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1. Introduction

1.1. Non-singular cubic surfaces and star points

A cubic surface in IF3 is given by a non-zero cubic homogeneous polynomial in

4 variables. Fixing an ordering of monomials of degree 3 in the polynomial ring

klrs,11,nz,rsl, each cubic surface defines a point in IFle. The Iocus A c IFle of

singular cubic surfaces is a closed subset of codimension 1. A non-singular cubic

surface X contains twenty-seven lines. There exist at most 3 lines among these

twenty-seven lines through a given point of X. A star point (also called Eckardt

point ll]) on a non-singular cubic surface is the intersection point of three lines

on the surface. A non-singular cubic surface does not have more than 18 star
points. We denote by Hn the subset of IFle consisting of points corresponding

to non-singular cubic surfaces with at Ieast ,k star points. We study these I{. as

subvarieties of IFle - A.

1.2. Blowing-up of IF2 at 6 points

One of the main methods used to study non-singular cubic surfaces in the paper

is the blowing-up of IP2 at 6 points. The blowing-up of IF2 at 6 points Pr,-- . , Pa

in general position is a variety X which is isomorphic to a non-singular cubic

surface 12,4.7). The twenty_-seven lines of X are the following:

o six exceptional curves Pi corresponding to 4 for 1 <i <6,

r six strict transforms Cr of the conics Ci through {pt,...,P0} - {R} for
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7 < i < 6 ,
o fifteen strict transformsi,i i  of the l ines l i i : ff i  for 1 ( i.< j <6.

Star points on a non-singular cubic surface can be recognized by the config-
uration of these 6 points.

In the paper, we determine all configurations of 6 points in IPz corresponding
to the types of non-singular cubic surfaces with a given number of star points.
We consider the irreducibility, the local closedness and the dimension of Hp.
Moreover, we determine the inclusion relationship between the irreducible com-
ponents of these ffr. We work on varieties over an algebraically closed field of
characteristic 0.

2. Main Results

2.1. Basic properties

Each non-singular cubic surface X has 45 tritangent planes, i.e. the planes
containing 3 lines of X, see l4,pp.L02-103]. In blowing-up of IP2 at 6 points
Pt,. . ., P6 in general position, we see that -each tritang-ent-plane is defined
uniquely by a triple of lines in the form (PiCiI1) or (l;il^,117,). So, we also
use these triples of lines to denote the tritangent planes.

Definit ion L. LetT denotethe set of 45 triples of l i ,nes on a giuennon-singular
cub'ic surface X , which span the tritangent planes. If a triple 'in T fonns a star
point then it is called a star triple.

Remark 1. Let Tr and T2 be 2 triples in 7 having no line in common. Each line
of fi meets exactly one line of ?2. There exists uniquely another ftipIe Ts e T
such that each Iine in 73 forms one tritangent plane with one line of fi and one
of Tz. A such set of 3 triples in 7 is called a Steiner set.

Definition 2. A Steiner set such that euery of the 3 members g'iues a star point
is called a star-Steiner set.

2.2. A study of Ht,Hz and ,F/a

The results in this subsection and in the subsec.2.l can be found in [6]. We
state them here for the convenience of the readers.

Theorem 1.
(i) For each r € Hr there erist 6 po'ints Pt,...,P6 € P2 in general pos'it'ion

such that lp i lsa n lsa * A and the correspond'ing cub'i,c surface X, is
'isomorph'ic to the blouing-up of P2 at these 6 points.

(11) The set H1 ,is a closed, irreducible subuariety of E'Le - A, of dimensi,onIS.

Definition 3. Let

Ht') : {r e H2l the surface X, has a pa'ir of star triples.hau.ing one 
lnne xn colnraonl,
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Ht") : {r e H2 | the surface X, has 2 star triples hau'ing no I'ine in
common\.

Let

K t ' )  :  { P : 1 P 1 , . . . , P 0 )  €  o  l h 2 f l l e a o  t s e  :  { Q t } , l n o l z s ) l a 6 :  { Q r } } ,

Kt t )  :  {P :  1Pr, .  .  .  ,  Po)  € o I  h2 f l  l3a I156 :  {Qr} ,  l3o lqsf ' , lze -  
{ar} } '

propositio n l. For each r € Htu) , there erists P e N[i) such that the surface

X, is isomorphic to the btowing-up of P2 atP for i :2,3.

