1.1) does hold and provided that tr., :

ur-p' (Ar,... ,Un) satisfies both the doubling condition

lo'" ' " '  fo'^" 
t" ' '  " ' 'an)dY1"' .Yn

. 
"o lo^ l ro 

w(h, . . . ,an)d.y1. . .dyn

and the reverse doubling assumption

Io'-r'^' "' Io'-r" 
"^ w(at' "' 'a-)d'v"' d'vn

tRt  rR^
1 g')-( tetat+ *r^"* '  

Jo J,  
u(u'  " '  'an)dy1" '  dyn'

( r .2)

(1 .3 )

In (1.2) and (1.3) the nonnegative constants cd) cr) at,...,an are fi.xed and
do not depend on the arbitrary reals ft1, ... , Rn ) 0 and integers k1., ... ,kn ) 0.

A characterization of (general) weights u and u for which H" : Le(u) -- Lq(u)
are wel l -knownfor  n:  1 [1,5]  and for  n:2 l7 l .  But  the problem remains
unsolved for n ) 3, expect when the weights are of product types in the sense
that

u ( r t , . . .  , r n )  :  u / r t )  x  . . .  x  un ( rn )  and  u (91 ,  . . .  , un )  :  u t ( y r )  x  . . .  x  u - ( y - ) .

Indeed for such weights the problem is reduced to a superposition of one-
dimensional boundednesses fI1 : Ln(u1) --+ Lq(u,i), z e {1,...,n}.Another ap-
proach can be found in [a] . BV this note we expect to bring a little contribution
to the aforementioned open question, by completely solving the case when the
weight ul-p' satisfies (1.2) and (1.3). Particularly a full solution to the bound-
edness H. : Le(I) -- Lq(u) is obtained here.

In order to give an example of weights satisfying (1.2) and (1.3), Iet us
consider an increasing function cp :]0, oo[-']0, ool with p(.) € 42 in the sense
that for some constant c ) 0

qQt) < ca(t) for all t > 0.

And define

w(A t , . . .  ,An )  :  p (A t  +  . . .  t  A " )  f o r  a l l  U r , . . .  ,An  )  0 .  ( 1 .4 )

Then such a weight Tr.' (not necessarily of product type) satisfies (1.2) and (1.3)
with o,1 - 1,... ,en : l. This claim wil l be justif ied in the proof of the below
Proposition.
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A natural necessary condition for Hn : Le(u) --- t'q(u) is that for some
constant A > 0

( l r^  fo ' *  
u ' - ' '  (Y ' '  " ' 'an)dY' " 'da ' )

r2Rn f  l /q

J  ̂ ^ 
u(r t ,  . . .  , rn)d,r1.. .  O"-)  x

/  r  Rt  rRn \  1/P'

(/ Jr 
't-o'(a' '  " '  'a'Jdar"'da')

U; II' '. ' ' " 'rn)d'r1"'o*-)' 'n '

< A (1 .5 )

for all Rr,...,Rn ) 0. For n: 1 (1.5) is also known, [1,5], to be a sufficient
condition for (1.1). However this is not the case for n : 2 as was proved in

[7] . For n 2 2 it can be easily proved, by applying induction arguments and
Minkowski inequality, that (1.1) is equivalent to (1.5) whenever the weights are
of product type.

Our main result of this paper states that condition (1.5) is equivalent to the
boundedness Hn: trn(u) ---+ ta(z) whenever the weight u): n\-p' satisfies (1.2)
and  (1 .3 ) .

Theorem. Assume that uL-p' satisfi,es both the doubli,ng cond,ition (I.2) and the
reuerse doubling assumpt'ion (1.3). Then a necessary and suffic'ient cond'it'ion for
H.: Ln(u) -+ Lq(u) i,s that for some constant A) 0

< A (1.6)

for all Rr,...,Rn t 0. Precisely, the boundedness (1.1) with some constant
C > 0 implies cond'it ' ion (1.6) with A : C. And conuersely, (I.6) with some
constant A implies (I.l) wi,th C : cA where c) 0 depends only on n, p, q and
the constaruts cdl cr, eLt ... t an ' inuolaed in assumpt'ions (7.2) and (1.3).

