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Abstract. In this note, first we establish a fixed point theorem for eventually lip-

schitzian mappings, next we prove a fixed point theorem for mappings of uniformly

Iipschitzian type and finally, we make some remarks about asymptotically lipschitzian

and asymptotically nonlipschitzian mappings.

1. Introduction

Let C be a bounded closed convex subset of a Banach space (X, ll ll). A mapping

T : C --+ C is called uniformlv lipschitzian if there is a constant k such that

l l T " r - r " y l l s k l l r - a l l ( 1 )

for all n : I,2,... and all z and g in C. Such mappings are originally considered
by Goebel and Kirk [7] and then by Goebel, Kirk and Thele [8]. They showed
that if the solution 1 of the equation 111 - 5y(Il1)] : 1 is greater than one and
the characteristic of convexity eo(X) < 1 then every uniformly k-lipschitzian
mapping has a fi.xed point in C whenever k < 7 (where d; stands for the mod-
ulus of convexity). Later, having introduced a characteristic rc(M) of a metric
space (M,d), Lifschitz showed that in a metric space setting, every uniformly
k-lipschitzian mapping has a fixed point whenever k < rc(M) lt:]. This result
was then generalized by Gornicki and Kruppel for mappings satisfying (1) only
for n in a subset A of the set of all natural numbers N with the Banach density

* This work was supported in part by the National Basic Program in Natural Sciences,

Vietnam.
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p(A) > 112 ll0]. Here we employ the same method used in 113] to establish a
fixed point theorem for mappings satisfying (1) for all n ) rr0, where ne is an
arbitrary fixed natural number. As corollaries we get some fixed point results for
asymptotically lipschitzian mappings, asymptotically nonexpansive mappings in
a metric space setting.

In [9] Kirk has introduced the notion of mappings of asymptotically nonex-
pansive type and established a fixed point theorem for such mappings. In Sec. 4
we generalize this result for a wider class of mappings so called mappings of
uniformly lipschitzian type.

The last part of this note is concerned with compact metric spaces. In

14] Freudenthal and Hurewicz have proved that in such spaces every surjective
nonexpansive mapping must be an isometry, and every expansive mapping must
be a surjective isometry. Later in [8] Goebel, Kirk and Thele generalized the first
result of Fleudenttral and Hurewicz for asymptotically nonexpansive rnappings.
This result encourages us to introduce the notions of asymptotically expansive,
asymptotically lipschitzian and nonlipschitzian mappings and establish similar
results for such mappings.

2. Preliminaries

In this section we recall some definitions which we shall use below,

Definition l. Let (M,d) be a metnc space. A mapping T : M --+ M ,is called,
asymptotical,Ig k-li,pschitz'ian if there etists a sequence of posi,tiue numbers {kn}
conuerging to k > 0 such that

d(T"r , f "A)  S i : .d( r ,y)

f o r  a l l  n  : 7 , 2 , . . .  a n d  a I I  r , y  i , n  M .
In part'icular, if kn : k for eaeT'A n € N ue get the not'ion of uniformly

k -li,p s chi,tzian mapp in, g s.

Definition 2. If i,n Defini,t'ion 7 we haue k : 7 then we get the not,ion of
asympt otically n onerpans'iu e mapping s.

Definition 3. If i,n Definitions I and 2 we haue the conuerse inequal,it'ies then we
get the not'ions of asymptot'ically k-nonlipschi,tz'ian and asymptot'ically erpansi,ue
mappings. respectiu ely.

Definition 4. A mapp'ing T : M - M i,s called euentually k-lipsch'itzi,an if there
'is a posi,t'iue number k and a natural number ns such that

d(T"r , f "a)  a  k  d@,y) (2 )

for all n )> ns and all r,y € M.

Clearly, if ns : I this notion coincides with that of uniformly k-lipschitzian
mapplngs.
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Definition 5. The Li.fschi,tz characterist'ic of a metric space (M, d) i.s defined
as follows

n ( M ) :  s u p { 1 3  >  0 :  l a  ) l  s u c h t h a t Y r , y  e  M  a n d r } 0 , d ( r , a )  > r

+ fz  € M such that  B(r ,  Br)  n B(y,o: r )  c  B(z, r ) j ,

where B(z,r) denotes the closed ball of rad'ius r centered at z.

