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Abstract. This paper deals with a^n implicit free boundary problem for heat equa-

tion. The method of semi-discretization with respect to f is proposed for proving the

existence of the solution.

L. Introductiori

Consider the following free boundary problem:

Problem (P). Find a pair {u(r,t),s(t)} such that the following equation and

conditions are satisfied:

3) 'Ltaa -'t ' t4: o in D7' (1'1)

u ( r , 0 )  : p ( r ) ,  Q 1 r < b ,  ( 1 . 2 )

z ( O , t ) : f { t ) ,  O < t < T ,  ( 1 . 3 )

u ( s ( t ) , t ) :  f 2 ( s ( t ) , t ) ,  o  S t  < 7 ,  ( 1 . 4 )

u ' , ( s ( t ) , t ) : g ( s ( t ) , t ) ,  0 < t < 7 ,  ( 1 . 5 )

p(r), f{t), lz(r,t), g(r,t) being given functions, b, ? being given positive

constants.

This problem is the mathematical model of the earth compaction and seepage

with variable porosity taking into account the effect of molecularly bound water

[3]. It is observed that the seepage holds if and only if the gradient of pressure

u exceeds some threshold value g. Hence the line t : s(t) is the boundary
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between the region in which the seepage holds and.the region in which there is

no seepage.
Irrlnis problem, the derivative s'(t) does not appear explicitly on the free

boundary conditions as in the Stefan-like problems. For this reason the problem

(P) is called implicit free boundary problem'

A somewha-t unified technique has been developed for solving Stefan-like

problem: the problem is transformed into an equivalent integral equation and

lhen attacked by using a fixed point argument (see for instance [4]). The exis-

tence of the solution of o,t. problem (P) is established by using the method of

semi-discretization with respect to t. This scheme has been used by T' D' Ventsel

[g], Nguyen Dinh Tii [7,8]. Gary G. Sackett [6] for somewhat different problems.

ittotfr*t method for solving Cauchy type free boundary problem for nonlinear

parabolic equations can be found in [2]'
The plan of this paper is the following. In Sec. 2 the uniqueness of the

solution is obtained. The existence of the solution and the asymptotic behaviour

of the solution when t ---+ *oo are established in Sec' 3'

2. Uniqueness of the Solution

Theorem ! ,  Assumethat thefunct ions f i ( t ) ,  fL"@,t) ,  f l r ( * , t ) ,  g( t , t ) ,  gL@'t ) '

g"(n)  are cont inuous,  f i ( t )  S 0,  f l " ( , , t )  < 0,  f i t@,t )  10,  g(r , t )  > 0 '

s',d,'t) ) 0,9"(r) < 0. Then the problem (P) cannot haue more than one

solution satisfying ds I dt > 0.

Proof. The function q i: ut satisfies the equation

Qt -  Q"t  :0  in  Dr

and the conditions

q ( r , 0 )  :  9 " ( r ) (  0 ,  0  1  r  ( b ,

q ( 0 , t )  :  f ' L ( t ) 5 0 ,  0 S t 1 T ,

,nnr  - , t ) t :  0 ,  0  1  r  (s ( r )  :  
o2r t5  { " r ( t ) ,  t r ( i ) } ,  0  S t  <  T ,

satisfying the conditions

r, ,(2,0) :  0,

a* (o , t )  :  0 .

(2 .1 )

(2 .2 )

(2.3)

q(s(r), t) :  l f ["(s(t), t) - s' ,(s(t),  t)]s'(t) + f!rr(s(t), t) < 0, 0 < t <' ' ,r .n,

By the maximum principle, we get q(r,t) : u1(r,t) : urr(x,') < 0 in Dr'

Since u"(s( t ) , t )  :  s(s( t ) , f )  > 0,  we have u,( r , t )  )  0  in  D7'

Srrppose'that the'problem (P) has two solutions: (tt( '),u1(r,t)) and

(sz( t ) , iz( t ) ) .  Then u(r , t )  :  u t ( r , t )  -  u2(r , t )  is  the solut ion of  the equat ion

(2.5)

(2.6)

(2.7)

Hence o 
"uo 

r"h."ositive maximum or negative minimum only on r : s(t). If

s(t) : s1(f), we have
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?J(5( t ) ,  t )  :  . , r ( " r ( t ) ,  t )  _  u2(s1( t ) , t )  :  " fz(" r ( ' ) ,  
t )  _  u2(s] t ) , t )

> fz(sz( t ) , t )  
-  uz(sr( t )  , t )  :  uz(sz( t )  , t )  -  u2 (s1 ( t )  '  t )