Since (1.1) + (t.5) + (1.6) then our. task here wil l remain to prove
the implication (1.6) + (1.1). Readers who are familiarized with weighted
inequalities theory may observe the similarity between our above result with that
for maximal operators 16] for which.some A- Muckenhoupt condition (see [2] for
the definition) is required for u7-p' to get the boundedness. Both assumptions
(1.2) and (1.3) are somewhat weaker than ,4! condition generally introduced
and used to study behaviour of classical operators on product spaces 12].

The above Theorem can be used to derive boundedness results for variants
of the operator I/, Iike

(Hi,f)(,,,... ,rn) : I": I: f (v,, ... ,an)d,v.-- avn

and

(Hf')(,,,...,rn): fo"' I,: 1""" 1,"" 
' 
l-:
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For instance, by duality argument) the boundedness fIfi : Le(u) ---+ trc(z) is
equivalent to Hn i Ls'(ul-s') -+ Lp'(uL-p' ) with q' : ql(q - 1). Consequently
if u(.) satisfies both (1.2) and (1.3) then a necessary and sufficient condition for
Hfi: Le(a) ---+ Lq(u) is

/  rRt  rR" \  r /q

(/, J" 
u(rr, ... ,r-)du.'. dr, 

) 
x

/  f2?t  fzR" 1 _,  ,  
' ,7 /P'

l l  I  o ' -o ' (a " " ' ' a ' )da t " ' da " l  <A
\JR, J a^ /

for all R1 , ...,Rn ) 0. For the operator 11, changes of variables lead to see that

H : Le(u) --- ' Lq(u)isequivalent to H : LP@|@-t)Ozn@-r)u(yr,yi|,at,...,An-t,ail))
- -  7a (n|2 r  r ' r ( r r ,  r i l ,  f r2 ,  .  "  t  f rn-r  t  

" ; ' ) ) .
We will end with an explicit example of weights u and u (not necessarily of

product types) for which (1.1) is true.

Proposi t ion.  Let  rp : ]0 ,m[-- ]0,oo1be an' increasing funct ' ion wi th 9( . )  €  Az.

Define the weights

u ( r r , . . . , r n )  :  r ; k / n '  + t )  x  . . .  x  a - k / n ' + r )  r - o / n '  ( r r  ) -  . . . ' f  r , )

a n d  
u ( a t ,  " ' , a n )  :  g . - P ( Y t  - l  " '  - f  u i l '

Then the bou,ndedness Hn : Le(u) - t'I(u) holds.

2. Proofs of Results

Since, for the n-dimensional setting, things are often heavy to write then it is

better to shorten by introducing some notations as

(O ,  * )  : ] 0 ,  oo [ " : ] 0 ,  oo I x . . .  x ]0 ,  m [ ,

(O,R) :10, f t11x. . .  x l0 ,  R '1,
(R,  - )  : ]R1,  ooIx . . .  x ]R ' ,  mI

for  R :  (Rr ,  . . .  ,  Rn)  € (O,  @),

l l @ / -

I  g ( ; r - ) dx :  |  .  I  9 ( r t , . . . , r , ) d r t . . . d rn
J ( o . - ) - '  J o  J o

and

f  f r t  f * "

I  f } ) a v : l  I  f ( a r , . . . , a . ) d a t . . . d a " : @ " f ) ( x ) .
J { o . x )  J 0  J o

With these notations the boundedness iI' : Le(u) -- Lq(u) can be written as

(1.,",-, f.{.,",-, r $)av]n,(*)a*)''' = 
" (l *,*, /o(v)'(v y")' /' 1z t1
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for all functions f : f $) 20.

