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Abstract. Some new results of Noetherian dimension of Artinian modules are given
and several properties of Noetherian dimension of local cohomology modules of finitely
generated modules are shown. After giving an example of an Artinian module A which
has Krull dimension strictly larger than its Noetherian dimension, we present some
sufficient conditions on Artinian modules A such that the both notions of dimension
of A are the same.

1. Introduction

The concept of Krull dimension for Artinian modules was introduced by Roberts
[12]. Kirby [7] changed the terminology of Roberts and referred to Noethe-
rian dimension (N-dim) to avoid any confusion with Krull dimension defined for
finitely generated modules. In this note we use the terminology of Kirby [7].
Many properties of Noetherian dimension of Artinian modules have been given
in [3,7,12,17]. The purpose of this note is to study Noetherian dimension of
Artinian modules. Expecially, we prove some results on Noetherian dimension
of local cohomology modules when these modules are Artinian.

This paper is divided into 4 sections. In Sec. 2 we will give some preliminary
results on Noetherian dimension of Artinian modules. Let R be a commuta-
tive Noetherian ring, A an Artinian R-module and M a finitely generated R-
module. Recall that the Krull dimension of A, denoted by dimg A, is the Krull
dimension of the Noetherian ring R/ Anng A. We prove in Proposition 2.5 that
N-dimg A < dimpg A and the equality holds if R is a complete local ring (Corol-
lary 2.6). Note that if (R, m) is a local ring then the local cohomology modules
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H}, (M) and H3imr M (Af) are Artinian for any integer 5 and any ideal « of R. In
Sec. 3 we give some results of Noetherian dimension of local cohomology modules.
We prove (see Theorem 3. 1) that, for an integer t and an ideal a of R, if H? (M )
is Artinian for all ¢ = 1,... ,¢ then N-dimg (H:(M)) < i for all i =,1,.

An immediate consequence of this theorem is N-dimp (Hi (M)) < i for all
t=0,1,... ,dimg M (Corollary 3.2). We also give a necessary condition for the
Matlis dual of the local cohomology module to be a finitely generated R-module
(Proposition 3.3). For an ideal o of R, we show in Theorem 3.5 that if the Ar-
tinian module Hg"™2 ™ (M) is non-zero then N-dimg (H3™# M(M)) = dimp M.
In particular, N-dimp (Ha™? M(M)) = dimp M (Corollary 3.6). We present in
Sec. 4 some relations between dimg A and N-dimpg A. Note that there are Ar-
tinian modules A over a Noetherian local ring R for which N-dimp A < dimg A
(Example 4.1). The notion “magnitude” of modules (mag) was defined by
Yassemi [19]. It should be mentioned that magy A = dimpg A. Therefore, Exam-
ple 4.1 claims that Theorem 2.10 of [19] is false. So we give a sufficient condition
for Artinian modules A to have N-dimg A = dimg A (Proposition 4.6).

2. Preliminaries

Throughout this paper we assume that R is a commutative Noetherian ring and
A is an Artinian R-module.
We recall first notion of N-dim by using the terminology of Kirby [7].

Definition 2.1. The Noetherian dimension of A, denoted by N-dimpg A, is de-
fined inductively as follows: when A = 0, put N-dimg A = —1. Then by induc-
tion, for an integer d > 0, we put N-dimg A = d if N-dimg A < d is false and
for every ascending sequence Ag C Ay C ... of submodules of A, there ezists ng
such that N-dimr(An/Any1) < d for all n > ng. Therefore N-dimg A = 0 if and
only if A is a non-zero Noetherian module.

From Definition 2,1 we obtain the following lemma (see [7, 2.3]).

Lemma 2.2. Let 0 — A" — A — A" — 0 be an exact sequence of
Artinian R-modules. Then we have

N-dimp A = max{N-dimg A’,N-dimp A”}.

Remark 1. Suppose that (R, m) is local and A # 0.
(i) Kirby [5] has shown that £z(0 : m™) 4 is a polynomial with rational coefficients
when 7 large enough (n > 0). Roberts [12] has then proved that
N-dimpr A = deg(¢r(0: m™)4)
=inf{t >0:321,... ,zs €m:L€R(0: (z1,... ,2¢)R) 4 < 00}.
Then a system {x1,...,24} of (d = N-dimpg A) elements in m is called a system
of parameters of A if £g(0: (z1,... ,24)R) , < co.

