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Abstract. Let X be a class of left R-modules. It is proved that if type 2 ,t-extending

Ieft -R-modules Mr and M2 are relatively essentially .te-injective and Ml is pseudoly

M2-X'-injective (or M2 is pseudoly MyX'-injective) then Mr Q M2 is type 2 X-

extending. As applications, we characterize when the direct sum of two extending left

R-modules is extending, when the direct sum of two CESS-modules is CESS, and when

the direct sum of two uniform-extending left ft-modules is uniform-extending.

Extending modules have been studied extensively in recent years and many

generalizations have been considered by many authors (see, for examples, [1-
3,5,12,15, 16]). Dogruoz and Smith in [3] introduced the concepts of type 1
Z-extending modules and type 2 ,t-extending modules relative to a given class
.t of left R-modules. In this paper we consider when the direct sum of two
type2,Y-extending modules is type 2 X-extending.,It is proved that if type2
,Y-extending left R-modules M1 and M2 are relatively essentially Ze-injective
and Ml is pseudoly M2-X'-injective (or M2 is pseudoly MyX'-injective) then
Mr @ Mz is type 2 ,t-extending. As a corollary) we show that if extending
modules M1 and M2 arc relatively essentially injective and M1 is pseudo-M2-

injective (or M2 is pseudo.Ml-injective) then M1 @ Mz is extending. Also we
characterize when the direct sum of two CESS-modules is CESS, and when the
direct sum of two uniform-extending left ,R-modules is uniform-extending.

Throughout this paper we write A S. B(AIB) to denote that A is an essential
submodule (a direct summand) of B.

A left R-module M is called extending if every submodule of. M is essential
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in a direct summand of M. M is called quasi-continuous if it is extending and
for  any d i rect  summands A and B of  M wi th AaB:0,  AOB is  a d i rect
summand of. M. M is called continuous if it is extendipg and every submodule
of M which is isomorphic to a direct summand of M is itself a direct summand
of. M.

By a class of left R-modules we mean a collection of left r?-modules containing
the zero module and closed under isomorphisms. If z is a class of left ,R-modules
and M is a left .R-module then an ,Y-submodule of. M will be a submodule .1\/ of
M such that ,l/ belongs to .t.

Let X be a class of left R-modules: According to [3], a left R-module M is
said to be type 2 .t-extending if for every .t-submodule N of M, every closure
of ,A/ in M is a direct summand of M.

For the class .Y : u of. Ieft .R-modules with finite uniform dimension, type
2 U-extending modules are discussed in [8-10] (where they are called modules
with (1-C1)), [4] and [5] (where they are called uniform extending modules). If
X : S is the class of semisimple left ,R-modules then type 2 S-extending rriodules
are considered in [1,2,15] (where they are called CESS-modules). If ,Y is the
class of left iB-modules with finitely generated essential submodule then type 2
,Y-extending modules are considered in [17] (where they are called ef-extending
modules).

. Note that it is not true in general that the direct sum of two type 2 X-
extending modules is type 2 Z-extending. For example, let Z denote the ring of
integers, let p be any prime, Iet M1 : ZlZp and M2 : ZlZp3. Then M1 and
M2 are type 2 S-extending but M : Mt O M2 is not (see [2]).

Let M be a left R-module. Define the family X(M) to be the set of all
submodules N of M with N e .t.

Definition l. Let M,N be left R-modules. We say N 'is (essentially, pseud,olE)
M -X -injectiue i.f for any submodule A e X (M), any homomorph,ism g : A -----+ N
(wi,thKer($) <. A,Ker($) : 0, respecti,uely) can be ertended to a homomorphism
{ , M------+ N.

Note that every M-injective left R-module is clearly M-X-injective. But
Example 1 shows that the converse is not true.

Lemma l. Let M,N be left R-modules and L: N Q M. Then the followi,ng
cond'itions are equiu alent :
(1) l/ 'is pseudoly M-X-i.njecti.ue.
(2)  For  euery submodule A of  L wi th A e X(L)  and AiM : ,4n,^ /  :0 ,  there

erists a submodule B of L such that L: N @ B and A g B.

Prool. Suppose first that lf is pseudoly M-X-injective. Denote the canonical
projections L ------+ l/ and L ---+ M by r1s and ny respectively. Let A be a
submodule of .L with A e X(L) and Att M :,4 n N : 0. It is easy to see
that nl7la and zrryla are monomorphisms. Thus there exists an isomorphism
$: rya(A) -----+ A.