Proof of Theorem

This result will immediately follow from the next two Lemmas'

Lemma L. If for some constants A > O and e > |
.  r  , " / ( p t e )
(  I  u,-P'(z\dz\ ' '  x
\J(o,n) /

r  I  f  t  f  ,  \ - L / e  "  ,  1 q / P

I l  l  ( l  , '-o' (z)d,z) , '- ' '  (v)av l u(x)dx < Aq (2.2)
Jxe(R,o)  LJve(o,x)  \Jze (o,y)  /  )

for att R e < 0,oo ), then the boundedness Hn: Le(u) -. Lq(u) holds with the

constant C : A.

Proof. Fory. x €( 0, oo ), Iet us defi.ne p(v) : (1",r1 ur-o' (r)dz)@-r)/e uno

/  ,  r - r / e  ,

o(*) : Ip,*1p'-o' (v)u|-o' (v)dv : .L.(o,*) (1.<o,rl rr-n' @)dz) ur-p' $)dv'

With these notations, condition (2.2) is the same as

e@l I s*1x;u1x)d*fo'n < * for all v c (0,m).
LJ (v , - )  I

And this last inequality implies H.: Le(u) -' Lq(u) or (2'1) since

/  t  r  f  1 q  1 r / o
( l  l l  r& )av l ' z ( x )dx )
\ J x e ( O , m )  L J y E ( O , x )

/  r  r  f  r €  "  \ P / s
s ( l  . l  |  - ,^ . f ' (v) ' (v)e(v)avleo; '(x)u(x)dx)

\ J x e  ( o , o )  L J y 6 ( O ' x )

by the Hcjlder inequalitY

= [ /o(v),(v) vtv[ [ .so/n'1*1u61a*fo/n dv
Jy6 (o ,m)  LJxe  (Y ,m)

by the Minkowski inequality since 9 > 1

< A, I fo(y)u(y)dy.
J ( O , m )

Lemma 2. suppose that assumptions (7.2) and (1.3) are sat'isfied with u :

1)1-p' Then cond'iti,on (1.6), w'ith some constant A ) 0, 'impl'ies (2.2) (for all

e > 7) wi,th the constant A: cA; where c depends on n', p, q and cr, cd, arl "' ) an
' inuolued i ,n  (1.2)  and (L.3) .

Proof. This result lies on the existence of a constant ca ) 0 (depending on c4,

c-) such that
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f  r  f  ,  . . - l l e  ,  /  f  '  t , l / e '

1.,o,*, U.ro,"r 
ur-n' @)dz) uL-p'(v)dv < 

"o (fo,*r u'-o' ( ')dv) 
' 

Q'3)

for all x e (0,m) and where as usual e' : €lG - 1). The proof of (2.3) will be
postponed below. For now, let us see how inequality (2.2) can be derived from
condition (1.6) under assumptions (1.2) and (1.3). For simplicity of expression,
the multiple sum

m @ @

t t is denoted uy I.

Moreover let 1 : (1, ... , 1),

2k  :  ( 2k ' , . . .  , 2k * )  wheneve r  k  :  ( k r ,  . . .  , l t n )  € )  -  oo ,  . . .  ,  - 1 ,0 ,  1 ,  . . .  ,  oo { '

and for  x :  ( r r ,  . . .  , f rn) ,  y  :  (W, . . .  ,Ur)  € (0,  oo)  def ine

x * y  :  ( r t + A t , . . . , r n l U n ) ,  x ' y  :  r r U r l - . . .  - l - f i n a n ,

xV :  ( r tyr ,  . . .  ,  f rnUn),  (* ,  y)  : l r t ,  Ur lx . . .  x) rn,  anl .

Therefore the conclusion arises as follows

,  f  ,  n t ( p t e )

(  I  uL-p ' (z )dz) " ' '  x
\ J  (o .R)  /

t  l t  (t  orn'p)dz\-t/ 'r t-o'(v)avln/o'r1*7d*
Jxe (R,o)  l Jye  (o ,x )  \Jze  (o ,y )  /  )

f  t , a / @ ' r ) [  l l  t o ' , t , 1 q / \ P ' e ' \
s a( |  , r-n '@)a21 t  |  |  a '  o (v)dvl  z(x)dx by (2.3)

J (O ,R )  Jxe  (R .m) ' r y€ (O .x )

