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1. Let M be a topological manifold and G a finite group, acting freely on M.
For an integer m) O, let Gq1,...,Gq^ be rn distinct orbits of G, qa Q. M for
I < i <  r n .  S e t  Q ^ : U T L r G q t .

Definition 1.. (see l2l fhe G-equiuariant configuration spo,ce of G-manifold M,
d,enoted, bg F^,-(M;G), is the subspace of the Cartesian product xM, consisting

of all n-tuples of points in M\Q* lying on n pairutise distinct orbits

F^ ,n (M;G)  :  { ( " t ,  . . . , r ^ ) l r t .  e  M \Q*  and  Gx i iG r i  : 0  i f  i  *  i } .

The case when G is the unit group, F^,.(M) were first studied by Fox and
Neuwrith in [3]. We consider two special cases.

First case. Let M : lRe, rn : 0 and G is the unit group. Then the space
Fo,^(M;G) is usually denoted bV F"(Rq) or Fa(lRe,n) and is closely related
to symmetric groups, the Weyl group of type A. We call it the configuration
space of type A. Indeed, the symmetric group Er, acts freely on Fn(Rq,n) by
permutations.

Secondcase .  Le t  14 :  l f t c \ {0 } ,  * -  0  and  G :ZzoPera t i ngon  Mby
antipodal action. The configuration F1,^(M;G) then is denoted by Fs(lRq,n).
The semi-direct product Wn : En*V'f , the Weyl group of type B, acts on xlRc

and therefore on Fs()Rq,n) by permutations and antipodes. We call -Fs(lRq,rr)
the configuration space of type B. This space is recently studied in [6].

The configuration space Fa(lRe,n) has been studied by many authors [3],
[4], [5]. In this paper we will carry out studies on the homotopy of configuration
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It is easy to see that

F^,"(M ; G) / G --. F^,"(M / G)

[ ( p t , .  . . , P , ) ]  -  ( F r , . . . . , F n )

is a homeomorphism and we can identify these two spaces. Therefore, the map

F*,"(M;G) - F^,"(M/G)
( * r , . .  . , r , n )  *  ( E u . . . , E , , . )

is a regular cover with discrete fiber G. The exact homotop$r sequence of this
covering implies

n;( ,"(M;G)) d n{F^,^(MlG)),

f o r  i 2 2 .
m this and the Theorem 2 of [g] we get

Theorem 2, We haae 
;_l

r i ( f i ,n(M;c))= @tu\oo)
&:0

for i / 2. Morzoaer, if the fiber bund,le

r: Fs,"(MfG)) + MIG
(arr . .  .  rUn) r ,  y,

acrepts a cnoss section then we haae

n6(Fs,n(M ;c)) s 6,rtqo,,
for i>2. 

f r :o

Now it is easy to sbe that the fiber bundle

r'0," (R1\{0} ; Zz) - (Rc\{0})/(22)

accepts a cross section. So, according to Theorem 2 for i ) 2 we have
n - l

. ni(Fa(rRq, 
")) 

= (E &((Rq\{0})\e,,).
rb:0

Moreover, {no\{O}}\Q*
So- 'V . . .VSc.  1 , .  So ,  we have

9 8 ,

2tb*l times

is obviously homotopy equivalent to
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Theorem 3. We haae

99

n-L

zra (Fs (lRq, 
") ) 

= (E "' (ry..j]Sq-l)
ft:o 2k+ltinei

f o r  i 2 2 .

When g > 3 the space Fs(Rq,n) is l-connected. The exact homotopy se-
quence of the universal covering

Fs(Ro,n) - Fa(lRo' n)lW^,

with fiber W' gives us

Corollary 4. For q ) 3 we haue r;(FB(Rq,n)/W") = Wn.

Let consider the canonical inclusion [Rc S [Rc+l. It induces the inclusion
Fa(lRq,n; 5 f;1no+r,n). Put Fs(lR*,n) : l imc--Fa(lRq,n). As a conse-
quence of Theorem 3 and Corollary 4 we have

Corollary 5. Fs(lR-,n) is an Eilenberg-Mac Lane space K(Wn,l).

2. It is well known that if a topological manifold M of dimension n is equipped
with a cellular decomposition Cu then its fundamental group can be computed
via the 2-skeleton C!]) . t"an earlier work [1] we have suggested the dual method
computing the group 

"t(M) 
via the so.called 2-codimensional skeleton of. Cya.

Precisely the group rL(M) can be computed via the n-cells, (n, - l)-cells and
(n, - 2)-cells of. Cu.