Since ,4 e X(L), it follows that nya(A) e X(M). Also nrlad : r1,4(A\ + N
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is a monomorphism. Thus by the pseudo M-X-injectivity of l[, there exists a

homomorphism Ty' : M --'-+ N such that

thl**( t)  :  rv l 'qf '

S e t  B :  { m + | t ( m ) l m  e  M } .  F o r  a n y  a  €  A , , b " u ( a ) :  r N l n Q ( n v ( " ) )  :

rN(a), and so a : tT^r(a) + rM(a) : tltry(a) I ny(a) € B. This means that

A g  B .  I t  i s e a s y t o c h e c k t h a t  B O N : 0  a n d  N * M :  N + B '  T h u s

L : N A B .
conversely suppose that ,L : N o M satisfies the condition that for every

submodrrle A of Lwith A e x(L) and A o M : AnN : 0 there exists a

submodule B of. Lsuch that L : NOB and A I B. Let Abe in,t(M) and
g: A ----- N a homomorphism with Ker(@) : 0.

Put K : {a- Q@)1" € A} < .L. Since @ is a monomorphism, it is easy to

s e e t h a t  K n M : K ) N : 0 .
Since ,4 is in Z(M), and K ry A, it follows that 1( e X(L). By hypothesis,

thereex is tsasubmodu le  B o f  .Lsuch lha t  L : / \ t rOB and K I  B '  Le t

r'. L ------+.0{ denote the projectionwith kernel B. Then rlua: M ------+ l[ and for

any a e A, n(a) : n(a - d@D + 
"@(")) 

: Q@). It follows that N is pseudolv

M-.Y-injective.

Similarly we have

Lemma 2. Let M,N be left R-rnodules and, L: N @ M. Then the following
conditions are equ'iu alent :

(1) N is essentially M-X-injectiue'

(2) For euery submod,ute A of L with A € X(L) and Ao M 1" A, there etists

a submoilule B of L such that L : N A B and A C B.

Proof. Note that in the proof of Lemma I, rnrl,q.,is a monomorphism and

xer(zrrulad) - g-r(Ker(nivl.q)) :  6- '(An M) <" 0-'@) : nv(A)'
Conversely let A be in X(M) and @ : A' N a homomorphism with

K e r ( / )  ( " A .  P u t  K : { a - d @ ) l o e A } 5 t r .  F o r  a n y 0 l a - 6 @ )  € K , t h e r e
exists r € R such that 0 f ra € Ker(@) since Ker(/) (" A. Thus S(ra) :0, and
s o 0 l  r a - S Q a ) : r a €  K n A n R ( a -  Q @ D  < K . M  n - R ( o - l ( a ) ) .  T h i s
means that K i, M 1" K. Now the result follows from the proof of Lemma 1.

Lemma 3.  Let  M,N betef t  R-modules and L:  N OM. Thenthe fo l lowing
condit'ions are equiualent :

(1) N is M-X-i,njectiue.
(2) For euery submodule A of L wi,th A e x(L) and A fl.ly' : 0, there ex'ists a

subrnodule B of L such that L : N @ B and A I B.

Let M,l[ be left .R-modules. we say that l/ is pseudo-M-injective if for

each submodule A of. M and each monomorphism f : A -, N, there exists a

homomorphism g : M ----+ -Ay' such that gla: 7.
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Corollary L. Let M,N beleft R-modules andL: NeM. Then the following
cond,itions are equ'iu alent :
(1) N 'is pseudo-M-injectiue.
(2) For euery submodule A of L wi,th An M : An -Ay' : 0, there erists a

submodule B of L such that L : N O B and A g B.

Proof. Let Z be the class of all left -R-modules. Then .t(I) and ,t(M) coin-
cide with the set of all submodules of L, and. the set of all submodules of M,
respectively. Now the result follows from Lemma 1.

Let x be any class of left ,R-modules. Then z' will denote the class of left
rR-modules which contain an essential .Z-submodule. Note that X C X".

Lemma 4 13, Proposition 3.1]. For any class X of left R-mod,ules, a Ieft R-
module M i,s type 2 X-ertend'ing if and only if M i,s type 2 X.-ertend,ing.