: " , i  ( [  ^ ; -n '@)d.z )q" ' 'n  [  ._  . -  |  [  _ ,^  , r ' - , ' t v )dv ] ' /@' )u1*1d*
f i 'o 'J(o,n) JxepkR.2k+1R) LJve (0,*)

= ", if / u(x)dx) x- 
3o 

\J(ru*,2*+1R) /

(  
[  ; -n '  @)dz)a/{n ' ' t  7 [ ,^  ^ ,* , - , r t -o '  

( idv)q/ \p 'e ' )
\"/1o,ny z \J(o,2t+'R)

@

= "r i 
z-u ̂ q/(p'4 ( [ r1*la*) ( / ur-o' (y)d,y\o/o- - 

?_-_-o 
\rf12*11.2t+rp; ' / \J1o,zun; '- '  - /

by using assumptions (1.2) and (1.3)
m

l  czAqT 2-u'"0/@'r) : czAq by condition (1.6).
k:o

Finally inequality (2.3) will also follow from assumptions (1.2) and (1.3) since

@

\-
Z2

k i : o kz:O kn:O
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t ( t ,1)1-p'@)az)-'/ ', '-o'(y)d.yJyq (o , x )  \ J z6 (o , y )

: i /  ( t  , , t ) l -p,(z)dz)- ' / , , , - , , (y)d,y
/ : sJve?- ts+1)x ,2  

i x )  \ Jze  (o ,Y)

=  i (  t  . ,  . t r L -p ' ( z )dz ; - ' "  (  [ , ^  , . , . . ^  ,  u l -o ' ( y )dy )- 
fii 

\./1o,2-o*'r*i / \J 12-rr+r)x.2-ix)

t "^i 
( [ ,'-o' (y)dy\t/' by assumption (1.2)

fi 
\'/4o'z-i*) '

= "r(i 
2-i'att/t))(1",_, ,'-r'(iay)'/' by assumption (1.3)

j :o

:  
" " (  [  . " - o ' ( " ) d " ) ' /  

r
rJ (o,x)

Proof of the Proposit'ion

By the above theorem, the task is to check condition (1.6) and to see that tl :

ar-p'(y) satisfies both the growth assumptions (1.2) and (1.3). For notations

convenience let us introduce for x: (rt,... ,rn) € (0, oo):

* . : f i t * . . .  l f r n ,  x l  : f i r x . . .  x f i n

and
x 1  : r l x . ' . x r l ,  x ^ : 1 1 ' x . . '  x r f l "

whenever ? €] -m, oo[  and a:  (ar ,  . . . ,en)  € (0 '  oo) .
Since g(.) is an increasing function, then

t  f-n'(z)d,zS p(E) x R1
J(o,R)

a n d r r

I  "$)d,v 
. r-a/n'(R) I Y-G/n'+t)4"

J (R ,2R)  . r (R ,m)

I c19-a/n' (E) x (R1;-clr '

where c1 ) 0 depends only on n, p and q. Therefore condition (1.6) is satisfied
since

(.1*,,*,'t" )o')"n (1" r "-o' 
(4d')'/o

f  ^  r ^ ,  . : ,  , - t  ,  - -  1 ^ , 1 1 / Q  f  , : .  -  r 1 L / P '< czle-e/n' (tr) x (Rr)-t/n')-'' ' l,r(E) " 
R'l : c2.

The doubling assumption (1.2) is true since, for w : ur-p' (y),

I .&)ay < ca,p(2R) 
" 

Rt < cae(2-rE) x (2-1R)1 by e(.) e A2
J (o,2R)

= "n I 
p(fldv t 'n I w(Y)dY'

J  (2 -1R ,R )  r  ( 0 ,R )
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And the reverse doubling condition (1.3) arises as follows

f
I ,@)dv < e(E) (2-kR)1 because eO ,/

J (o,2-kR)

< 
"s2-k' 'p(2-1R) 

x (z-rR)r since cp(.) e A2

3 cs2-u't I ,$)dv.
J (o ,R )
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