The Lifschitz constant 
"o(X) 

of a Banach space (X,ll.ll) ir defined to be
the infimum of n(C) where C ranges over all nonempty closed bounded con€x
subsets of X.

Definition 6. The rnodulus of conuerity of a Banach space X is the function
d76 : [0,2] --+ 10, Il defined by

d;r(e) : inf{1- lryll , tt"tt < 1, l lsl l < 1, l lr - yl l 2 e}.

The characteri,sti,c of conuetity of X, es(X) is then defined to be

sup{e e [O,Z]  :  dr le ;  :91.

It is known [5] that e6(X) : 0 if and only if X is uniformly convex, while if
eo(X) < 2 then X is uniformly non-square [12] and isomorphic to a uniformly
convex space l3], hence reflexive. It is also known [11,15] that the function d;g is
strictly increasing on [es(X),2] and continuous on [0,2), and moreover [16,17]
f o r a n y d > 0 ,

l l , l l  <d,  l ls l l  Sd,  l l " -y l t  )e* l ry l l  =r t  -6y(e ld , ) )d , .  (3)

In 12] Downing and Thrett proved that for every Banach space we have
to(X) < 1 if and only if rc6(X) > 1.

Definit ion 7. Let {r.} be abounded sequencein a Banach space X, andC a
closed conuer subset of X. For each r € X we denote

r(r, {r.}) : l im s:e l lr- - , l l .

The asymptot'ic rad'ius of {r.} with respect to C i,s defi,ned by

r(C,  {x- } )  :  in f  { r ( r ,  { '^ } )  t  r  €  C},

and the asyrnptot'ic center of {r.} with respect to C i,s

A(C,  { r^} )  :  {z  e C :  r (2,  { r . } )  :  r (C,  { r " } ) } .

It is lenown that if C is weakly compact (resp., conuex) then A(C,{r-}) i,s
nonempty (resp., conuer). Moreouer, if X is uniformlg conuet then A(C,{r"})
'is a singleton.
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D e f i n i t i o n  8 .  L e t c  b e a s u b s e t o f  a B a n a c h s p a c e x .  A m a p p i , n g T : c  - c

is said, to be of uniformly k-Ii,pschi,tzi,an type if for each r € C, the sequence

{c-(r)} wi,th

cn(n) : max{sup{l l?-* - T"vl l  - kl l" - vl l} '  0}

t e n d s t o  0  o s n r o o .

If k : I, this reduces to the notion of mappings of asymptotically nonexpan-

sive type introduced by Kirk in [9]. It is clear that each uniformly k-lipschitzian

mapping introduced by Goebel and Kirk in [7] is of uniformly k-Iipschitzian type.

3. A Fixed Point Theorem for Eventually Lipschitzian Mappings

Now we employ the method used in 113] to prove our first result'

Theorem l. Let M be a complete bounded metTic space and T : M ---+ M an

euentuallg k-li,pschi,tzian mapp,ing withk < 
"(M). 

Then T has a firedpo'int in

M.

Proof. For each gt € M we define

r( i l :  in f {R > 0,1r  € M such that  {T"x)n2.o c B(y,R)}

with no mentioned in Definition 4. It is obvious that if Ty : a then r(E) : 0.

