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Abstract. In this paper we give a p-adic version of the Poisson-Jensen Formula for

p-adic holomorphic functions of several variables in the general case of critical points

o f  the  fo rms lh ,  . . .  , t ^ ) .

1-. Introduction

Nevanlinna theory extends Picard's theorem for meromorphic functions. There

are two main theorems which occupy a central place in Nevanlinna theory. The

First Main Theorem is just the reformulation of the Possoin-Jensen Formula for

meromorphic functions. The Second Main Theorem generalizes the classical Pi-

card's theorem. Recently, Nevanlinna theory was extended to the p-adic case. In

17], Ha Huy Khoai related non-Archimedean function theory in several variables

to the combinatorial geometry of higher dimensional analogues of the valuation
polygon. Rather than take this approach, Cherry and Ye ([4]) consider a mero-

morphic function in several variables and restrict it to a generic line through the

origin, and prove that the counting function for this one variable function does

not depend on the choice of line though the origin. They use this observation

to define counting functions as in Ha Huy Khoai's one variable theory, and then

a several variable Poisson-Jensen Formula follows. However, their method gives

the formula only for the case of crit ical points of the forms (t, -..,t).

In this paper by using the ideas in [7] and some arguments in [4] we give a
p-adic version of the Poisson-Jensen Formula for p-adic holomorphic functions

of several variables in the case of crit ical points of the forms (tr,--.,t^)'
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2. Height of p-Adic Holomorphic Functions of Several Variables

Let p be a prime number, Qo the field of padic numbers and Co the padic
completion of an algebraic closure of Qp. The absolute value in Qo is normalized
so that lpl : p-t .We further use the notation u(z) for the additive valuation on
Co which extends ordo.

We use the notations
b (^ )  :  ( b t ,  . . . ,  b * ) ,  b6 ,4 (b )  :  ( b1 , . . . , b i - r , b ,b t+ t , . . . , b * ) ,

@) :  1b r ,  . . . , b r - r , b+ t , . . . , b^ ) .
D , :  { "  € C o : l r l < r , r  >  0 } ,  D < , > :  { z  e C o : l z l : r , "  >  0 } ,
D : { " € C o : l r l S l } ,
Dr (^ ) :  D r r x  . .  y  D r^ ,  whe re  r ( ^ ) :  ( r r r . . . r r ^ )  f . o r  r ,  €  Ra ,
Dar r ^ r ,  :  Pq r r>  X  " '  X  D<r^> ,

l l l : l r + . . . +  j ^ ,  z 7 : z 7 ' , . a T ,  1 1  : r l t . . l f f .

Iog :  logo,  t t :  - logr i ,  i , :  I t . . . t r r t .

Let / be a non-zero holoraorphic function in Dr,^, represented by a conver-
gent series

'  f  :  a ' tz1 , lz i l  I  16 fot  ' i  :  L , .  .  .  , rn .
l r l >o

Notice that the set of (r1, ...,r^) € Rf; such that there exist 11 , ...,nm € Cp
with lri l  : r if i :L,...,rn, is dense in Rf,. Therefore, without loss of generality
one can assume that Dar,^r2 f A.

We define

l f  l ,@)

Set  7 t  : . f r t t  +  . . .+  J* t^ .
Then we have

,"li* 
(r(or) * 7t) : .ru, *.

Hence, there exists a f e N- such that u(a.r) + 7t is rninimal.

Definition 2.1, The hei,ght of the functi,on f (z<^>) i,s defined by

Hy(t6): ^ -1nin (u(ar) + 1t).
0 ( l r l ( m

We also use the notation

Hf (h*): -H7(t6).

@

f  Q<a)  : \  f r , x (4 ) " f  ,  t  :  r , 2 , .  .  . , n ' L '
k:0

: ^ lo-rlr'
U !

