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l-. Introduction

Linear implicit difference equations (LIDEs)

Annn+ t :  B , rn  +  q "  (n  e  N ) .  ( 1 )

where,4r,B, € lR-x-, en € IR- are given and the matrices An are singular
for all n, may be regarded as discrete analogues of linear differential-algebraic
equations (DAEs), which have attracted much attention of 'researchers (see [3-
5]). Recently) some concepts and techniques proposed in 15] for studying DAEs
have been developed in our paper 16] on LIDEs.

The main results of [6] can be summarized as follows:

(i) Using singular-value decompositions (SVDs) of An, we have introduced the
notion of index-l LIDEs. It has been shown that the index of LIDEs does not
depend on the choice of SVDs of ,4,. The unique solvability of some initial-value
problems (IVPs) for index-1 LIDEs has been proved.

(ii) Under some additional conditions, the solvability of the mentioned above
IVPs for more general cases, where Ker, n+L CKerAn or rankArll ) rankAn
for all n € N has been.established.

(iii) The multipoint boundary-value problem (MPBVP):

(2)

(3)

(t i  :  0,  . . .  , l t r  -  1),
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when ly' becomes large, represents a large-scale system of m(l{ * 1) Iinear equa-
tions. If LIDE (2) has index-l, a regrrlarity condition for MPBVP (2) and (3)
has been introduced. It has been proved that the regularity of MPBVP (2), (3)
is a necessary and sufficient condition for its unique solvability.

In this paper we derive a necessary and sufficient condition for the solvability
of MPBVP (2), (3) when the regularity condition does not hold. Then combin-
ing our results in both regular and irregular cases) we arrive at a Fledholm
alternative for special large-scale systems of linear equations (2), (3).

2. Preliminaries

According to 16], LIDE (2) is said to be of index-1, if:

( i )  rank,  ,  :  r  (n-  0, . . . , Iy '  -  1) ,  where 0 < r  < rn.

(i i) The matrices Gn '.: An + BnVnQV[*, are nonsingular for n:0, ..., N- 1.

whe re  ,4 ,  : :  [ JnEnV[ *1  i s  a  SVD o f  An ,  E ,  : :  d i ag (o f ) ,  . . . , o f ) , 0 , . . . , 0 )

is a diagonal matrix with singular values ol]) , of) > .. > 
"[{) 

) 0 on
the main diagonal and Un V"+t) are orthonormal matrices, whose columns
are left (right) singular vectors of A. (n - 0, ... ,ltr - 1) respectively. Finally,

Q :: diag(O,,1*-,) where Or and 16 (k : 1,...,rn) stand for the lc x k zero
matrices and the ,k x k identity matrices respectively. For k : m, we simply
denote O'.: O^ and I :: I^.

In the rest of this paper, we assume that (2) is an index-l LIDE. Let
P : :  I  -  Q;  Vo : :  I ;  Qn , :  V.QV{;  Pn : :  I  -  Q^;  Fn : :  I  -  Q,V^V#tG;r  B.
( 0  < r S l / - 1 ) ;

n - I

Mf) , , :  I  c ; ' - r - *an-r -n (n:  1 ,  . . . ,  l , l )
k -O

and  R : :  d i ag (P ,Qn) .

The fundamental solution of equations AnXnal . BnXn (r, : 0, ... , N - 1)

can be determined as X6 :: Po; Xn :: htWP, (n : I,.-., N - 1) and

Xr,, :: PNMff)r. Further, we define the matrix (DICNQN), whose columns

are the columns of the so-called shooting matrix I : Df;:o C,Xn and. the
matrix CwQN.Obviously, KerR C Ker(D|CryQ,rr).

3. Main Result

Lemma 1. The d'imens'ions of KerR andKer(DlCyQx) are'independent on
the cho'ice of SVDs of A. (n - 0,..,,Iy' - 1), rnoreoaer, dimKerR : m and,
dimKer(DlC7', '8ry) : '  p > m.

Following 16] we say that MPBVP (2), (3) is regular if

Ker.R: Ker(DlC1,'Qry). (4)
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As a direct consequence of Lemma 1 we have

Corollary 1. The MPBVP (2), (3) is regular i'f and only if P : m and 'its

regularity does not depend on the choice of SVDs of A-'

The following fact has been proved in [6]:

Theorem 1. suppose that the LIDE (2) is of i,nder-l then the regularity of

MPBVP (2), (3) ,is a necessary and suffic,ient cond'it',ion for its un'ique soluability.

Now we turn to the irregular case, where p > nx'

matrices

Q n : :  ( x n u o ^ + ,  x r u ? - + " . - . x - u o r )  €  R m x ( p - m )  ( r : 0 , ' . . , N -  1 )

and

O1,, :: (X N uo*+t + Q N ul-+t X N uo*+z't Q N ul-+z . .' X Nuoe + Q x ul)

a pmx(P-m).