:  [s2( t )  
-  s{ t ) ]u ! r , (€( t ) , t )  > 0 '  ( ( f )  €  (51( t ) 'sz( t ) ) '

u ' , (s( t ) , t )  :  u 'n(sr( t ) , t )  -  u ! r* (s{ t ) ' t )  :9(s1( t ) '  t )  -  u ! " (s{ t ) ' t )

< g(sz( t ) , t )  -  u !2,Q{t ) ' t )  :  u ! " (s2( t ) ' t )  -  u ! " " (s1( t ) ' t )

:  [s2( t )  
-  s1( t ) )u! / ** ( t i ( t ) , t )  < 0,  l ( t )  €  (s l ( t ) ' " ' ( t ) ) '

It is a contradiction. We get the same conclusion if s(t) : t'11;' I

Corollary. We haue the followi'ng estimation

s(r) < X, Vt e [0,?]

where X is the solution of the equation

ns(r,O) - fz(r,0) + /r(") :  0

Proo!. Since ur, I O, u, ) O in D7, we get

s(,)< *%#"=a{tb#@

(2.8)

(2.e)

I 'e '  
s( t )e(s( t ) ,0)  -  /2(s( i ) ,0)  + / r ( " )  < 0 '  (2 '10)

It is easy to check that the equation (2'9) has a unique solution X and from

(2.10) we obtain the estimation (2'8)' r

3. Existence of the Solution

Theorem 2. Under the assumPtions'  
, , t )  e  C2'2(Q7),  g(r , t )  €  C2'2(Q7') '
' ) ;

l), vr e [o,a];
> 0, fLr(', ') - / i(t) > 0'
, Y ( t , t )  e  Q 7 ;
= 9(b,0) '  9"(0)  :  / { (0) '
D) satisfying s'(t) ) 0.

proof. Thesemi-discretization method is applied for producing approximations:

we approximate the derivative with respect to t by a finite difierence and leave z

ascontinuousvariable.Thi,,"h"*"leadstoarecursivefamilyoffreeboundary
problems for ordinary differential equations of second order'

Let tn - nLt, with At > 0'

un(r )  :  u( r ' tn) '  sn:  s( tn)1 5o :  b '

The problem (P) is approximated by the following problems (P')'
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Problem (P,). Find apair {un(n),s,} satisfying

u . ( r ) - u n - L ( r )  _ ^ . r t _
f f i : u i J ( r ) ,  Q ( s ( s n ,  ( 8 . 1 )

u s ( r ) : g ( r ) ,  0 ( r ( s o ,  ( 3 . 2 )

u"(0) : ft(t-), (3.3)

un(sn) :  fz(sn, tn) ,  (3.4)

" ! " (s")  
:  9(sn, tn) .  (3.5)

We have to prove:
1) the existence and uniqueness of the solution of problems (P,);
2) the uniform boundedness of some quantities, to be used for establishing the

convergence of the approximation scheme;
3) the convergence of the scheme.

3.1. Existence and Uniqueness of the Solution of Problem (P,)

Proposition L. For Lt sufficiently small, the problem (P^) has a unique solu-
t ion {un(r ) ,sn}  such that  sn }  sn.  1,  Yn.

Proof. We put

un (n ) :  f z ( sn , t n1*g (sn , tn ) (n -sn ) ,  i f r  >  s ' .

The general solution of (3.1) is
g

0

An, Bn being arbitrary constants. Flom (3.3)-(3.5) we get

fz(s*,t .)ch-ft  -  r /Ats(s., t .)sh$: f i ( t ,)  + + / , , ,-r(€)rh *U\/At \/At \/LtJ \/Lt

Consequently, we have to prove that there exists a unique zero sn ) sr_1 for
the function

o, (s) : fz!, t-)ch-L^ - t/ Lt s (s,t, )sn 
7h

r i F- hft) - ---- / u,-1({)sh-*U. (3.6)
\/At J t/At

For this, it is sufficient to show inductively that for At small enough

O , ( s , - 1 )  > 0 ,  O l ( s , - 1 )  < 0 ,  O i i ( " )  < 0  f o r s ) s 2 - 1 .

We will use the notation
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Lh(., t-) : h(., tn) - h(.,tn-r),

Lz  h ( , t , )  :  A (Ah ( . ,  t ' ) ) .

