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Abstract. Let X be a class of left R-modules. It is proved that if type 2 X'-extending
left R-modules M; and My are relatively essentially X'®-injective and M is pseudoly
My-Xe-injective (or My is pseudoly Mi-X°-injective) then M1 @ M> is type 2 X-
extending. As applications, we characterize when the direct sum of two extending left
R-modules is extending, when the direct sum of two CESS-modules is CESS, and when
the direct sum of two uniform-extending left R-modules is uniform-extending.

Extending modules have been studied extensively in recent years and many
generalizations have been considered by many authors (see, for examples, [1-
3,5,12,15,16]). Dogruoz and Smith in [3] introduced the concepts of type 1
X-extending modules and type 2 X-extending modules relative to a given class
X of left R-modules. In this paper we consider when the direct sum of two
type 2 X-extending modules is type 2 X-extending. It is proved that if type 2
X-extending left R-modules M; and M, are relatively essentially X'®-injective
and M; is pseudoly Ma-X®-injective (or My is pseudoly M;-X¢-injective) then
M, & M; is type 2 X-extending. As a corollary, we show that if extending
modules M; and M, are relatively essentially injective and M; is pseudo-Ma-
injective (or My is pseudo-Mi-injective) then M; @ M, is extending. Also we
characterize when the direct sum of two CESS-modules is CESS, and when the
direct sum of two uniform-extending left R-modules is uniform-extending.

Throughout this paper we write A <. B(A|B) to denote that A is an essential
submodule (a direct summand) of B.

A left R-module M is called extending if every submodule of M is essential
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in a direct summand of M. M is called quasi-continuous if it is extending and
for any direct summands A and B of M with ANB =0, A® B is a direct
summand of M. M is called continuous if it is extending and every submodule
of M which is isomorphic to a direct summand of M is itself a direct summand
of M.

By a class of left R-modules we mean a collection of left R-modules containing
the zero module and closed under isomorphisms. If X is a class of left R-modules
and M is a left R-module then an X-submodule of M will be a submodule N of
M such that N belongs to X.

Let X be a class of left R-modules. According to [3], a left R-module M is
said to be type 2 X-extending if for every X-submodule N of M, every closure
of N in M is a direct summand of M.

For the class X = U of left R-modules with finite uniform dimension, type
2 U-extending modules are discussed in [8-10] (where they are called modules
with (1-C1)), [4] and [5] (where they are called uniform extending modules). If
& = § is the class of semisimple left R-modules then type 2 S-extending modules
are considered in [1,2,15] (where they are called CESS-modules). If X is the
class of left R-modules with finitely generated essential submodule then type 2
A-extending modules are considered in [17] (where they are called ef-extending
modules).

. Note that it is not true in general that the direct sum of two type 2 X-
extending modules is type 2 X-extending. For example, let Z denote the ring of
integers, let p be any prime, let My = Z/Zp and My = Z/Zp3. Then M; and
M, are type 2 S-extending but M = M; @ M, is not (see [2]).

Let M be a left R-module. Define the family X (M) to be the set of all
submodules NV of M with NV € X.

Definition 1. Let M, N be left R-modules. We say N is (essentially, pseudoly)
M -X -injective if for any submodule A € X(M), any homomorphism ¢ : A — N
(with Ker(¢) <. A, Ker(¢) = 0, respectively) can be extended to a homomorphism
Yv: M — N.

Note that every M-injective left R-module is clearly M-X-injective. But
Example 1 shows that the converse is not true.

Lemma 1. Let M, N be left R-modules and L = N @ M. Then the following

conditions are equivalent:

(1) N is pseudoly M-X -injective.

(2) For every submodule A of L with A € X(L) and ANM = ANN =0, there
exists a submodule B of L such that L= N & B and A C B.

Proof. Suppose first that N is pseudoly M-X-injective. Denote the canonical
projections L — N and L — M by nn and mpy respectively. Let A be a
submodule of L with A € X(L) and ANM = ANN = 0. It is easy to see
that mar|4 and 7y |4 are monomorphisms. Thus there exists an isomorphism
¢:mu(A) — A

Since A € X (L), it follows that mp(A) € X(M). Also nn|a¢: mar(A) — N



Direct Sums of Type 2 X-Extending Modules 227

is a monomorphism. Thus by the pseudo M-X-injectivity of N, there exists a
homomorphism 1 : M — N such that

Y|rer(a) = T |40

Set B = {m + ¢(m)|m € M}. For any a € A, ¢¥rpm(a) = nn|ad(mm(a)) =
mn(a), and so a = mn(a) + ma(a) = Ymm(a) + mu(a) € B. This means that
A C B. It is easy to check that BN N = 0and N + M = N + B. Thus
L=NoB.