F\rrther, let us consider a linear operator acting in X: pm(N*l), defined by

N

2a  =  ( (Ash -  Bo ro )7 , . . - , (AN- t r ru  -Bn - r r r y - l ) " ,  (  Cnnn ) r )T

Lemma 2.  KerL:  { ( (ooo) t ,  " ' ,  ( (Druo) t )T :  a  € Ro-*} '

Set
zs : :  -QV{ Go t  qo ;  z1 : :  P1G sr  qo -  VQV{ G , '  q t ;

n -2

z- , :  P. ( lMPr-oGn'or  - f  G, !1q^-)  -v .gvf* rGntqn (n:2, " ' ,N -  t ) ;
i :0

N _ 2  N

zry ::  P1,r( |  ul!)r-rGu'qo + Grl-rqru-r); ' l* : : 'v -DC.,. '

i :O  n :O

Let W be a row matrix whose rows are vectors wf, 1t : I,..., q) of the basis of

Ker(DICNQN)r.

Now we are able to state the main result of this paper'

Theorem 2, Suppose that the LIDE (2), (3) i,s of ,ind,er-l and p > rn. Then the

IiIPBVP (2), (3) is solaable i,f and onty if Wl* :0- Moreouer a general solut'i'on

o/ (2), (3) can be represented as:
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|  * n  :  X - x $  - l  z n l  Q n a  ( t  :  0 , . . . , N  -  1 ) ,

t r, : X1rrf, * zN * Qr,r€* * O1,.o, 
(5)

where a € lRp-- ,is an arb,itrary uector; (16', €.')' : (DlCnQN)+f and,
(DICNQN)+ is the general' ized'inuerse'in Moore-Penrose's sense of (DICNQN).

Combining Theorem 1 and Theorem 2 we come to the following.

Corollary 2. (Fledholm alternative) Assume that (2) 'is an'index-l LIDE and
Iet P ;: dimKer(DlC1' Q y). Then:

Il Either p : m and the MPBVP (2), (3) 'is uniquely soluable for any data

e n  ( n : 0 , . . . , N  - l )  a n d 1 .

2l Or p > m and the MPBVP (2), (3) is soluable i,f and only i,f

W'y* :0  (6 )

Moreouer, there holds the solut'ion formula (5).

4. Example

Consider MPBVP (2), (3) with the following data:

/ " G  \
Q n : l  |  ( " r : 0 , . . . , 1 / - 1 )  ( 7 )

\ -2r,, 1 /
and 

/  t  -n  1  \  / r , \C . : l  3 n " - I l  ( n : 0 , . . . , N ) ;  . t : l i f  t a l
\  z"  n /  \ r r /

w h e r e 7 a  € R  ( ? :  )  a n d  N € N i s l a r g e e n o u g h .

Let  An:  (JnDnV[* ,  (n:0,  ' . .  ,  N -  1) ;  be a SVD of  An,  where x '  :

/ 2 "  #  0 \
d iag(o, lJ ) ,o*) ,0) ; " { } )  >ot ' )  >0 and V,a1 :o ; ' l  +  -nr t  

h l ,
\ +  n r t  % l

where  an :  (n4  t70n2  * I *  ( n2  +7 ) (na  *10n2  * l ) r / z1 t ' 12 '
bn :  n2 + |  + (n4 *  Lon2 + l )L/2.

Since

Gs ( i  i  #) 
andGn:;(: ,  

*  ,r)  
(n:r"r tr- l )
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are nonsingular, the LIDE (2) with data (7), (8) is of index-l.
F\rrther computation gives:

/ t  - N 2 - 1 . 5 1 , / - 0 . 5  o \  . ,  / o  1 - t /  1 - t r l \
D : 1 9  ? { r + o _ b  o l ; c N e N : ; l o  4 N - 1  4 N - 1 1 ,

\ r  t ' l2 -1 .bt /  o l  " \o  BN s.^r  I

therefore p :: dimKer(DlCuQ N) : 4 > m :: 3.
Since Ker(DlCxQx)' :  Span{(-1,-1,1)"}  i t  fo l lows W: (- I  -  1 1).

/ o \  / " - 1 \  /  r u - 1  \Bes ides ,  
"o :  |  0  l ;  z . :  I  n  |  ( " :  1 , . . . , . ^ ' / -1 )andzTy :  |  0 .5 ( l f -1 )  |

\1 /  \  1  /  \ -o .s1 ,nr r - ry /
Thus,

N

7*  : : . y  -DC. t ^
n:o

(  N 2 + t  4 t / 3 - 7 N - 3  4 t t r 3 + B N 2 - z N \ r: \ t t -  
2  , i r -  

A  
, i 3 - - -  

6  )

Condition (6) implies that

73 : 'n + 12 (9)

Thus, relation (9) is a necessary and sufficient condition for the solvability of
MPBVP (2), (3) with data (7), (8).
Now let, for example, 7 : (0.5,0.5, 1)". Flom (5) it follows that

. ,  / - i @ N n  + 8 N 3  -  1 0 t r 2 + N + 6 ) +  ( z N 3 + z N 2 ) r \
z o : a ^ i l [  ( A N - r ) t  f '^ \  4 N - r  /

r n  :  ( n  -  |  -  t ,  n - t t ,  l ) r  ( n  :  1 , . . . , N  -  1 )  a n d

. ,  /  ( 4 N - - 1 ) ( N - 1 - r )  \
, r N : , , ^ -  |  t ( - a , n r t  + r 2 N 2  - 8 N + 9 ) + ( - z N 2 + 2 N  _  1 ) r  l ,arr - I  

\  *(-alrt - r2N2 +22N + 3) - (2N2 +2N)t I

where f € IR is an arbitrarv real nrrmber.
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