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Abstract. Recently we have developed the boundary operator method and the para-

metric extrapolation technique for solving a boundary value problem (BVP) for second

order elliptic equation with discontinuous coefficients and BVPs for biharmonic and

biharmonic type equations. In this paper we use these methods for a BVP for trihar-

monic equation. Namely, two iterative schemes, which reduce the original problem to

a sequence of BVPs for the Poisson equation, are proposed and investigated.

1. Introduction

In earlier papers we have developed the boundary operator method and the
parametric extrapolation technique for solving iteratively a BVP for second or-
der elliptic equation with discontinuous coefficients 11], BVPs for biharmonic
and biharmonic type equations l2-a]. The idea of the method is to reduce a
complicated BVP to a sequence of simpler problems, for which there are avail-
able many efficient methods of solving. In this paper we apply this method to
the following BVP for triharmonic equation

Problem for Tbiharrnonic Equation*

L s u : f ( r ) ,  r € O ,
^ l

u l r  :0 ,  * l  -  o ,  Au l r '  :  s ,'  o u l
t l

( 1 )

(2)
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where A is the Laplace operator, f,) is a bounded domain in R(n > 2),f is
the sufficiently smooth boundary of f,). The solvability and smoothness of the
solution of problem (1) (2) follow from the general theory of elliptic problems
(see [6]), namely, if / e fI"(O) then there exists a unique solution u e f1"+6(C2)
. Here , as usual, fI"({)) is a Sobolev space.

2. Reduction of BVP to Boundary Operator Equation

we set 
LtL : ,t)t L,u : w

and denote by tos the trace of u on | , i .e. ws: -lr . Then from (t)-(Z) we
come to the sequence of problems

L , w : f ,  r € d l ,  w l r : w o ,

L,u :  w,  r  €  {11 u l r  :  0 ,  (3)

L , u : u t  r e  f ) ,  u l r : 0 .

The solution z from above problems should satisfy the second condition in (2).
Now, we introduce the operator B defined on boundary functions u;e by the
formula

0uBws :  _ 
i l r ,

where u is found from the sequence of problems

(4)

A t o : 0 ,  r e ( 1 ,  w l r : w o ,

L u : w ,  r € d \ ,  o l 1  : 0 ,  ( 5 )

L , u : u ,  r € { 1 1  u l r : 0 .

Notice that the operator B primarily defined on smooth functions is extended
by continuity on the whole.L2(f). Its properties will be investigated later.

It is not difficult to verify

Theorem 1. Suppose that u is the solut'ion of the orig'inal problem (1)-(2).
Then ws: Azulr sat'isfies the operator equatxon

where

(6)

(7)

u2 being determ'ined from the problems

Bus:  P ,

F:ry|  .d'  l ,

Lw2 - 7, :L e {l)

L , u 2 : w 2 ,  t e { 1 ,

L u 2 : U 2 )  r e  f ) ,

w z l r  : 0 ,

oz l r  :  0 ,

zz l r  :  0 .

(8)
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Notice that if / e ff"(O) then F e H"+s/z(l) . Thus, we have led the
original problem to the operator equation (6) for finding tus. After tue is found,
by solving the problems (3) we shall find the solution of (1)-(2).

Now, let us study the properties of B. First, for short we denote by fI the
Hilbert space -L2(f) with the scalar product (.,.).

Property L. B i,s symmetric and pos'i,tiue 'in H.

Proof. For any functions urs and tls we have

f  r  f , A w  _ 0 r , , _(Btus,rr ,16):  
Jr*o"rodl : -  Jrwo 

*:  
Jr fu*- i log)dl

:  Igtr_ ,a,u)d,r : -  [  waud,r
Jn Ja

f f
: -  I  Auudr:  /  gradu.Bradodr

Ja  J9

in view of (5) and the same equalities for u.r6, u,E and to. Thus, we obtain

(Bwo,wo) : I gruar.gradld,r.
J n

Hence.