Conversely suppose that L = N & M satisfies the condition that for every
submodule A of L with A € X(L) and ANM = AN N = 0 there exists a
submodule B of L such that L = N @ B and A C B. Let A be in X(M) and
¢ : A — N a homomorphism with Ker(¢) = 0.

Put K = {a — ¢(a)|a € A} < L. Since ¢ is a monomorphism, it is easy to
seethat KNM=KNN =0.

Since A is in X(M), and K = A, it follows that K € X(L). By hypothesis,
there exists a submodule B of L such that L = N & B and K C B. Let
7 : L —s N denote the projection with kernel B. Then 7|y : M — N and for
any a € A, m(a) = (a — ¢(a)) + m(¢(a)) = ¢(a). It follows that N is pseudoly
M-X-injective. ]

Similarly we have

Lemma 2. Let M, N be left R-modules and L = N @ M. Then the following

conditions are equivalent:

(1) N is essentially M -X -injective.

(2) For every submodule A of L with A € X(L) and ANM <. A, there ewists
a submodule B of L such that L=N ® B and A C B.

Proof. Note that in the proof of Lemma 1, ma|4 is a monomorphism and
Ker(ny|ag) = ¢~} (Ker(nn|a)) = ¢ (AN M) < ¢71(A) = mu(A).
Conversely let A be in X(M) and ¢ : A — N a homomorphism with
Ker(¢) <. A. Put K = {a — ¢(a)|a € A} < L. For any 0 # a — ¢(a) € K, there
exists r € R such that 0 # ra € Ker(¢) since Ker(¢) <. A. Thus ¢(ra) = 0, and
s0 0 # ra— ¢(ra) = ra € KNANR(a— ¢(a)) < KNMnN R(a — ¢(a)). This
means that K N M <, K. Now the result follows from the proof of Lemma 1.

Lemma 3. Let M, N be left R-modules and L = N & M. Then the following
conditions are equivalent:

(1) N is M-X-ingective.
(2) For every submodule A of L with A € X(L) and ANN =0, there ezists a
submodule B of L such that L= N & B and A C B.

Let M, N be left R-modules. We say that N is pseudo-M-injective if for
each submodule A of M and each monomorphism f : A — N, there exists a
homomorphism g : M — N such that gla = f.
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Corollary 1. Let M, N be left R-modules and L = N ® M. Then the following

conditions are equivalent:

(1) N is pseudo-M -injective.

(2) For every submodule A of L with ANM = ANN = 0, there exists a
submodule B of L such that L= N ® B and A C B.

Proof. Let X be the class of all left R-modules. Then X(L) and X' (M) coin-
cide with the set of all submodules of L, and the set of all submodules of M :
respectively. Now the result follows from Lemma 1.

Let A be any class of left R-modules. Then X'¢ will denote the class of left
R-modules which contain an essential X-submodule. Note that X C .

Lemma 4 [3, Proposition 3.1]. For any class X of left R-modules, a left R-
module M is type 2 X-extending if and only if M is type 2 X¢-extending.

A left R-module M is called type 2 X-quasi-continuous if it is type 2 X
-extending and for any direct summands A and B of M with A € X*(M) and
ANB =0, A® B is a direct summand of M.

Corollary 2. A left R-module M is type 2 X-quasi-continuous if and only if
M is type 2 X-extending such that whenever M = M, & My is a direct sum of
submodules then M, is Ma-X*-injective and My is My -X®-injective.

Proof. If M is type 2 X-quasi-continuous, then clearly M is type 2 X’ -extending.
Now suppose that M = M; & M> and A is a submodule of M such that A ¢
X¢(M) and AN M; = 0. By Lemma 4, M is type 2 X®-extending; hence there
exists a direct summand L of M such that A <. L. It is easy to see that
L € X¢(M) and LN M; = 0. Thus M; & L is a direct summand of M. Suppose
that M = Mi® L@ L'. Then A< L < L@ L' By Lemma 3, it follows that M,
is Ma-X®-injective. u

Similarly M, is M;-X®-injective.

Conversely suppose that A € X¢(M) and A, N are direct summands of M
with ANN = 0. Then there exist submodules N’ and B such that M = NN’ =
A @ B. Since N is N’-X*-injective, by Lemma 3, there exists L < M such that
M=N®Land A<L. Thus

L=LNM=LN(A®B)=A¢(LNB),
which implies that M = N®@ L =N@® A® (LN B). Thus N & A is a direct .

summand of M, and so M is type 2 X-quasi-continuous.

Two left R-modules M; and M; are called relatively essentially X-injective
if M, is essentially M,-X-injective and M, is essentially M;-X-injective. By
analogy with the proof of Corollary 2, we have

Corollary 3. Let M be a type 2 X -extending left R-module. Then the following
conditions are equivalent:
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(1) For every A € X°(M) with A|M, and every submodules N and N’ with
M=N®N, if ANN' <. A, then A® N|M.