Write
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Set
I 1 Q 6 ) :  

{ t t t  , . . . , 1 * )  €  N - :  u ( a . , ) + 1 t :  H 1 f t 6 ) } ,

+  / ,  (  -  ' )n o ' , y \ t 1 m 1 ) :  m t n  
{ 1 ,  

' : ( ? r , . . . , ' y i , . . . , 1 ^ )  e .  l t l t m l ) } ,

n , , r ( t 6 1 ) :  m a x { r o ,  :  ( ? r , . . . , . f i , . . . , . y ^ )  e 1 1 ( t 1 - y ) } ,

ni , r (0 .0)  :  min {n ,  fo . r (e)  + o) ,= 
T"  

i "  
i  r i .k \z i )  +  u 

I ,

u1e6) :D(t";r( t6) -  
" l ,y\rd).

i : 7

Call t1-y a crit'ical point if. uyt61 # 0.

Theorem 2.2. Let f (z) be a holomorphi,c functi,on on D,. Assume that f i,s
not'id,entically zero. Then there erists a polynomial

SQ) :  bo *  hz + .  .  .  +  buzu ,  deg g :  n  1 ( t ) , t  :  -  Iogrr ,

and, a holomorphic function h : 1 * f "-"" 
on D, such that

N : I

t )  f ( " ) :  s ( z ) h ( z ) ,
Z) f (r) just has ny (t) zeros 'in 1),,
S) ny (t) - nf (t) 'is equal to the number of zeros of f at u(z) : 1,
4) h has no zeros'in D,.

For the proof, see Weierstrass Preparation Theorem fbl.

@

Let f : D o.rr, be a non-zero entire function onCi. Choose A: A@)
lr l :o

such that

l s l  :  max{h l  ,  lor l  :  l / l r ,  . . , r1} .
The set of z in Co with lrl < I forms a closed subring of Co. We denote this
subring by 0 (called the ring of integers of Co), and the set of. z with lzl < 1
forms a maximal ideal I in 0 . We denote the residue class field OII bV er.
Note that since Co is algebraically closed, so is Q, and in particular Q cannot
be a finite field.

Given an element w in O, we denote its equivalence class in Q Uy 6.
Define f by

i :  i  4,'.,  
, ru;roo

. .  l a t  |  -  ^
Since I is entire, l- | < 1 for all but finitely many 7, and thus / is a polynomial

t Q " ,  l

in rn variables with coefficients in Co. Since

l a u l  -  ' '
l a r l
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/ is not the zero polynomial.

Vu Hoai, An

Lemma 2.3.  Let  f " (26)  :  D o"r" , ,s  :  1 , . . . ,e ,  be q non-zero ent i re
l r l : o

functions on Cff. Then for any D,r^, in Ci (D.,r^r, I A) there eri,sts
u:  u(m) 1 D,w> such that

I  n  /  r l  l n  I

l l " @ w ) l :  l / , 1 " r - r ,  I  :  1 , . . . , 4 .

Proof. Firstwe prove that if r(^) : (1, . . ., 1), then there exists w : w(m) € Dm
such that

l / " ( r ) l  : o  
_ l o i , l , s : 1 , . . . , Q .  Q . l )

For  each s :  1 , . . . ,g ,  choose a"  :  (a1, . . . ,u i )  such that

l y " l  :  ma* {111 :  l a i , l :  l / l < r , . . . , r 1 } .

Set
M : { ? " , s : 1 , . . . , Q } .

Since f is not the zero polynomial, so is 
"=ri.

LeLw:w1m1 €D besuchthat6 isnotasolut ion of  
n  

i " .

Set
: b s t  s : I r , , . r Q ,

ag"

We have

b " :  f  " ( 6 ) .
Since 6 is not a solution of all fr,

b " # L

Thus

; / " ( t u )  |  :  i .
l a a , l

Hence, l/"(,rl l) l : lou.l.
Now let f iLt.. .,fr- € Co such that lr i l  : vl-.
Consider the following transformations of Cff:

9 Q 6 )  :  ( n t z t , ' ' ' ,  r ^ z * ) .

Set
r : ( * t r . . . r r ^ ) .

We have
,P (D* )  :  D , r ^ , ,
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ard

y"oee61):  i  (a". , r1)21
l r l :o

axe non-zero entire functions on Cff.
By (2.1) there exists w : w(n) such that

lr""v@), 
I.*f-,,""rri) _* 

l"ill"'1"' l**1"-
0 < l r l < r c '  "  '  ' \ n )

S e t  u :  p ( ' u . ' ) .  T h e n  u e  D r r ^ ,  a n d  l / " ( u ) l  
:  l / " 1 , , - , ,  s : 1 , . . . , 8 .  I

Lemma 2.4.  Let  7"Q6),s  :  1 ,2, . ' . ,Q,  be q non-zero holomorphic funct ' ions
on Dr,^r. Then there erists u : u(m) e Drr^> such that

l / " ( " ) l  :  l f " l , r ^ > , s  :  1 ,  2 , . . . , Q .