T o p r o v e t h e c o n v e r s e ,  l e t r ( g ) : 0 a n d e  >  0 '  T h e n t h e r e e x i s t s r  €  M s u c h

that {T*r}n2n6 C B(y,e). For every ?? ) n's we have

d(T-  y ,  i l  3  d(T-  a,T2'  r )  + d(r ,2"  r ,  a)  < k d(y,  T"  r )  + e < (k  + l )e '

Hence Tny : g for every n ) no, from this Ta : A'
Now we take any B such that k < p < K(M). By definition of rc(M), there

is a ) 1 such that d'(u,u) > p +fw €M such that

B(" ,0d o B(u,ap)  c  B(w,  P) . (4)

C h o o s e , \ e ( 0 , 1 ) s u c h t h a t l : m i n { o } ' B ^ l k } ) l . W e c l a i m t h a t t h e r e e x i s t s
a sequence {a^) c M satisfYing

r(y*+) < \r(ad and d(v*,U-+t) < (\ + l)r(a*) (5)

f o r a l l m : L . 2 , . . .
Take any A1 € M and supposing that Ar, "',Am are found' we shall define

U^ar asfoll,ows. If r(y^) : 0 we P:ut a^+r 
- a*' If r(a*) > 0 then \rlad <

,fu^) By definition of r(y^), for every r € M there is n1 ) ns such that

d (7 " ' r , a^ )  >  \ r (Y^ ) -

In particular, for r : y* wQ get d(Tn'y*,A*) ) \ '(a*)' On the other hand'

since )r(g-) > ,(Ai, by delinition of r(g*) again, there exists rs € M such

that
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{7"  *o}  n,  no C B (g* ,  y  (A^)) .

:Tn1r0 we consider the sequence {T"rt}n>no. For every n ) ne we

d(T' rt, Tn' y ̂ ) - d(Tn+u r o, Tn' a ̂ ) 3 k d,(7" rg, y^)

< ktr(a^) < /lr(y*),

d(T' rt, a*) : d(Tn+"' ' rg, u*) < T(a^) < a\r(y^)'

By putting u: Tn'A^, u : U^, p : \r(A^) and using (3) we get

{Tnr t }n>no C B(Tn'y* ,p\ r (a- , ) )  o  B(a*,a\ r (y*) )  C B(w, \ r (a^))  (6)

with some w e M. Defining am*r : ru, frorn (6) we get immediately

r (y*+t)  3 Ar(A^) .

Moreover, for any n ) ng we have

d(y- ,w)  S d(A, , ,T"r )  + d(T"r t , to)  < (a - l  l ) r (A^) ,

sa !m!L satisfies (5).
Flom (5) it is easy to see that {y-} it a Cauchy sequence in M, hence it

converges to some point y € M. Again from (5) we get r(y) :0 and equivalently,
TA : A. The proof is complete

Remark l. Since each uniformly k-lipschitzian mapping is eventually ,k-lipschit-
zian, Theorem 1 improves Lifschitz's theorem. mentioned in Introduction. More-
over since each asymptotically k-lipschitzian mapping is eventually k'-lipschitzian
with k < k' < n(AI), we obtain

Corollary 
'J,. 

Let M be a complete bounded metric space and T : M ---+ M an
asymptotically k-li,pschi,tz'ian mapping with k < K(M). Then T has a fi,red po'int
2n 1U1.

In  par t icu lar  for  k :1 and K(M) > 1we get

Corollary 2. Let M be a co lete bounded metric space w'ith rc(M) > 1. and
'I : M -- A,[ an asymptot'icali,y nonerpansr,ue mapp'ing. Tl^'en T has a fired poi'nt
in M.

In particular, each nonexpansive mapping in such a space has a fixed point.

As a direct consequence of Theorem 1 in a Banach space setting, we ltave

Coroliary 3. Let C be a bounded closed conuen subset of a Banach space X
with ns(X) ), I and T : C - C be an euentually k-li,pschiizian 'mapp'ing uith
k < rco(X).  Then T has a f i red potnt ' in  C.

35

Putting f
have
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Note that there are in literature some results similar to ours in a Banach
space setting (with eo(X) < 1 instead of rc6(X) > 1) due to Goebel and Kirk

16], Lim and Xu 1141, Casini and Maluta [1],...

4. A Fixied Point Theorem for Mappings of Uniformly Lipschitzian
Type

Modifying the method used by Kirk in 19] we can prove the following result.

