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1. Let M be a topological manifold and G a finite group, acting freely on M.
For an integer m > 0, let Gqi,...,Ggn be m distinct orbits of G, g; € M for
1 <i<m. Set @ = UL, g;.

Definition 1. (see [2]) The G-equivariant configuration space of G-manifold M,
denoted by Fy,, ,(M; G), is the subspace of the Cartesian product x M, consisting
n

of all n-tuples of points in M\Qn lying on n pairwise distinct orbits

Frnn(M;G) = {(z1, ... ,Tm)|2: € M\Qrm and Gz; NGx; =B if i # j}.

The case when G is the unit group, Fy, »(M) were first studied by Fox and
Neuwrith in [3]. We consider two special cases.

First case. Let M = R9, m = 0 and G is the unit group. Then the space
Fon(M;G) is usually denoted by Fnp(R?) or Fa(R%n) and is closely related
to symmetric groups, the Wey! group of type A. We call it the configuration
space of type A. Indeed, the symmetric group X,, acts freely on F4(R%,n) by
permutations.

Second case. Let M = RI\{0}, m = 0 and G = Z; operating on M by
antipodal action. The configuration Fg ,(M;G) then is denoted by Fg(R?,n).
The semi-direct product W,, = £, xZ%, the Weyl group of type B, acts on xR?

n
and therefore on Fg(R%,n) by permutations and antipodes. We call Fp(R?,n)
the configuration space of type B. This space is recently studied in [6].

The configuration space F4(R? n) has been studied by many authors 3],
[4], [5). In this paper we will carry out studies on the homotopy of configuration
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spaces of type B, Fg(R%,n).

Consider the quotient space M/G. We then can define the configuration
space Fy, ,(M/G) by taking the unit group as action group and using the set
Qm = {Gi,qi € Qm} instead of the set Q,,,. Here # denotes the image of x € M
by the natural projection M — M/G.

It is easy to see that

' Frnn(M;G)/G — F (MG,
[(Pl, 000 ,pn)] = (}71; s ,p-n)

is a homeomorphism and we can identify these two spaces. Therefore, the map

Frnn(M;G) — Fp n(M/G)

(:L‘]_,...,:L'n) — (.’1_71,...,.’1_3'")
is a regular covering with discrete fiber G. The exact homotopy sequence of this
covering implies : ‘
Ti(Fnn(M; G)) = Ti(Fin,n(M/G)),

for i > 2.
From this and the Theorem 2 of [3] we get

Theorem 2. We have

n-1

i(F1,n(M; G)) = @P(M\Qx)

k=0
for i > 2. Moreover, if the fiber bundle
m: Fon(M/G)) — M/G
(yl,---,yn) =9
accepls a cross section then we have
n-—1
mi(Fon(M; G)) = @D(M\Qw),
: k=0
fori > 2.
Now it is easy to see that the fiber bundle
Fo.n(RN\{0}; Z2) — (RI\{0})/(Z>)
accepts a cross section. So, according to Theorem 2 for i > 2 we have
n—1
mi(Fp(R?,n)) = @ m((RI\{0})\Q%).
k=0

Moreover, - {RI\{0}}\Qx is obviously homotopy equivalent to
STt v... VST So. we have
2k+;71:imes




Homotopy of Configuration Spaces 99

Theorem 3. We have

n—1
m(Fp(R%,n)) = Pm(E v - vsT)
k=0

] 2k+1times
fori>2.

When ¢ > 3 the space Fg(R?,n) is 1-connected. The exact homotopy se-
quence of the universal covering

Fp(R?,n) — Fp(R%,n)/Wh,
with fiber W,, gives us

Corollary 4. For ¢ > 3 we have m;(Fg(R?,n)/W,,) =X W,,.

Let consider the canonical inclusion RY S RI*+1. Tt induces the inclusion
Fp(R%,n) S Fp(R¥*! n). Put Fg(R®,n) = limg_,o, Fp(R?,n). As a conse-
quence of Theorem 3 and Corollary 4 we have

Corollary 5. Fg(R*,n) is an Eilenberg-Mac Lane space K(W,,1).

2. It is well known that if a topological manifold M of dimension n is equipped
with a cellular decomposition Cps then its fundamental group can be computed
via the 2-skeleton Cﬁ). In an earlier work [1] we have suggested the dual method
computing the group m (M) via the so-called 2-codimensional skeleton of Cys.
Precisely, the group 71(M) can be computed via the n-cells, (n — 1)-cells and
(n — 2)-cells of Cpy.