Proof. Let @

f " :  \  a" . . ,21.

l r l : o

F o r  e a c h  s  :  ! , 2 , . . . , q ,  w e  s e t

k  
( '  '  I n l r y  r a r  

' l

"  
:  

o.T?f-  [ l f  t  
:  la" l r '  :  l / "1 ' r - r  J '

Then
P r :  t  a " . r z 1  , s : 1 , . . ' , Q ,

o< l r i<k"

are non-zero entire functions on Cfr.
ByLemma2.3 ,  thereex is ts  u1* ;  :  (u t , . . . ,u^ )  €  D,<^> w i th  lua l : rz  such

that

Moreover,

Thus

l P " ( " t - l ) l  :  l P " l " , - ,  ,  s :  \ , . . . , Q .

141,, - ,  :  l / "1" , - , ,  l r " ( " r - l ) l  :  l / " ( "1- t )1,  s :  1, . . . ,e.

l / " ( "1 - l ) l  :  l " f " l ' , - ,  ,  s :1 ,  " ' ,Q '  I

As an immediate consequence of Lemma 2.4 we have

Corollary 2.5. Let f (rw) be a non-zero holomorphic function on D,r^r. Then

_max l/(") l  :  l f l , ,- , .
u t  u . ,  ^ t
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3. p-Adic Poisson-Jensen Formula in Several Variables

Let / be a non-zero holomorphic function on Dr,^r.
Write 

@

f  QW)  :  f t , x ( z t ) z f  ,  , i  : 7 ,2 , .  .  .  , f f i .
k:0

Let

Vu Hoai An

nt , f  (0,0)  :  min{k :  f i ,p(za)  l0} .

For a fixed i (i : I,. . .,m) we set for simplicity

nt,f (0,0) : l ,  fu: nf,,y(t61), kz: n (t<-l).

Then there exist mult i- indices "y : (7t,. . .  , j t , . . . , 'y^) e .I1(t1-;) and
H: ( l - r t , .  .  . t  F i t .  .  . ,  F*)  e I1( t61)  such that  'y t  :  k t ,  Ft , :  lcz.

We consider the following holomorphic functions on D,r^,

ft("w): f,,,t "1,
lx,(ro) : fr,n, ,!',

7r,(26) : fr,n, "f,.
The functions are not identically zero.

Set

t \ :  {u :  u (^ )  €  D,61  t  l f i l u ) l :  l fd ,6y ,  l / ( " ) l  :  l " f  l ' 1 -y ,

l / r ,  (u)  I  :  l f  n, l , r^ t ,  l f  n"(u) l  :  l f  n" l ,o>j  ,

w h e r e i : L , , . , , f r l .
By Lemma 2.4, Ui is a non-empty set. For each u € U,;., set

k=0

The following theorem shows that we can use the Weierstrass Preparation
Theorem 15] to count zeros by s licing with a generic line through the point u,

Theorem 3.L. Let 7Q6>) be a holomorphi,c functi,on on D,r^r. Assume that

f @fO) 
'is not identically zero. Then for each 'i : 1,. . .,n'1, and for all u € Ui,

we haue
1) H7(t6) :  Hh, . ( t t ) ,
2) nor(t6) is equal to the number of zeros of fr,u in D,o,

3) n;,(t6) - n!,r(t6) ' is equal to the number of zeros of f i,u at u(z) :10.