(2) Whenever M = M, & M, is a direct sum of submodules then My and M,
are relatively essentially X°-injective.

Note that every type 2 X-quasi-continuous module M satisfies the equivalent
conditions of Corollary 3.
Let M, X be left R-modules. Define the family

A(X, M) ={AC M|3Y C X,3f € Hom(Y, M), f(Y) <. A}.

Consider the properties

A(X,M)-(Cy): For all A € A(X, M), IA*|M, such that A <. A*.

A(X, M)-(C3): For all A € A(X,M) and B|M, if A|M and AN B =0 then
A® B|M.

According to [12], M is said to be X-extending, or X-quasi-continuous, re-
spectively, if M satisfies A(X, M)-(C1) and A(X, M)-(C3).

The following is a result of [12]. Recall that a ring R is called a left SI-ring
if every singular left R-module is injective.

Lemma 5. A ring R is a left SI-ring if and only if every left R-module is
X -quasi-continuous for every singular left R-module X .

Lemma 6. Let X be a class of left R-modules. If a left R-module M is X-
quasi-continuous for any X € X, then M is type 2 X -quasi-continuous.

Proof. Let N be in X(M) and A be a closure of N in M. It is easy to see that
A € A(N,M). Since M is N-extending, it follows that A is a direct summand
of M. Thus M is type 2 X-extending.

Let A and B be direct summands of M with ANB = 0and A € X°(M). Then
there exists an X-submodule X of M such that X <. A. Clearly A € A(X, M).
Since M is X-quasi-continuous, it follows that A@® B is a direct summand of M.
Hence M is type 2 X-quasi-continuous. ‘H

It is easy to see that a type 2 X-extending left R-module is not necessarily
type 2 X-quasi-continuous (for example, let X’ be the class of all left R-modules).
The following example shows that a type 2 X-quasi-continuous left R-module
is not necessarily quasi-continuous, and that an M-X-injective left R-module is
not necessarily M-injective.

Ezample 1. Let F be any field. Set R = T3(F), the ring of all upper triangular
2 x 2 matrices with entries in F. Then, by [5,13.6], R is a left SI-ring and a
(left and right) hereditary artinian serial ring. Clearly J (R)> = 0. Thus by
[5,13.5], every left R-module is extending. By Lemma 5, it follows that every
left R-module is X —quasi-coritinuous for any singular left R-module X. Let A
be the class of all singular left R-modules. Then, by Lemma 6, every left R-
module is type 2 X-quasi-continuous. If all left R-modules are quasi-continuous,
then for every left R-module M, M & E(M) is quasi-continuous, and so M is
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injective by [13, Lemma C], where E(M) denotes the injective hull of M. Thus
R is artinian semisimple, a contradiction. Hence there exists a left R-module M
which is not quasi-continuous. By [5, Corollary 7.6], it follows that there exists
a decomposition M = M; @ M, such that M; is not Ms-injective. But My is
Ms-X-injective by Corollary 2.

Clearly every M-X-injective module is pseudoly M-X-injective. But the
following example shows that the converse is not true. Recall that a left R-
module M is said to be pseudo-injective if M is pseudo-M-injective.

Ezample 2. This example is due to Teply and appears in [11]. Let A = Zy[z], B =
A/(z), and C = A/(z?). Let

(3 8). we(2)

Then M is pseudo-injective, but is not extending; hence is not quasi-injective.
Let X be the class of all left R-modules. Then X (M) coincides with the set of all
submodules of M. Thus M is pseudoly M-X-injective, but is not M-X-injective.

Lemma 7. Let X be a class of left R-modules which is closed under submodules.

Let M = My ® M;. Then the following conditions are equivalent:

(1) M is type 2 X-extending.

(2) Any closed submodule A of M with A € X¢(M), and AnM, = 0 or ANM; =
0 is a direct summand of M.

(3) Any closed submodule A of M with A € X¢(M), and ANM; = ANM; =0,
or ANM, <. A or ANM, <. A is a direct summand of M.

Proof. The implications (1)=>(2) and (1)==(3) follow from Lemma 6.

(2)=(1). Let L € X*(M) be a closed submodule of M. Suppose that H is
the maximal essential extension of L N M3 in L. Then H is closed in L. Thus
by [5,1.10} H is closed in M. Since X is closed under submodules, it is easy to
see that the class X¢ is closed under submodules. Thus H € X¢(M). Clearly
HNM; =0. Thus M = H® H'. Now

L=LNnM=LNnHe&H)=Ho (LNH.