Theorem 2. Let C be a bounded closed conuer subset of a Banach space X
wi,th es(X) I I and let T : C -- C be a conti,nuous mapp'ing of uni,formlE
k-lipschi,tzian tgpe wi,th k I 7, where 7 is the solution to the equation 7(l -

6x(rlY)) : l. Then T has a fixed point.

Proof. It is not difficult to show that €0(X) < 1 implies 7 ) 1 (see also l2])
so we may assume that k ) 1. Now taking any rs in C we denote frn : Tnro
for n : I,2,...Since es(X) < l, X is reflexive, hence C is weakly compact and
A(C,{r" } )  is  nonempty.  Take an{  z1 e A(C,{r , } )  and denote r t :  r (z t , { " . } ) .
By Definition 8 we have

l lT" ,  -  T"y l l  <  k l l "  -  a l l  I  cn(r ) ,  Y r ,y  € C,  Yn )  l .

So for any m) | we have

I im zup l lT"ro - T* zrl l  :< k I im sup l lT"-^ro - , t l l  + c-(zt)

:  kr t  I  c*(zr) .

Since C is convex, it is clear that

(7)

", s l,ffjp llr"*o 
- zr t!*zt 

ll, v- > r. (8)

On the other hand, for each m) I, we have

l lr'*o 
- zt *!^zr 

ll : ltt (T-ro - z1)-r (T-rs - 7*"r)ll.

By definition of 11 and from (7) we get

ttf,t3o llT"*o - ttl l : rv I krl l c^(21),

I imsupl lT'ro -T^zt l l  S krt  + c^(zt) .

FYom (3) and (8) we get

rr S l;i_sgn timsup llr"", 
- " 

* 
{* " ll

r  -  t l l z t - r n - z r l l \ l< t'#j:o (k,'+c^(zr)) Lt 
-u*(ft#)l

r r ^ .  _ T _ z r l l \ l
: knll - 6x ( Iimsup ]ts rr

L  \  m = r c  K T t  ' / J
(e)
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If 11 : r(21,{r*}) 0 then Tnrs ' '  21 a'nd, since ? is continuous,Tzl: z1'

Thus, we may assu 11 ) 0' Ilom (9) we get

I=r-a*(u,, ' , , ,n W),
hence

-  /  . .  l l z l  -  T *  z ' t t '  1
dx( t im-sup tT)  < r -1  (10)

/ | -!:f-iril) :0, then bv definition of es(X) we getI f  dx  ( I imsup - * *  u  
n ,  )

t lgTlo l lzl  -T^z1ll  < ee(X)kr1. (11)

We show that es(X)k < 1, for this it suffices to prove that e6(X)7 ( 1' Suppose
on the contrary that es(X) > 1' then we have

1 > e o ( X )  > 1 : 1 - d x ( l ) '
"v "l

Consequently, lx(Il'y) > 0 and hence, Il"y > es(X) therefore we get I >

eo( a contradiction to the aborre assumption'

suppose that dx(li*r.rp-r *M-#) t o' rnu"

t'#j5o > eo(X).

Since the function d76 restricted on fes(X),2] is invertible and strictly increasing,

from (10) we obtain

,*T:o W< dt'(r - *, . dt'(1 - 
i, 

: !,
This implies

t '# j :o l lz1-r ' *z1l l .+.  
' r2)

Denoting o: max{eo(X)k,*} ( 1, from (11) and (12) in any case we have

t '#Tlo l lzl - T* zll l  3 ar1' (13)

Now take an! 22 e A(C, {T' z}) and denote 12 : r(22, {7"',}) '
So we have frorn (13)

r z :  r (C , {T^ " t } )  S  r ( z r , {T " r t } ) :  t r # j } o  l l z l  -T^a l l  I  a r r .

Continuing this process we get a sequence {"*} c C satisfying

(u)  ,^  e A(C,{Tnr*- t } ) ,
(b)  

" -  
:  r (z^, {T*"*- t } ) :  r (C,{Tn"*- ' } ) '

( c )  r *  1 Q . r m - L t
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(d) lim sup,*o llz* - Tn z*ll 3 or* .
From this we get

llz^+r - z*ll < lim sup{ ll?' zm - zmtrll + llT" z^ - z^ll}

= 1217 * nr* 1 2ar^ { 2a*r1 .