A left R-module M is called type 2 ,t-quasi-continuous if it is type 2 X
-extending and for any direct summands A and, B of M with .4 e X"(M) and
An B :0,  A O B is  a d i rect  summand of  M.

corollary 2. A left R-module M i,s type 2 x-quas'i-continuous if and, onty i,f
M i,s type 2 X-ertendi,ng suchthatwheneuer M: MrOMz is a d,irect sum of
submodules then M1 i,s M2-X"-inject'iue and Mz i,s Mt-Xe-inject'iue.

Proof. If M is type 2 .t-quasi-continuous, then clearly M is type 2 ,t-extendin
Now suppose that M : Mr A Mz and A is a submodule of M such that .4
X'(M) and,4 )M1 :0. By Lemma4, M is type 2 Xe-extending; hence there
exists a direct summand L of M such that A 1. L. It is easy to see that
L e X'(M) and .L O Mt :0. Thus M1 O tr is a direct summand of M. Suppose
that M : Mt@ LA L'. Then A < L < LA L'. By Lemma B, it follows that M1
is M2-X'-injective. I

Similarly M2 is MyX"-injective.
Conversely suppose that A e X"(M) and ,4, ly' are direct summands of M

with AnN : 0. Then there exist submodules N'and B such that M: N(EN, :
Ag B. Since,A[ is N/-,te-injective, by Lemma 3, there exists.L S M such that
M : N O . L a n d A ( t r . ' T h u s

L :  L o  M  :  L n ( A  e  B )  :  A @  ( L n  B ) ,
wh ich  imp l i es  tha t  M :  N  @L:  NOle ( rnB) .  Thus  NOA i s  ad i rec t
summand of M, and. so M is ty.pe 2.t-quasi-continuous.

Two left -R-modules M1 and, M2 are called relatively essentially ,y-injective
if Mr is essentially M2-x-injective and M2 is essentially Myx-injective. By
analogy with the proof of Corollary 2, we have

corollary 3. Let M be a tgpe 2 x-extend'ing left R-mod,ule. Then the foilowi,ng
cond,itions are eau'iualent:
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(7) For euery A e X"(M) with AlM, and euery submodules N and Nt wi'th

M :  N  @ N , ,  i f  AnNt  1 .  A ,  t hen  A@ N lM.

(2) Wheneuer M : Mt @ Mz is a d,irect surn of submodules then M1 and, M2

are relatiuely essentially X' -inj ectiue.

Note that every type 2 .t-quasi-continuous module M satisfies the equivalent

conditions of Corollary 3.
Let M,X be left R-modules. Define the family

A(X, M) : {A e MFY I X,f f  € Hom(Y, M), IV) S. A}'

Consider the properties

A(X,M)-(Cr) :  For  a l l  A e A(X,M), )A. lM,  such that  A 1"  A* '

A(X,M)-(Q): For all A e A(X,M) and BlM, if AIM and An B : 0 then

A @  B l M .
According to [12], M is said to be x-extending, or X-quasicontinuous, re-

spectively, if M satisfies A(X,M)-(Cr) and A(X,M)-(Ci'

The following is a result of [12]. Recall that a ring R is called a left ,s/-ring

if every singular left R-module is injective'

Lemma 5. A ring R is a teft sl-ring i,f and, only if euery Ieft R-module is

X-quasi-continuous for euery singular left R-module X.

Lemma 6. Let X be a class of left R-modules. If a left R-module M is X-

quasi-continuous for any x € x, then M is type 2 X-quasi-continuous.

Proof . Let If be in x(M) and A be a closure of -l{ in M. It is easy to see that

Ae A(N,M). Since M is l[-extending, it follows that A is a direct summand

of M. Thus M is type 2 ,t-extending'
Let A and B be direct summands of M with AoB :0 and A e X'(M)' Then

there exists an z-submodule X of M such that X 1. A. Clearly A e A(X, M).

Since M is X-quasi-continuous, it follows that A O B is a direct summand of M.

Hence M is type 2 Z-quasi-continuous. 'r

It is easy to see that a type 2 ,t-extending left ft-module is not necessarily

type 2,t-quasi-continuous (for example ,let X be the class of all left R-modules).

The following example shows that a type 2 .t-quasi-continuous left R-module

is not necessarily quasi-continuous, and that an M-X-injective left R-module is

not necessarily M-injective.