Since L N H' is closed in L, by [5,1.10] again, L N H’ is closed in M. Clearly
(LNH)N My = (LOM)NH CHNH =0. Also LN H' € X¢(M). Thus
by hypothesis, there exists a submodule N of M such that M = (LN H')® N.
Now

H=HnM=Hn({(LNHY®N)=(LNnH)® (NNH".

Thus M =HoH' =H&(LNH)® (NNH)=L& (NNH'). This means
that M is type 2 X-extending. )

(3)= (2). Let K be a closed submodule of M with K N My = 0 and
K € X¢(M). Let L be a closed submodule of K such that K N M; <. L. By
[5,1.10], L is closed in M. Clearly LN M; = K N My <. L. Since X¢(M) is
closed under submodules, it follows that L € X¢(M). By hypothesis, L is a
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direct summand of M. Suppose that M = L& L’. Then K = KN(L® L") =
Lo (KnNL'). Since KN L is closed in K, by {5,1.10] again, K N L' is closed in
M. Obviousty K NL' € X¢(M), ( KNLYNnMi=(KnNnM)NL <LNL =0,
and (K NL)NM; < KN M, =0. Thus, by hypothesis, K N L' is a direct
summand of M and, consequently, is also a direct summand of L’. Therefore,
K =L®(KNL')is adirect summand of L® L' = M.

If K is a closed submodule of M with KN My = 0 and K € X°(M), then by
analogy with the above proof, it follows that K is a direct summand of M. =

Lemma 8. Let M; be a type 2 X-extending left R-module and M, be any
left R-module. Set M = M, & My. If My is My-X -injective (pseudoly M-X-
injective, essentially M1-X -injective), then every closed submodule K of M with
K € X(M) and KNMy = 0 (respectively, KNMy; = KNM, =0, KNM; <. K)
1§ a direct summand.

Proof. Suppose that M, is pseudoly M;-X-injective, and let K be a closed
submodule of M with KNM; = KNM; =0 and K € X(M). Then, by Lemma
1, there exists a submodule L of M such that M = My @ L and K < L. Clearly
L is isomorphic to Mj, and so is type 2 X-extending. Thus K, being a closed
submodule of L and K € X(L), is a direct summand of L. Hence K is also a
direct summand of M.

From Lemmas 2 and 3, the results for My being M;-X-injective and essen-
tially M;-X-injective follow similarly.

The following result generalizes [6, Theorem 8], 7, Theorem 4.4], [14, Theorem
8(iii) and (iv)] and [18, Proposition 5.8].

Theorem 1. Let X be a class of left R-modules which is closed under submod-

ules. Let M1 and Mo be type 2 X -extending left R-modules and let M = M@ Ms.

If one of the following conditions holds, then M is type 2 X -extending.

(1) My and My are relatively essentially X€-injective and M; is pseudoly Mo-
A€-injective.

(2) M; and My are relatively essentially X'®-injective and M is pseudoly M-
X€-injective.

Proof. Tt follows from Lemmas 7 and 8.

Let M be a left R-module. A left R-module N is called essentially M-
injective if for any submodule A of M, any homomorphism ¢ : A — N with
Ker(¢) <. A can be extended to a homomorphism v : M — N. Two modules
M and N are called relatively essentially injective if M is essentially N-injective
and N is essentially M-injective.

Corollary 4. Let M and M be extending left R-modules and let M = M1 @& Ms.
If My and My are relatively essentially injective and M is pseudo-My-injective
(or My is pseudo-M-injective), then M is extending.
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Following [15], a left R-module M is called a CESS-module if every comple-
ment with essential socle is a direct summand, equivalently, every submodule
with essential socle is essential in a direct summand of M. CESS-modules have
been studied in [1, 2, 15].

Corollary 5. Let M = My ® M. Then the following conditions are equivalent:

(1) M is a CESS-module.

(2) Every closed submodule A of M with essential socle and AN M; = 0 or
AN M; =0 is a direct summand of M.

(3) Every closed submodule A of M with essential socle and ANM; = ANM, =
0, or ANM; <. A or ANM; <. A is a direct summand of M.

Let £S be the class of left R-modules with essential socle. Then we have

Corollary 6. Let M = M; ® M. If My and M, are relatively essentially
ES-injective and My is pseudoly M,-ES-injective (or M, is pseudoly My-ES-
injective), then M is a CESS-module if and only if M, and My are CESS-
modules.

Proof. 1t follows from Theorem 1.

Note that Corollary 6 generalizes [2, Corollary 1.7].
Let U be the class of left R-modules with finite uniform dimension. Then we
have

Corollary 7. Let M = My & M. If My and M are relatively essentially U-

injective and M, is pseudoly Ma-U-injective (or My is pseudoly My -U-injective),
then M is uniform-eztending if and only if My and My are uniform-eztending.
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