Since a < l, {z*) is a Cauchy sequence, hence it converges to some point z* € C .
From (c), (d) and the inequality

l l z *  -T "z *  l l  S  l l r -  -  z * l l + l l z * -Tnz* l l + l lT^z * -7 " " * l l
< (1 + k)11"" - ,* l l  * l lz* - T" z*l l  + c-(2.)

we get
tt#_t5o llz* - T" z* ll : g,

and so z* is a fixed point of ?. The proof is complete.

Remark 2. For k : l, Theorem 1 reduces to a fixed point theorem of Kirk in

19] for mappings of asymptotically nonexpansive type. In particular, it implies a
fixed point theorem of Goebel and Kirk for uniformly lipschitzian mappings in

l7l.

Remark 3. Since in Definition 8 we require only c' (r) ---+ 0 as n -'+ @, the class
of mappings of uniformly k-lipschitzian type contains also the class of eventually
k-lipschitzian mappings, i.e. mappings satisfying the inequality

l lT", - T"yll 3 kllr - sl l, V r, y,

for all n greater than some ne. This class in turn contains the class of asymp-
totically k/-lipschitzian mappings with k' ( k, i.e. mappings satisfying

l lT* * - T"all 3 k-l l, - all, V r, a,
with k, -- k'. So Theorem 1 also implies the corresponding results for the above
mentioned classes of mappings, in particular for asymptotically nonexpansive
mappings studied in [6].

Remark l. If in the formula of c-(r) in Definition 8 we replace kby k- converging
to k then we get the definition of mappings of asymptotically k-lipschitzian
type. Slightly modifying the proof of Theorem 2 we can get a similar result for
mappings of this type.

5. Lipschitzian and Nonlipschitzian Mappings in Compact Metric
Spaces

The first result of this section is a generalization of the first result of Freudenthal
and Hurewicz to asymptotically lipschitzian mappings.
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Theorem 3. Let M be a con'Lpact m,etric space and T : M ---+ M an asymptoti-

catty k-ti,pschi,tzian surjectiue mapp,ing. Then T-L etists and is a k-l'ipschitz'ian

mapp ' i ngw i , t hk> I .

Proof. Following the idea of Goebel, Kirk and Thele in the proof of Theorem

3.2 in [8] we construct two sequences {r,}, {y"} with arbitrary rs, ys in M by

put t ing Ttn+t  :  f rn ,  TUn+r -  yn for  n :0,7,2,  " '
By compactness of M for every e ) 0 there are rnt n, with rn> n such that

d ( r , , r * )  ( e  a n d  d ( a , , a ^ ) < e ,

where .l[ - Tn- n can be assumed arbitrarily large. Then we have

d,(rn, n ̂ ) > k;L d(T^ n*,7* rn) : k*r d(ro,7 N ro)'

Analogously we obtain

d.( rn, r* )  > k^td ' (Yo,TN ao) .

d,(Trs,Tyo) 2 k;l-rd(fN ro,TN ao)

> kNl-Lld(ro,Uo) - d,(rs,TN rs) - d(ao,"tyo)]

> kNr_rld(ro,yo) - 2ek^].

Since k1,' --+ l< ) 0 and e is arbitrarily small, we get

d( * ,y )  <  kd , (Tn ,Ty) (14)

for all r,y € M. Ftom this it is easy to get k ) 1, for if k < l then we get a

contradiction to the compactness of M : d(r,A) < d(Tr,Ty) fot every u) U € M,

in particular for such r' , y' that d(r' ,a') : diam M , the diameter of

From (14) we see that ? is injective, and being surjective, its inverse 1 exists.

Also from (14) we get

d (T -L r , f - r y )  <  k  d (n , y )

for all r, y in M, i.e. ?-1 is k-lipschitzian' The proof is complete. r

Remark 5. If k: 1 then ?-l is nonexpansive and by the first result of Fleuden-

thal and Hurewicz, ?-1 is an isometry and so is T. Thus we get Theorem 3.2

of Goebel, Kirk and Thele in [8] for asymptotically nonexpansive mappings.