Erample 1. LetF be any field. set R : Tz(F), the ring of all upper triangular

2 x 2 matrices with entries in F. Then, by [5,13.6], .R is a left sl-ring and a

(left and right) hereditary artinian serial ring. Clearly J(R)z : g. Thus by

[5,13.5], every left R-module is extending. By Lemma 5, it follows that every

ieft ,?-module is X-quasi-continuous for any singular left R-module X. Let X

be the class of all singular left ,R-modules. Then, by Lemma 6, every left ,R-

module is type 2 .Y-quasi-continuous. If all left R-modules are quasi-continuous,

then for every left R-module M, M @ E(M) is quasi-continuous, and so M is
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injective by [13, Lemma C], where E(M) denotes the injective hull of M. Thus
rR is artinian semisimple, a contradiction. Hence there exists a left lB-module M
which is not quasi-continuous. By [5, CorollaryT.6], it follows that there exists
a decomposition M : Mt @ M2 such that M1 is not M2-injective. But M1 is
M2-X-injective by Corollary 2.

Clearly every M-X-injective module is pseudoly M-X-injeclive. But the
following example shows that the converse is not true. Recall that a left .R-
module M is said to be pseudo-injective if M is pseudo-M-injective.

Example 2. This example is due to Teply and appears in [11] . Let A : Z2lrl, B :
Al@), and C : Al@2). Let

Then M is pseudo-injective, but is not extending; hence is not quasi-injective.
Let .:Y be the class of all lefb -R-modules. Then X (M) coincides with the set of all
submodules of M. Thus M is pseudoly M-X-injective, but isnot M-X-injective.

Lemma 7. Let X be a class of left R-mod,ules wh'ich is closed under submodules.
Let M : Mr@ M2. Then the followi,ng conditions are equ'iualent:
(L) M is type 2 X-ertending.
(2) Any closed submodule A of M with A e X"(M), and AoMl : 0 or AnM, :

0 is a d,irect summand of M.
(3) Any closed submod,ule A of M wi,th A e X'(M), and Al,M1 : Anl14, : g,

or An Mt 1. A or Ait M2 1. A is a direct summand of M.

Proof. The implications (t)+(Z) and (1)+(3) follow from Lemma 6.
(Z)+(t). Let L € X"(M) be a closed submodule of M. Suppose that fI is

the maximal essential extension of .L o Mz in.L. Then .I/ is closed in Z. Thus
by [5,1.10] If is closed in M. Since Z is closed under submodules, it is easy to
see that the class,Z" is closed under submodules. Thus fI € X'(M). Clearly
H O M r : 0 .  T h u s  M : H  O I f ' .  N o w

L  :  L n  M  :  L n ( H  @  H ' )  :  H  @  ( L n  H ' ) .

Since -L O f/' is closed in .L, by [5,1.10] again, ,L n f// is closed in M. Clearly
( L n H ' ) f \ M 2 : ( L o M 2 ) n H ' g H i H ' : 0 .  A l s o  L i H '  e  , t " ( M ) .  T h u s
by hypothesis, there exists a submodule N of. M such that tut : (L n,FIl) O,^'r.
Now

H ,  :  H '  o  M  :  H ,  n ( ( L n H , )  e N )  :  ( r n H , )  e  ( t / n H ' ) .

Thus M : H @ H' :  H O (rnH')  e (N n H')  : rO (N n H') .  This means
that M is type 2 ,t-extending.

( e ) +  ( Z ) .  L e t  K  b e a c l o s e d s u b m o d u l e o f  M w i t h  K i M z : 0 a n d
K e X'(M). Let L be a closed submodule of K such that K I M1 1" L. By
[5 ,1 .10 ] , .L  i s  c losed in  M.  C lear ly  LnMt :  K iMl  1 . ,L .  S ince  X ' (M)  i s
closed under submodules, it follows that L e X'(M). By hypothesis, Z is a

": (f ""), - : ("")
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direct summand of M. Suppose that M : L @.L/. Then K : K a(L @ L') :

L @ (K o tr'). Since K o Lt is closed in K, by [5, 1.10] again, K a Ll is closed in

M. Obviously Kn Lt e X'(M), (K aL') a Ml : (K n1'1t) n L! < Lct L' : 0,
and (1{  aL ' )nMz < KctMz -  0.  Thus,  by hypothesis ,  KnZ' is  a d i rect
summand of. M and, consequently, is also a direct summand of tr'. Therefore,
K : Le (K n.L') is a direct summand of L O L' : M.