(Bws ,As ) :  (Bws ,ws ) .

The symmetry of. B is proved.

F\lrthermore, we have

(Bws ,ws ) :  /  1g .aa r l 2d , r  >  o .
Ja

The equality occurs if and only if. ws : 0. So, B is positive and Property 1 is
proved.

Property 2. B i,s a completely continuous operatorin H.

Proof. tuom [6] it follows that B is an isomorphism of spaces fI"(f) and I1"+3(l),
s ) 0. Due to the compactness of embedding of ff"+3(f) into I/"(f) we get that
B is completely continuous operator in II"(f). In particular, B is a completely
continuous in H : Ho(f) : Lz(t) .

3. Iterative Method for BVP (1)-(2)

Consider the following iterative method for (1)-(2):
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i) Give a starting approximation tr,,f) € HL/z(l).

ii) Knowing -f) , Ut: 0, 1, ..., ) solve successively three problems

Aw(k) : f, r € f,), .(*)1" :.60),

Aa@) -w@),  r  €e,  11@)ly  :0 ,

6u&)  : r ( k ) ,  f r  € {1 ,  t r ( k ) l p  : 0 .

iii) Compute the new approximation of u.,6

wf ;+ r l :w f , k ) - '  '  r € l '

where r is a sufficiently small iterative parameter.

Theorem 2. The aboae iterat'iue process'is a realizat'ion of the follow'i,ng 'iterat'iue

scheme

( 1  1 )

(12)

(e)

(10)

1 - B w f ) : P

for the operator equati,on (6).

Proof. Indeed, if we represent u(k) '- u\r) +ur, a&) - ,\o) +rr, w(k) - *f) +rr,
where u2, 1)2t 1rr2 are the solutions of (8) then ufn) , ,l*) , tu{fr) satisfy the following
problems

Atufk) : 6' n e dl' 'lo) l" :'f,b) '

A'ufk) - r{n), n e {l, rf*)|" : o,

aulk) : r{x), r e o, , l*)1" :0.

By the definition of B we have

BwSk) - (13)

Taking into account

Au(k)  :Aufk)  _Auz
A"  

-  
A ,  

-  A r '

from (10), (13) and (7) we obtain (11) and the theorem is proved.

Since B is shown to be a symmetric, positive, completely continuous operator
in fI there holds

Theorem 3. The iteratiue method (11) zs conuergent 'if

2
o < 7 < i l ' i l '

Proof . See Lemma 2.1 in fal.
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4. Accelerated Iterative Method for BVP (1) (2)

In order to construct a faster convergent iterative process for (1)-(2) we shall

use the parametric extrapolation technique, which was developed and used in

our works 11- 4]. For this reason we consider the perturbed problem

Analogously as in sec. 2, it is easy to show that this problem may be reduced to

the following operator equation

B6w5s :  F , (15)

where Ba : B +61, w5s- Lrudlr,l is the identity operator and B and -F are

defined by (4)-(5) and (7)-(8), respectively. Taking into account the property 1

of B we see that Ba is a linear, symmetric, positive definite operator in fI and

B a >  6 L

Theorem !. Suppose that f e f1"-u(O), s ) 6. Then for the solution of the

problem (14) there holds the following asymptotic etpans'ion

A/

u 5 : u * D 6 o r n * d N + 1 2 5 '  t € d l '  0 < 3 1 /  <  s - 5 1 2 '  ( 1 6 )

i : 1

llztlla,tstt < Cr, (17)

C1 bei.ng independent of 6.