Remark 6. Applying Theorem 3 to the mapping T" for every r, € N we get

d (T -n r ,T - "Y )  <  kd ( r , g )  f o r  n  €  N ,

so ?-1 is also uniformly k-lipschitzian. Thus if /c < n(M) then by Lifschitz's

theorem, ?-1 has a fixed point, and so does ?. Note that the last conclusion

can be obtained by directly applying our Theorem 1 because each asymptotically

lipschitzian mapping is eventually lipschitzian.
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. We conclude this note with a result generalizing the second result of Freuden-
thal and Hurev,'icz for asyrnptotically k-nonlipschitzian mappings.

Theorem 4. Let M be a compact metric space and T : I\[ --+ M an asymptoti-
cally k-nonl'ipsch'itz'ian mappi,ng. Then T 'is a surjectzue lipschitz'ian rnappxng.

Proof . First we prove that T(M) is dense in M. Take any r in M , we construct
the i terate sequence { r , }  wi th rn :  Tnt ,  n  :  1 ,2, . . .
By compactness of M lherc exists a convergent, hence Cauchy, subsequence

{*,,,}, for every e > 0 there is j € N such that d(rro,rn*) ( e for every
i,,k > j. Fixing such'i, k and assuming k > e, putting N : nr- n,, we get

e > d, ( rno, f rnr)  :  d(Tnnr,Tnrr)  )  kno d l r ,T* ' ) '

Since k,' --+ k) 0wemay assume thatknn ) o ) 0 for ri ) j. Consequently,
d(n,TNr) 1e f a. Because r is arbitrary in X, s is arbitrari ly small, ?Nz €
T(M),  we obta in T(M):  M.

Now we take arbitrary ro, Ao in M and put rr, - Tnro, Un : TnAo, n :

I ,2 , . . .  then construct  a sequence {z^)  C M x M wi th zn :  ( .Ln,A,r ) .  By
compactness of M x It[ , there exists a convergent subsequence {rnn} , for every
e ) 0 there is j e N such that

€  , .  €
d \ r n i . r . " k )  <  

1 .  
d \ A , , , , U " * )  1 i

for all i, k > j. Defining ly' as above we have

hence

Z ,  
f ^ , d ( r s , T N r s )  

" " a  | )  
k n n r l ( y s , T N a o ) ,

,  s knnld(rs, IN rs) t  d(ao,"Nyo)] .

Flom this we get

€ + knr  d("o,ao)  )  knnld ' (xs,7N ro)  - t  d ' ( rg,ao)  - l  d(ao,"NEo)] .

)  knnd,(TNro,T*yo)  )  knokls  d, (Tns,Tys) .

Since k,n - k, kv-r ---+ k and e is arbitrarily small, we have

d , ( T r , T y ) > k  r d ( r , y )

for all r, E in M. Thus 7 is lipschitzian and hence continuous, consequently
T(M) is compact. Hence T(M) : f @) : M and the proof is complete. I

Remark 7. If k ) 1 then ? is nonexpansive, hence by the first result of Fleuden-
thal and llurewicz, T is an isometry and we get again Theorem 3 for asymptot-
ically expansive mappings.

Remark 8. Applying Theorem 4 to the mapping Tn for every n € N we get that
? is uniformly k-1-lipschitzian. Ttius if k-r < n(M) then T has a fixed point
by Lifschitz's theorem.
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Remark 9. With k : l, Theorem 4 reduces to the following result:

Let M be a compact metric space and T : M ---+ M an asymptot'ically erpan-

s'iue mapp'ing. Then T is a surject'iue'isometry.

Indeed, in this case we have that ? is a surjective nonexpansive mapping, so

the conclusion follows from the first Fleudenthal Hurewicz's theorem. This is a

generalization of the second result of Fleudenthal and Hurewicz for asymptoti-

cally expansive mappings.
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