In order to compute the group m;(Fp(R? n)/W,) we introduce the notion
of Nakamura decomposition of type B of xR? (see e.g. [2]). Suppose that RY

n

is ordered by lexicographic order. Then each point a € xR? can always be

n

written as w.(ay, ..., an), where w is a certain element of the group W,,, a; € R?
satisfying a; > a2 > -+ > a, > 0. Such a sequence (a1, ...,a,) gives rise to a
sequence of integer (r1,72,...,7n;Th+1) With r1 = ¢, 0 < r; < ¢ for all i, where
r; is defined by

a{ = afﬂ if 7 <p; )

aft > et if p <og,
and p; = q—r;.

Conversely, given a sequence of integer (ry,7o,...,7n;Tny1) With 7 = g,
0 <7 < g for all 4, let denote by & = {r1,72,...,7n;Tns1) the subset of xRY
n

consisting of all (ay,...,an) satisfying (). Put

Clg,n) ={w.a|lwe Wy, a=(r1,72,...,Tn;Tns1) With 1y = ¢, 0 < r; < g}.

It is easy to see that each w.a is homeomorphic to a disc of dimension |w.a| =
Z?:ll r; — g and that C(g,n) is a cellular decomposition of xR?. The space
n
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Fp(RY,n) is then a Wy-invariant sub cellular space of qu It conmsists of all

cells of the form w.(r1,72,...,Tn; Tnt1) With 7 # 0 for all 1. Apply the result
of 1] to the space Fg(R,n) together with the above cellular decomposition we
have

Theorem 6. (i) The fundamental group m (Fp(R2,n)/W,) admits a presenta-

tion with generators g1, ga, - - - gn—1, h and defining relations
(a) gi-gj9; g5 =1 if i — j| > 2
gihg Rl =1 ifn—i>2

(b) gi-gi+1-gi-gi_-|-11'gi_1~gi—-|-11 =1
(C)‘ (gn_l.h,)z.(h,.g-n_l)_2 =4,

(ii) The fundamental group mi(Fp(R?,n)/W,) with ¢ > 3 admits a presentation
with generators g1, gz, - --,9gn—1,h and defining relations (a), (b), (c) given
in the part (i) and
(d) g? =1 and h? = 1.

Combining the second part of this theorem and the Corollary 5 we get

Corollary 7. The Weyl group of type B, W, admits a presentation with gen-
erators gi, 92, ..., gn—1, h and defining relations (a), (b), (c) and (d).

3. The relation between configuration spaces of type A and configuration spaces
of type B is established by a family of maps fs x defined below.

Denote by R the set of positive real numbers. Then we have the configuration
space

Fa(RY,n) = {(z1,...,2n) | T € RY, z; # x5 if i # 5}

Obviously, R ~ R and we can identify Fa(R9,n) with F4(R%,n). Let con-
sider the unit sphere S¥ ¢ R*¥+!. Here an element z € RF+1 ig written in the
form

Identifying F4(R9,n) and Fa(R9,n) we have

Definition 8. For each pair of integers h > 0, k > 0 we define a ¥, -equivariant
map

o s FaR",n) x (S*/Z2)" — Fp(R"™*,n)/(Zo)"

(@1y e s @n) X (T2, n) = (b1, ., bn)]
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where b; € RM* 1 < § < n is the vector

k
[ i)

From the definition we have the following commutative diagram .

Fa(R",n) x (S¥/Zo)" 5 Fp(R™* n)/z3

[5ax i Lih
FA(Rh+1,n) x (Sk+1/Zz)n f"-L--‘f"H FB(Rh+1+k+1,n)/Z721
Therefore we can define the ¥, -equivariant map
foo,00 : Fa(R®,n) x (§°/Z3)" — Fp(R*,n)/Zj.
By the X,-equivariant property, the maps fhx induce maps

frr: Fa(R", n) X (S*/Z,)" — Fp(RM* n)/W,. 1)

Similarly, the map fuo oo induces a map

fooioo : FAR®, 1) x (§%/Z2)" — Fa(R™,m)/Wa.

The group m, (Fg(R"**,n)/W,) has been computed in Theorem 6. The funda-
mental group of the left hand side of (1) can also bé computed in the same way.
We can check that the maps f5 x send bijectively the generators and defining re-
lations of m; (Fa(R",n) £ (S*/Z3)™) to those of 71 (Fg(RP*,n)/W, ). Therefore

we get

Theorem 9. For h,k > 3 the maps fn r induce isomorphism on fundamental
groups

(Frn)s : m(Fa(®R",n) x (S¥/Z2)") & m (Fp(R**, n)/W,).

Moreover, Fg(R>,n) is a K(m, 1) space. So, we have

Corollary 10. The map foo,00 18 a homotopy equivalence.
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