We have

@l(,,-,) : "!InIHt'h%; -r fL,(,n-,,t.)cnft
- J Lt g',(s*-r, t)shft - 9 (sn-r, t-)chsft ,

a n d f o r s ) s . - 1

6iG) : f{,,(s,t.)ch nfu * ftr;,a, t.)sh 
"k

+ frUrt", 
t-) - fz(r.-r,tn-t) - 9(sn-t,i"-r)(s - sn-l)lch-9-

t/ Lt

- J Ltsi,G, t-)sh;fu - 2s|G, t)cn;k

-  
hlsG,t.)* 

s(s'-r ,  t , -1)]sh-! '
\/ Lt

Because f t *  <0 ,  f i r<0 ,  g  )  0 ,  g ' *>  0 ,  weget  O ' ' ( " " - t )  (  0  andwi th  A t
sufficiently small Ofl(s) ( 0 for s ) s'-1'

Now we will prove by induction that O'(s'-t) > 0' For n: 1 we have

ol(b) : fz(b,t)chft - t /  Lt s(b,t,)rh#
b

r t (- f { t ) - f f iJvGhnfuae.
0

By integrating the last term by parts and using the compatibility conditions, we

get

or(b) : lfr(a,tr)- fz(b,01]"n{ - '//r, lo4,tr)- s4,ol]sn{L /  r - \ - , - t J  
, o r o  

L e \  r  ' '  
t / L t

+ l/r(o) - /,(t,)l -'(N I v"G)"nla,'  t, v/\t

: LllzJ.,U, - yr{rr)l - t/x&/1a,tr)(1 - 
"-*)

-,tN i lr",r, - N*D * {N"-#J'n*',
0

Sinie 9"(r) - flr(b,t) < 0, for At sufficiently small, the kernel of the last term
is negative and this term is predominant. Hence Ol(b) > 0'

Moving on to the induction step, using the induction hypothesis that
O.-r(sr-r)  :  0,  we get
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O,(s. - r )  :  @,(s, - r )  -  iD._r(s,_ i )

: L fz(s n-r, t.)ch\ - t/ X l,g 1t,- r, r, )sh# - L I {t.)\/ At t/ Lt
s n _ l

t f f- 
w J Au,_1({)shfud.e

0

:  Llfz(,n"-1,,rn) - f t(t-) l-  r/xng!,-r,t ,)(1 -; '#)

-,/N I 1tu"-{€) - 
a'fz(st ut^) * u6Lg(sr-1,t.)lrn-Lar.

J L Lt Lt Lt 1"".r/Ar*''
U

We will prove that for At sufficiently small and for 0 ( r I sn_1,
Lu"-t(r) - A&(t=ld . o, (3.2)a t  a t  - - '

the kernel of the last term is negative and this term is predominant. Hence
O"(s"-r)  )  0.  We put

q n - t ( n ) :  1

Q.-t(r) : Qn-t(n) - 
at2(sna'tn) 

'

The function Q"-r(*) satisfies the following relations

Qn- t ( sn - r ) :  
L t

L, f2(sn-1,  t - )

Lt
r  ,  L 2  f 2 f t n - t , t n )  ,:  -L r- f f  *  g(sn_2,tn_2)

- fl,(€r,r.-r)o#] . o,

since f!!r, > 0, g > 0, ft, < 0; €r € (sn_2, sn_L)t

/) ,  /^ 1 -  9(sn-r, tn-r)  -  g(sn-z,tn-z)
V n _ t \ s n _ L t  _  

A ,

_  L .g (sn- t , tn_ l )  
*  

Ac  .

At ' sL\z,t.-r)-fit, o,

since gj > O, gL ) 0, 6z € (sn-2,",-r). Because the right-hand side of (3.g) is a
negative constant and because Qn_r(sn_1) < 0, Q,,_r(t,_r) ) 0, it follows that

Q . - r ( r ) < 0  f o r  n € ( s n - 2 , s , - 1 ) ,  ( B . g )
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and, a fortiori, Qn-t(sn-t) < 0' On the interval [0, s.-z] we have

e'i,-r(*) - Q^-{r):-Q'-z(t) : *-il#@ 
,

Q,-r(o) : !# - L'fz(st-r't^)

_ -Llfz(s.t, t*) 
- 

{{t ,) l+ L2h(t^) 
.0,- A t

for At small enough, since flr@,t) - f'r(t) > 0,

eo(r): e"(*) - 4*4 . o

for tr sufficiently small, since p"(r) - flr(b,0) < 0. Because the right hand side

of (3.10) is positive, So(z) < 0, Q'-r(0) ( 0, Q'-r(sn-z) <-0, we obtain

(3.10)

Q.-r(r)  <0 for r  e [0,  s ' -2] . (3 .11)

The estimation (3.6) is deduced from (3.8) and (3.10). The proof is complete.