Theorem 2. The set H2 'is closed in IFle - A and has two ,irreduc'ible components

H[') ona H[) of d.imension 17.

Corollary 2. Hs : n[z) ' Consequently Hs i,s a closed', 'irreducible subuariety

of dimension 17 inPre - L,.

2.3. A study of IIa

Recall lhat Ha is the set of points corresponding to non-singular cubic surfaces

with at least 4 star points. Since fI+ C Hz -- Hj2), thi. implies that for each

r € H4, the surface X" has a star-Steiner set. Moreover,Tf X, has a star-Steiner

S : {Tr,Tz,Ts} and another star triple ? having 2 lines in common with ^9,

then ? has all lines in common with S. This follows from Remark 1. Therefore,

the set 114 consists of elements in one of the 3 following subsets:

HIn) : 
{txt 

. H+l X has one star-steiner S and another

star triple ? having 3 lines in common with S);

HIU) : 
{txl 

. Hnl x has one star-Steiner S and another

star triple T having 1 line in common with S);

H\e) : {W a Hol X has one star-Steiner S and another

star triple ? having no line in common with S).

Definition 4. Let

K tn )  :  { ( a , . . . ,P0 )  €  o  I  h3  i l 2a l , l se  :  {Q } ;  l n , l n  a re  t angen t  t o  C1 } ,

K f ,u )  :  { ( 4 , .  . . ,Pa )  €  o  l h4  o l ze  l - l l so :  {S } ;  l n , l n  a re  t angen t  t o  C1 } .

Theorem 3.
(\) For each r e HIo) , there etists ? a X[') such that the

'isomorph'ic to the blow'ing-up of Pz atP fori:4,6.
(ii) The subsets H[a) ond H[u) of Ha are closed 'in P1e - A,

sur.face X, is

irreduci.ble of
d,imens'ion 16.

Corollary 3. Each X € 416) has at least 6 star triples, which form 4 star-

Steiner sets and each star triple has eractlE one I'ine in common w'ith another
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star triple an'Long the 6 ones aboae. Hence ttf,6) c n6.

Definition 5.

x |n '  
.  { (a , . . . , p0 )  €  iD  l r l 2n rsao l ro :  { s r } ;  I r c r t r zqo t36 :  { , 92 } ;

l1a is tangent to C1 at Paj.

Theorem 4.
(i) For each r e Hf,n) , there ex'ists P e X[s) such that the surface X, ,is

isomorph'ic to the blowing-up of P2 at P.
(1i) The subset HIn) a Ha is closed, inPls - L, and, has two,irred,ucible cornpo-

nents of d'imension 16.

Corollary 4. Each cub'ic surface correspond,ing to an element of n[s) conta,ins
at least 9 star po'ints and at least 12 star-Steiner sets.

Corollary 5. The subset Hf,') , ,"rp"rtiuely, H[3) generically consists of point
corresponding to cub'ic surfaces wi,th eractly 2, respect'iuely 3, star poi,nts.

2.4. A study of Hs and H6

Theorem 5.  H5:  Ha:  g[6)  U H[s) .

2.5. A study of Hz, Ha and .I/g

Recall that H7, I{a and fle are the subsets corresponding to non-singular cubic
surfaces with at least 7, 8 and 9 star points, respectively.

Note that a cubic surface X e n[6) 9a1 b_e assumed p]rsges! a pair {^9, t/},
w]re1e_^9 : {"r : (CrPzIn), T2 : 10"PnI"^1, Trr, (iM[1;.IEd] and, (J :
(C1Prl13). We need a lemma.

Lemma L. Let r € H[6) and, let TL,. . . ,76 be the s'ir star triples of X, d,eter-
m'ined by the gi,aen pair (S,U) as aboue. LetV be another star triple of X,.

0 U V has all I'ine 'in conlrnon uith one of 4 star-Steiner sets determined by
Tr,. . . ,76 then X* has at least l0 star po'ints and at least I0 star-Ste'iner
sets.

(ii) Otherwi,se, the surface X, has at least 18 star po,ints and at least 42 star-
Ste'iner sets.

Definition 6. Let H{loo) 
""d, 

U!!oB) aenote the subsets of n[a) consisting of all
po'ints as in the cases (r) and (ii) of Lemma 7, respectiuely.