Proof. Set fu: n1 ,_(tt),kt 
: n ,.(t i). Since

lrl'ot:',;t'':),'^"!-i'r"'' 'l(--";:l:,':u,''rr'"''*
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i

1>odic P oi,s s on- J ens en

we obtain

Formula in Seueral Variables

I  fn,r,(u)t ' f '  :  l f  1,61

On the other hand, we have

:  l f tn,6V! '  :  l f  (u61t.

lfn,*,61r!, : lf..n,6lri' 1 lftul,n < l.f 1"1-y.
Hence

lfo,*,61r!' : lfr,ul,n : lf4,,6t f' '

Flom this it follows that kr ( rb3 and ka I k2. Now we consider j such that

l fo , i6 l4 : l f r ,u l ,o '

Then there exists 4 :  (rh, . . . , r1i , . . . ,T^) with 4a :  j  such that

l / ( ' r - l ) l  :  lk , ,@t) l  Sl f i , , l ,n :  l fo,1@1' ' tn
< lorlr '  < lf l ,6r-

Since

l /("t-l) l : l f l ,<^>,
we have

laolrq : l f l , ,^,.

Hence kz < j S k1. Flom this it follows that ka ) rk2 and hs 1 fu. Since ,k1 ( ,k3
and k2 ) k4, so kz : kt and ,t1 : kt. By Lemma 2.4 and' Theorem 2.2, we

f r,u. D,u and nly(to) - n[,t(t6) is equal to the number of zeros of. f,;,," at

u(z)  ta .

Theorem 3.1 is proved. I

For each 'i : !, . . . ,rn, frolrr- Theorem 3.1 we see that e,f (0,0) : rz1o,. (0,0)

f o r a l l u € U l .

Let / be a non-zero holomorphic function' on Drr^r. Define nt,l(O,r1-y) to

be the number of zeros with absolute value I ra of. the one-variable function

f  t , " ( z ) .
Theorem 3.1 tells us that

a, f (0,, (^)) : n, 1 (t 6y).

For o an element of Co and / a holomorphic function on Drr^r, which is not

identically equal to a, defi.ne

n tJ (a , r ( ^ ) )  :  n i , f  _ -a (0 , r61 ) ,  n , i , 1 (a ,0 )  :  na , y - " (0 ,0 ) ,  i  :  L , .  . .  ,m .

We f ix  real  numbers Pr , . .  . ,  p*  wi th 0 I  pn I  r i r ' i  :  I , . . . , ' t r7 .

For each z € R, we set

A i ( r )  :  ( p r , .  . .  ,  P i - r , f i , r i + 1 , . ' - , r ^ ) ,  i : 1 ,  -  .  - , ' 1 r 7 .
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Define the countang function N1@,t6) bV

1  f l ' f  ^

Ny@,t61): # t  {re*@*' k=L i*

If o : 0, then set Ny(t1-1) : N1(0, t1-;).
For each f € R, set

Vu Hoai, An

(3 .1 )

(3.2)

where

T t ( t )  :  ( " t , . . .  t c i  L t t t t t + t , . . . , t ^ ) ,

c i  :  - l o g  p 6 , ' i  :  7 , . . . , m .

Theorem 3.2. (padic Poisson-Jensen Formula in several variables) Let f be a
non-zero holomorphic functi,on on Drr^.,. Then

Proof. Let

'  k :0

Set
l, :  n1,y(0,0), a :Ioglf1,a 1ff,

f  i n r . r ( O , A 1 @ \ - ( .M : i  I  - d r * L l o g r 1 ,
l n p J  r

0

Pr

*  E P t '
0

f i
Mr :J_  |  a " * . ( ,bgTL,

t n p J  r  f u 'oi,

M s -  [ " ' t Q ' A ' ( * ) ) d * '
! , r

|  :  { " r ( r )  t  ( r r , t "  
" r ( r )  

-  
" [ t . " r ( r ) )  +  0,  t>  r r ] .

We will prove

Hf (t6) - Hf "Tr(ct) 
- Ms.

To show (3.1) first we prove the following

Case 1 .  / :  0 .

Hf (t6) - a: M.
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Then

|  
' i  

u . r@,Ar@D ,t u t : * J - - ' "  o * '
0

If f : 0, then Hf (t@)): a and M : 0. Therefore

Hf ( t<a) -  a:  M'

If | + 0, then I is a finite set. Suppose that f contains n elements

AO) :  ?r( t ( t l ; ,

A@) : Tr(t@)1,

where  f1  <  t ( 1 )  <  { z )  a . . .  q  1 (n ) .