3.2. Some a Priori Estimations

Proposition 2. We haue

sn 1 X,  Yn, (3 .12)

where x ,is the solution of the equation (2.9), and for euery n, for t e [0,s']

(3.13)

(3.14)

(3.15)

(3.16)

tui@)t:l@.#=!lls v,,
,u'.(*)l I Mz'

lu^(* ) l1  Mz,

lL t ^1 .  Mo ,
l a f l -

M,i o,re the pos'itiue constants which do not depend on r, n, At'

Proof. tuom (3.7) it follows that

utl(r1 : q^(r) s 
oJ#l = o, vn, Yr e [0, s,],

and for At small enough, since f!2r(r,t) < 0, and

l " l@)l:  lq '(r) l  s ,"526." l f l '@,t) l :  
Mt '

Since u/r(r) decreases on [0,s.], u!-(s*):9(sn,t-) ) 0, we have z' '(r) > 0 on

[0, s,]. b""uor" 
"!,i,@) 

< 0, u!-(r) > 0 on [0, s'], we get (3'12) as in the corollary

of Pr'oposition 1. the estimations (3.14), (3.15) are deduced easily from (3.13).

Because
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en(sn)  -  fz(sn ' tn)-  [z(s-- r ' tn-1)  'As,
L t  9 ( sn - r ' t - - r )G ,

and both terms of the right-hand side are negative, we obtain
,  . A s -

9\sn-t,t .-r) Lt 
< 14,(s,;1 S Mt.

Consequently

min oh. t \
( r , t ) eQr " '  '

- Ma.

Proposition 3, We haue for euery n, for r € [0, sr_r]

l q " ( " ) l : l u i ' @ ) l S M s .

M1t A s -  t
l - .-- : l  <t a r t -

(3.17)

Proof. The function zn(n) :: ql (z) satisfies the following relations

z i@)  :  
z " ( t )  - -z^ - t ( r ) ,  

o  <  r  I  sn- t ,' L t ' ,

z s ( r ) : g " , ( r ) ,  0 1 r 1 b ,

zn(sn-t) - 
g(sn'tn) - g(sn-r'tn-t) 

- 
*"i*rl

: g't(sn,T) + s'r(e4,t, '4"" ,, , - ' Asn
"-r)-E 

-  1I ;((3J 
A, ,

€s € (s '-r ,  sn),  €+ € (" ,-r ,  sn),  r  e.  ( tn-t , tn).Hence

Ito(r)l < o?;gu lp"'(*)l : Ma, Vo e [0, b]

lz.- t (s.-r) l  S ,_-* .  ls!@,t) l  + max ls '"@,t) l  .  Ma + MtM+ - M7.(a,t)eer @,t)eer

We need a bound for zn(O) and to this end we introduce two Bernstein agxiliary
functions

nu6 : q.(x) - AP * Mse-Msn, o S r S ft,
where the positive constants Me, Mg will be chosen later with # = u (see [1]).
we get Ms

, .-t,, , EA_ h*-r4 _ ^,,(r\ _ q^(r) - q.a(r)n; \r) :  ei.  Lt

r M^M?e-M", * a2 h(t.)' 
at2

= MsMly-Mn' * 
L2 ftlt^)

' L t 2 ' ,

the right-hand side is positive f.or MsMs large enough, independent of the sign
ot_f{@. Thus hf (a) takes its maximal value for i:0, r-:0, or r: l/Mg.
We have
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h[101: 74r,
. * / l 1  u  1 r  V g s z u r * U g . M " ,nr\*")  :  n" \w)-  q ' (o)  * ' "  -  e

if Me is chosen larger than 4M1,

nt' @) : p"'(r) - M6Mse-Mn" S o?;g, lp"'(r)l - 
*'{n 

. o

for Ms large enough. Consequently, h[(r) takes its maximal value on n : 0,
hence hf'(o) S o, or

s ; Q ) - M a M s < 0 .

The similar argument applied to h;(r) yields qi(0) -t M6Ms 2 0. ConsequentlS

1" " (0 ) l1  MsMs,

1""(")l : lq"(")l ( max(M6, M7, MsMs) - Ms. I

Proposition 4. We haue for euery n, for r e [0, s'-z]

Proof. The function rn(r) :: lq"(") - q"a(r)llAt satisfies the following rela-
tions

,  0 S t r 1 s n - 2 ,

, @ @ ) ,  |  1 r  < b ,

a" f ,(t.)
at2 ',

un(sn-z )  -  2un-1(sn-z )  - l  un-2(s" -2 )

Ltz

r i @ ) :

rs(r) :

r,(o) :

rn (sn-z )  :

(3 .18)

(3.1e)