Corollary 6. H7 : Hs: Hs: H{;o) U H[s).

Let

K { l o ) :  { ( 4 , .  . . , p a )  €  o  l h 2 r ^ r t 3 a f l t s o :  { , s z } ;  I l a o l y o t s 6 :  { s 1 } ;
Ip and 113 are tangent to C1 ).
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Theorem 6.
(i) For each r € ff{lt), there erists n e Xlloo) such that the surface X, is

'isomorph'ic to the blowi,ng-up of P2 at P.

(ii) The tet H[[o) 'is closed.'inPLs - A,,'irreducible of d,imensi,on75.

Similarly, we can assume that for each r € II{lt), the surface X" is isomor-
phic to the blowing-up of lF2 at one element of the following set

/ { { l t ) :  { ( a , .  . . , P a )  €  o  l r r b  c t l 2 a . i l 3 6 :  { ^ 9 1 } ;  / g o l 2 s n 1 5 6 :  { S 2 } ;
112 and J13 are tangent to Cr).

Theorem 7. The set l/fl8) is closed, 'in PLe - L, and has two irreducible com'
ponents of dimenston 15.

Proposition z. I/{fo) n affs) : 6.

Corollary 7. Each cub'ic surface correspond,ing to an element of nlloo) not
eractly I0 star points.

2.6. A study of I/r with k > 10

Theorem 8. Ilro : r/{lo) u //{lt) : HIn) n 146).

Corollary 8. A non-singular cubic surface does not haue more than 18 star
po'i,nts. ConsequentlA Ht" : A for k > 18.

Corollary g. Hk: nl[t' j"r 10 < k < 18.

Proposition 3. .F/rs : HIn) n H[s) : H[u) n rrle).

We give a survey of the results obtained in Figure 1. In the diagram of the
figure:

(i) the number n in the left top of the symb oI'Hifl" ) denotes the dimension

ot n[*);
(ii) the vectors mean the inclusion relations;
(iii) the symbol (rn) indicates that generically in the set Hl ) the corresponding

surface has exactly n'L star points.
Other main results are:

o Ha, - H[n) u H[u) u Hje) and diml/n : 16'

.  H5:  Hu:  Hf ,u )  uH[e)  and d im] f t :16 ,  fo r ,k  e  {5 ,6 } ;

.  H7:  Ha:  Hs :  Htn)  uH{10)  andd imf l t :16 ,  fo r  ke  {7 ,8 ,9 }  and the
union is disjoint;

c H1s: rr{60) , a{18) and dimrrro : 15 and the union is disjoint.
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Figure 1. A diagram explaining properties of. n[-)

Acknowledgment. The results of this paper were obtained during Ph.D. studies of the
author at Utrecht University and are also contained in Chapter 2 of his thesis [g].
Some of these results appeared in [7]. The author would like to express deep gratitude
to his supervisor, Prof. Dr. F. oort for careful guidance and endless support. The
author is also gratefirl to Profs. Drs. H. H. Khoai, N. V. T}ung and N. T. Cuong in
Hanoi Mathematical Institute for helpful discussions and for organizing the seminars
in which he has participated.

References

1. F. E. Eckardt, Ueber diejenigen Fldchen dritten Grades, aufdenen sich drei gerade
Linien in einem Punkte schneiden, Math. Ann. 10 (1876) 227-272.

2. R. Hartshorne, Algebraic Geometry, Grad. Texts in Math. 52, Springer-Verlag,
1977.

3. D. Mumford', Algebraic Geometry I, compler Projectiue varieties, springer-verrag,
1976.

4. M. Reid, undergrad,uate Algebraic Geometry, London Mathematical society Stu-
dent Texts 72, t990.

5. B. Segre, The Non-Singular Cub'ic Surfaces, Oxford, at the Clarendon press, 1g42.
6. N. C. T\r, Non-singular cubic surfaces with at least 1,2 or 3 star points, Centre

for Functional Complex Analysis 2 (1998) 30-45.
7. N.C. Tu, Non-Singular Cubi.c Surfaces wi,th Star Points, preprint 1082, Depart-

ment of Mathematics, Utrecht University, 1211998.
8. N. C. A\t, Star Points on Cubic Surfaces, Doctoral Thesis, Utrecht University,

The Netherlands, 1 1/2000, ISBN: 90-393-257 5-8.