S e t  b 6 :  p - " n ' , i : 7 , 2 , , . . , f r ,  s :  n 1 , 1 ( 0 , r 1 ^ 1 ) , s 1  :  n r , . r ( 0 ,  A 1 ( b 2 ) ) ,  a 1  :

l f t 'Q )h ,  az : l og l . / 1 , , - , , , 1 r , ; ,  as  :  I og  l / 1 " , * , , y {a , ) ,  a t  :  l f t , , ,  l a .
T h e n  0  < b n  < b n - t  1 . "  (  b 1  (  1 1

We will prove (3.2) by induction on n.

Case  n :  1 .

If bl : 11, then nt,f (0, Ar(r)) : 0, 0 I r 111. Moreover, by the continuity
of  oT1(t ) ,  we obta in (3.2) .

Consider bt I rt. have

M :  s( logr1 -  logbr)  :  Iog(arr i )  -  Iog(a1bi) .

Since b1 (  11 and n:  l ,

Hf ( t@)) :  los(orr i ) .

F\rrthermore,Tt(t) ( | with t > t(1) and ."1(t) is continuous.

Thus
Iog (o1bi )  :  a .

Hence (3.2) follows. So (3.2) is proved in this case.

Now we will prove (3.2) for any n.

Case b1 ( 11.

Then 0 < bn < b i ,n- t . . .  (  br  (  11 and fu < [ (L)
induction hypothesis,
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d r : a z - a .
( ' ) )(0,  At

r

n i f

b t

1 [
Inp J

0

Thus rr

M :  az  -  o+  !  [  
u tQ 'A t ( r ) )  o * .

rnpJ  f r
O l
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On the other hand,

r l

!  t  
u,r(0,:4t(r)) d,r: s(tosr1 _ logbl)I n p J  r

b1

: Iog(a1ri) - log(a1bf),
a2 : log(afti). (8.3)

Since fi(t) I I with t1 1t < tG),

( t6 ) :  Iog(a1r i ) .  '  (8 .4 )

By (3.3) and (3.4),
M -  ( t 6 ) - a .

Case b1 :1*.

T h e n  0  < b n  < . ' .  < b z  1 b 1  : r r  a n d  t 1  : { 1 )  q  . . .  q  1 ( ? x ) .
Apply the induction hypothesis,

bz

0

Thus 
br

M 1 fn r ' t (o 'Ar ( ' ) ) " -: az 
"+ tnp J 

-To". (3.5)
bz

Moreover,  nt , f  (0,At( r ) ) :  sr  wi th b2 1r  (  b1,  and

oa : log (a4b;').

Since ft(t) I f with {1) <t <tQ), and by the continuity ot Hf oT1(t),

Hf ( t*) :  loe (a+bi ' ) .  (8.6)

ftom (3.5) and (3.6), we obtain

M : Hf (t*) - a.

Case ( ,10 .

Then / : hfz with fr: 2!.
We have

nL, f2 (0 ,0 )  :  0 ,
nr,f (0,0) : l, nt,f (0, At (")) : ftr,Iz,{, A1(r)) + (,,

nf (tra) : uf,(tw) + HiQ@) : trosrt + Hf;(tra).

br
7 f

,* / dx : st(Iogh - Iogb2) : log (o4bi') -log(aabi,),
IrrP J

bz
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B y c a s e l : 0 ,

| 
' i  

ry,yQ, Ar(')) 
"^ -r ^ P J  '  
- - - H f " ( t 6 ) - a '

0

Thus
M : Hl(t<a) - at t tosrl:  Hf (t6) - 

".
Similarly we obtain

Mt :  Hf  oTv(c1)  -  a .  (3 .7 )

We have
M : Mt I  Mz, Mt:  Mz.

Apply (3.2) and (3.7),

Mt :  M -  Mr :  Hf  ( t@)  -  H l  "  " r (c r )
Similarly we have

ori-1(ci-1) - Hf "rt(ct): hj 
'N*@0,

P i

f o r  i : 2 , . . . , f f i .  ( 3 . 8 )

Apply (3.8),

-+Hf .T*-r(c^-t)  -  Hf .T^(c*),

we obtain
Hf ( tr^) -  n @6): Ny(t1-y).  I
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