If K is a closed submodule of M with KnMr:0 and K e X'(M), then by

analogy with the above proof, it follows that K is a direct summand of M. I

Lemma 8. Let M1 be a type 2 X-ertending left R-module and M2 be any
left R-mod,ule. Set M: MrQMz. If M2 is M1-X-injectiue (pseudolU Mr-X-
inject'iue, essentially M1-X-inject'iue), then euery closed submodule K of M with
K e X(M) and KiMz : O (respect' iuely, KiMl : KOMz :0, KOMr <. K )
'is a d'irect surnmand.

Proof. Suppose that Mz is pseudoly Myt-injective, and let K be a closed
submodule of M with K nMt : K flMz: 0 and K e X(M). Then, by Lemma
1, there exists a submodule L of M such that M : MzO,L and K < L. Clearly
.L is isomorphic to M1, and so is type 2 ,t-extending. Thus K, being a closed
submodule of ,L and K e X(L), is a direct summand of .L. Hence K is also a
direct summand of M.

Flom Lemmas 2 and 3, the results for Mz being Myt-injective and essen-
tially M y X-injective follow simila,rly.

The following result generalizes [6, Theorem 8], [7, Theorem4.4l, [14, Theorem
S(ii i) and (iv)] and [18, Proposition 5.8].

Theorem t. Let X be a class of left R-modules which'is closed under submod-
ules. Let M1 and M2 be type 2 X -extending left R-modules and let M : Mr@Mz.
If one of the followi,ng cond'itions holds, then M is type 2 X-extending.

(7) Mt and, M2 are relatiuely essent'ially X'-injectiue and M1 is pseudoly M2-
X'-'injectiue.

(2) Mt and M2 are relatiuelg essentially Xe-'inject'iue and M2 i's pseud,oly M1-
X" -inject'iue.

Proof. It follows from Lemmas 7 and 8.

Let M be a left rR-module. A left R-module N is called essentially M-
injective if for any submodule A of M, any homomorphism S : A --'- N with
Ker(@) 1. A can be extended to a homomorphism ,lt t M ---+ N. Two modules
M and N are called relatively essentially injective if M is essentially }y'-injective
and N is essentially M-injective.

Corollary 4. Let M1 and, M2 be extending left R-modules and let M : Mr@Mz.
If M1 and M2 are relatiuely essentially inject'iue and, Mf is pseudo-M2-injectiue
(or M2 is pseud,o-M1-injectiue), then M is extending.



232 Liu Zhongkui,

Following [15], a left R-module M is called a CESS-module if every comple-
ment with essential socle is a direct summand, equivalently, every submodule
with essential socle is essential in a direct summand of M. CESS-modules have
been studied in  [1,2,15] .

Corollary 5. Let M : MtT Mz. Then the following cond,itions are equiualent:
( l )  M isaCESS-moduIe.
(2) Euerv closed submodule A of M with essential socle and A n Mr : O or

An Mz: 0 is a d'irect sumrnand of M.
(3) Euery closed submodule A of M with essential socle and ACrMr : Ai,Mz:

0, or Afi M1 1. A or AO M2 1" A ' is a direct summand of M.

Let tS be the class of left .R-modules with essential socle. Then we have

Corollary 6. Let M : Mr @ Mz. If M1 and, M2 are relatiuely essentially
tS-injectiue and, M1 is pseudoly M2-tS-i,njectiue (or M2 is pseudoly MreS-
injectiue), then M i,s a CESS-module if and only if M1 and M2 are CESS-
rnodules.

Proof. It follows from Theorem 1.

Note that Corollary 6 generalizes [2, Corollary 1.7].
Let U be the class of Ieft ,R-modules with finite uniform dimension. Then we

have

Corollary 7. Let M : Mr@Mz. If My and M2 o,re relatiuely essentiallyl,l-
injectiue and M1 is pseudoly M21,1-injectiue (or M2 is pseudoly M11,1-i,nject'iue),
then M 'is uniform-extending i,f and only if M1 and M2 are unifomn-ertendi,ng.
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