(3.20)L2sn  a:a  
orz 

J-1r t

where
a:  f l , (€s, tn- t )  -  g(sn- t , t , - r )  (  0 ,  €s € (s , -2,  s , - r ) ,

A is uniformly bounded with respect to r, n, Lt,
A z

r'^(r.-z): gffi + A,
where

0 : l7'"(€u, tn_r) - u! l_ tG ̂ _t) l

{ lfi,(€r,t--t) - 9(4*-t,'.-r)l(* * +) t o,

(3.21)
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€o € (s ' -2,  s , - r ) ,  tz  € (sn-z,s ' -1) .  FYom (3 '20) '  (3 '21)  we get

grn( tn.2)  -  ar ' . (s . -2) :  BA- aB'  (3 '22)

If lr,(r)l takes its maximal value at c :0, then

1,"(r)l s o?,%. lf i'(t)l - Mt2.

If lr,(r)l takes its maximal value on n : 1, then

lr.(r)l < o?p,lp"'(r)l- 
Mrc'

If lrr(r)l takes its maximal value at r : sn-2t then both rn(sn-z) and' r'-(s"-2)

are positive, or negative. Thus the two terms of the right-hand side of (3'22)

have the same sign. ConsequentlY,

1" , ( " ) l  S- .L ,  - -  ^ .  rqq l  IBA-aBl -  Mv.
("fr1%" lsL@, t)l (r,t) eQ r

In any case) we obtain

lr.(")l I max(Mp, Mn, Mv) - Mrc'

From (3.17) we get

l4?l < - .l-,--- (Mv.rmaxl.4l) - Mr. I
I Ltz | ("frl%" g(r,t)'

3.3. The Convergence of the Scheme

ur(z) and sn are defined only on the line t: tn. By linear interpolation we

put  for  (n -  l )At  1t  l  nLt

s^t1 t ;  :#r -+#r- - r ,

uor ( * , t )  : t  
-  ( n : l ) L t  

u .@)  +#u . - r ( r ) .

Flom the estimations (3.12), (3.16), (3.19) it follows that the families

, \ r tr"lQl1"" '( t)),  t t  o, )
are uniformly bounded and equicontinuous. Hence, by Arzela's theorem, there

exists a sequence Lti -.0 for which

satn(t) --- s(t),

A'::'9 _- s,(r)
Att

uniformly on [0,?]. The families

{,o'1',t)}' {9t#!\' {'ryO}
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are equicontinuous and uniformly bounded on Dy because of the estimations
(3.f3), (3.14), (3.15), (3.17), (3.18). Consequently, there exists a subsequence of

{Ata} (which we still denote by Atr) such that

u\tn(r , t )  --  u(r , t ) ,

7u^to(r,t) _- 0u .
0 t  0 t '

Uzuatt'(r,t) - 0'u
0r2 0r2

uniformly on D7.It is not difficult to check that z(c,t), s(t) are the solution of
problem (P). r

Theorem 3. Assumethatthe assumptionsl),2),3) of Theorem2 are satisfied

fort € R+, , € [0,X], whereX is the solution of the equation

r g ( r , 0 ) -  l z ( r , 0 ) + l : 0 ,  ( 3 ' 2 3 )

/ : ,-li+L f 1(t), and that

, ! f* f " (" , t ) :  Fz(r) ,  , Igo{" '  t ) :  G(r)

uniformly on r e lO, Xl. Then there erists

'-!iru "(t) : s'
where S is the solution of the equation

xG(r) -  Fz(r)  a ! . :0 (3.24)

and

, Ig '(" '  t ) :  G(S)x + ( '

Proof, Since the function s(t) is increasing and bounded above

s(t) < X, Vt € IRa,

there exists 
rlg"lt;. 

Denote by S this limit and byY(r) the solution of the

differential equation

Y" ( r )  :0  (3 '25)

satisfying the conditions

Y(0): t, v(s) : Fz(s), v/(s) : G(s). (3.26)

We get

Y ( t ) : G ( S ) r + 1 ,

where ,9 is the solution oJ the equation (3.24).
The function U(r,t) : u(x,t) -Y(r) satisfies the following relations
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Ur, - Ut in D-, (3.27)

ul,-_o: h(t) - t ,  u, l , :"(t):  g(s(t)) - Y'(s(t)). (J.28)

Hence, when t ---+ foo,

Ul,-o - 0, U,l, :"(t) - 0. (3.29)

Using the method of A. FYiedman in [5], we can prove that

. l im U(r, t) : 0,

i .e .

,Ig'{"' t) : Y(r) : G(s)r + l'

uniformly on r e [0,,9]
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