In order to compute the group zr1(Fs(lRq,")lW^) we introduce the notion
of Nakamura decomposition of type B of xlRq (see e.g. [2]). Suppose that IRq

is ordered by lexicographic order. Then Jach point a € xlRc can always be

written as tu.(a1, ...,an),where ur is a certain element of th"'grorrp Wn, a6 eRq
satisfying ar ) az
sequence of in teger  ( r t , rz , . . . , rn i r ra l )  wi th r r :e t  0 (  16 (  q for  a l l  i ,  where
ri is defined by

i f j < p t

i f  h < q ,
( * )

a n d p i : e - r i .
Conversely, given a sequence of integer (rr,rr,...,rnlrr-rq1) with rL : et

0 (  r i  (  q  for  a l l  i ,  le t  denote by o:  ( r r , r r , . . . , rn i r r r '1)  the subset  of  x lRq

consisting of all (a1, ...,an) satisfying (x). Put

C ( q , n )  -  
{ . . o l w  e W n ,  a :  ( r r , r 2 , . . . , r n i r . a 1 )  w i t h  r r :  e , 0  <  r l  <  g } .

It is easy to see that eanh u.q. is homeomorphic to a disc of dimension ltt.al :

DTJ| r, - g and that C(q,n) is a cellular decomposition of xlRc. The space

!  
otn: ot '* '

t of'*t > "'r+I'
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Fa(Rn,n) is then a ft-invariant sub cellular space of xlRs. It consists of all

cells of the form w.(r1,r2,...,rnir '. '1) with ri + 0 for all i . Apply the result

of [1] to the space FB(Rq,n) together with the above cellular decomposition we

have

Theorem 6. (i) The fundamental group zrr(Fr(1R2, n)lw") ad,mits a presenta-

tion with generators gt,g2,...t7n-Lth and defining relations

( u )  s n . s i . s n ' ' 9 i '  : 1

g i . h . g n r . h - r : t

i f . l i - i l > 2

i f . n - i > 2
(b) gt.gr+r.gt.s-il.si t .silt : 1
( " )  (g, - t .h)2. (h.sn- t ) -2 :  L

(ii) The fund,amental group zr1(FB(Rq, n)lw^) with q) 3 admits a presentation

with generators gr,gz,...t9n-rth and defining relations (a), (b)' (c) giaen

in the part (i) and

@ )  s ? : !  a n d ' h 2 : r '

Combining the second part of this theorem and the Corollary 5 we get

corollary 7. The weyl group of type B, Wn admits a presentation with gen-

erators 9r,92, ... t 9n-rth and defi 'ning relations (t) ' (b)' (c) and (d).

3. The relation between configuration spaces oftype A and configuration spaces

of type B is established by a family of maps fi,6 defined below'

Denote by m tne set of positive real numbers. Then we have the configuration

space

F e ( l R n ,  n ) :  { ( q , . ' . , r n )  |  1 6  e  l R q ,  u  I  t i  i f  i  +  i } '

Obviously, R = R and we can identify tr'a(lRo,n) with Fa(lRq,n). Let con-

sider the unit sphere 5ft 6 ptc+t. Here an element r € lRk+r is written in the

form

Identifying FA(Rq,n) and Fe(Ro,n) we have

Definition E. For each pair of integers h ) 0, k ) 0 we defi,ne aDn-equiuariant
rnap

/r,,r : Fn(Rh,n) * (Sk lzr)- -.--- F"(Rn**,n)l(Zr)-

( o r , . . . ,  a n )  x  ( 4 , . . . , 7 , n )  -  [ ( b r , . . . , b ' ) ]
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where bi€ Rh+k, | < i < n is the uector

Flom the definition we have the following commutative diagram .

Fa(Rh, n) x (Sk lv,2)" FB(lRn+n, n)lz\

Ite x t'o lo;,o

F A ( R h + 1 , n )  x  ( S f r + l / 2 " ) "  
t '  

F " 1 n g n * t * k * ' , n ) l Z T

Therefore we can define the E'-equivariant map

.ft,- , Fe(lR-, n) x (S* lZ")n - Fa(lR-, 
")/28.

By the Er-equivariant property, the maps fi',1 induce maps

fi,s : ,F'a(lRh ,") 
;(Sr 

lZr) - ' Fs(lRh+k,n)lW-. (1)

Similarly, the map /-,- induces a map

.f-,- : Fa(lR-, n) x*(S* lZr)n - FB(R-, n)lW^.

The group zr1(F's(lRh+k ,n)lW^) has been computed in Theorem 6. The funda-
mental group of the left hand side of (l) can also be computed in the same way.
We can check that the maps /6,r send bijectively the generators and defining re'
lations of zr1(Fa(JRh ,n) x (Sk lZz)') to those of zr1(Fs(Rh+k, dlW^). Therefore

we get

Theorem 9. For h,le > 3 the maps f1,p ind,uce isomorphism on fundamental
groups

( fnd+:  zr1(Fa( lRh,  n)  x  (Sk lZ2)^)  = r1(Fn(Ro*k,  n) lW") .

Moreover, Fs(lR-,n) is a K(n,I) space. So, we have

Corollary 11O. The map f*,* is a hornotopy equiualence'

101
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