Proof . IJnder the assumption of the theorem, by [6] there exists a unique solution

u e FI'(CI) of the problem (1a). After substituting (16)into (14) and comparing

coefficients of the same powers of d we see that li and zd satisfy the following

problems

L 3 u 5 : f ( r ) ,  $ € { 1 ,

?/alr  :  0,  Au5l l  :  0,

( ry-aarro \ l  :o
\  d u  ) , ,

L3ao:0,  r  €  {1,

arlr :  0, Agr lr :  0,
^ lt+ l  :  L2ar- t  l - , i  :  1. . . . , .n/ ,
OU I  r - t

t f

(14)

(18)

Ls rd

z t l r

- AA'rr) I, 1 ,

: 0 ,  r € ( 1 ,
-  0 ,  A z 5 l ;  : 6 ,

: L'a*l .- t l
( Eta
t ^\ o u

(1e)
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Once again, using [6] it is not difficult to es
unique sorution yi e H"-3i(o) and rrnl o.r'lo,fi[;:::TJr',l#?J11),#ifli
clearly, at(i : 1,..., -l[) do not depend on d . It remains to estimate 26. For this
purpose we reduce (19) to a boundary operator equation. We set

. Azd : u6, Lu5 : q.1so

and denote toolr : tu56. Then we get

L u d - f ,  r € { 1 ,  u r d l f  : u 6 o ,

L u t : w 6 ,  n € d l ,  u o l r : 0 ,

Lz6 :  t1u,  r  €  (1,  za l r  :0 .

By the definition of B we have

0z
t twdo - -; l

t f

Now, using the last condition of (1g) we obtain

Bwn + 6lw6s: h,

where h: -Aryr lr .

It is not hard to verify that (see Bl)

(20)

(B.ao,roo) (  (Bw6,ws) (24)

where tus is a solution of the equation Bws: h. This equation has a solution
because the problem (19) with d : 0 may be reduced. to this.

In sec. 2, when investigating the properties of B we h established that

(Bwn, .m)= [Eraau6fax .
J N

In view of the Fridrichs inequality [Z] we have

(B.do,rao) ) CzllodlT"ot es)
on the other hand, since z6 satisfies the last problem in (21) there holds the
estimate

ll z 6ll s" 1a1 < llu tll?,, @t.
Hence, taking into account (25) and (24) we obtain

llz5ll11"p1 < C1,

where C1 : \E@*r,^),Cz,Cs and tre being independent of d . Thus, the
theorem is proved.

As usual (see [1-5]), we construct an approximate solution of the original
problem (1)-(2) by the formula

N+r
ut : D.y&d/r,

. (21)

(22)

(23)
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where

--  -  ( -1)N+r- ; ' i ry+t

"  i ! 1 ' n t r + r - i ) l  
1

u616is the solut ion of  (1a)  wi th the parameter  6 l i  ( i :1 , . . . ,N* 1) .  Then,  i t  is
easy to obtain the following estimate

l luu -u l ls"p l  (  Cdt+t ,

where u is the solution of (1)-(2), C is a constant independent of d.

For solving (14), which may be reduced to the equation (15) we propose to
use the following iterative process under the assumption f e L2(A):

i) Give a start approximatio" rffl) € HL/2(l).

ii) Knowing'tt''^J;;]'';,'';:1": 
;fi':';;T"" 

probrems

Lulk) :.lnl, r € f,), ,t*)1" :0, (26)

tuf) : rln), r € dl, r5*)1" : o.
iii) Compute the new approximation of tr66

, ! f r* ' ) : , !3) -r5,k+19#1.,  z€f,  (27)
d u l

where r6.6a1 is the Chebyshev collection of parameters according to bounds

"yt :6, "y3:6 + l lBll (see [1, 8] for detail). In the case of simple iteration

T6,lc = T6,0 :

we ger

.ttr) - waollu < (po)*llrt8) - .aoll' (28)

where
1 - { o  ,  _ ^ , j t )

P 6 :  L _ l * ,  
< 6 : - ( D

and as above 11 : .Lz(f).
This result follows from the general theory of two-layer iterative schemes l8],
applied to the operator equation (15), which is obtained from (14). Using esti-
mates for the solution of elliptic problems 15] and taking into account (28) we
get the estimate

l l"t*) - u6llsunpl < c(pd)kll,53) -.oollr,

where C is a constant independent of d' and wn: L2utlr as was mentioned in
the beginning of the section.
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