(11) Let R be the m-adic completion of R. Then A has a natural structure as an
R-module as follows (see [15,1.11,1.12)): let (2,) € R, where z, € R, and let
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u € A. Then we get u.m™ = 0 for n > 0. Therefore Zn.u is constant for n > 0.
So we defined (z,).u = z,.u for n > 0. With this structure, a subset of A is an
R-submodule if and only if it is an R-submodule. Therefore we have

N-dimg A = N-dimﬁ A.

The following lemma, which is often used in this paper, is derived from
Remark 1, (i).

Lemma 2.3. Suppose that (R,m) is local and z is an element in m. Then we
h
e N-dimg(0 : z)4 > N-dimg 4 — 1.

Moreover, if N-dimg A > 0 then N-dimg (0 : )4 = N-dimg 4 — 1 if and only if
T is a parameter element of A.

The theory of secondary representation is in some sense dual to that of
primary decomposition. An R-module S # 0 is said to be secondary if for any
z € R, the multiplication by z on S is either surjective or nilpotent. The radical
of the annihilator of S is then a prime ideal p and we say that S is p-secondary.

An R-module S is said to be representable if it has a minimal secondary
representation, i.e. it has an expression S = Sy 4+ 52 + ... + S, of p;-secondary
modules S;, where py,... ,py, are all distinct and S; € S14+S;_1+Siy1+...4 Sy
for all ¢ = 1,... ,n. Then the set {py,pa,... ,pn} is independent of the choice of
minimal representation of S. This set is denoted by Attr S and called the set of
attached prime ideals of S (see [6] and (8] for more details).

Recall that the Krull dimension of A, denoted by dimpg A, is the Krull di-
mension of the Noetherian ring R/ Anng A (see [9]). For the convenience, we
stipulate that dimgp A = —1 if A = 0. Note that every Artinian module A is
representable and the set of minimal prime ideals of Anng A is just the set of
minimal elements of Attz A (see [8]). Therefore dimg A is the supremum of
dim R/p, where p runs over Attg A.

Proposition 2.4. The following statements are true
(i) N-dimg A = 0 if and only if dimg A = 0.

In this case, the length of A is finite and the ring R/ Anng A is Artinian.
ii) N-dimg A < dimp A.

Proof. (i) Suppose that N-dimg A = 0. Then A is Noetherian and hence A has
finite length. So dimg A = 0. Conversely, suppose that dimg A = 0. Then all
prime ideals containing Anny A are maximal. Let J be the intersection of all
prime ideals contained in Attg A. Hence J®A = 0 for some n. Since J is the
intersection of finitely many maximal ideals of R, it follows that A has finite
length. Therefore N-dimg A = 0.

(ii) The proof is done by induction on d = dimg A. If d = 0 then N-dimg 4 = 0
by (i). Let d > 0. Suppose that p1,... ,px are all elements of Attg A such that
d = dim R/p;. Let J(A) be the intersection of all elements in Suppy A. Since A is
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Artinian, Suppg, A is a finite set of maximal ideals of R (see [7,2.5]). Therefore

we can choose an element z € J(A) such that = ¢ p; for all ¢ = 1,... , k. Hence
dimg(0 : zR)a < d — 1. Hence N-dimg(0 : zR)4 < d — 1 by the induction
hypothesis. Therefore we get by (2, 2.6] that N-dimg A < d. u

Suppose (R,m) is a local ring. Denote by E the injective hull of R/m.
Note that Homp(M; E), the Matlis dual of a finitely generated R-module M, is
an Artinian R-module, but Hompg(A; E) is not necessary a finitely generated R-
module. However, if R is complete then the Matlis dual of an Artinian R-module
is a finitely generated R-module (see [1,10.2]).

Corollary 2.5 If (R, m) is a complete local ring then N-dimg A = dimpg A.

Proof. By Proposition 2.4, (ii), we have only to show that N-dimg A > dimp A.
We prove this by induction on d = N-dimp A. If d = 0 then dimp A =0 by
Proposition 2.4, (i). Let d > 0. Let z € m be a parameter element of A. Then
N-dimpg(0 : )4 = d — 1. By induction hypothesis we have dimg(0 : z)4 <
d— 1. Since R is complete, Hompg((0 : ) a; E) is a finitely generated R-module.
Therefore we obtain

d—1>dimg(0: z)4 = dimg (Hompg((0 : £)4; E))
= dimp (Hompg(4; E)/z Homg(4; E))
> dimpg (Homg(4; E)) -1
=dimgA—-1

as required. ]

Note that N-dimp A is always finite by [7, 2.6]. However, when R is non-local,
dimg A may be infinite. Here is an example.

Example 2.6. There ezists an Artinian module A over a Noetherian non-local
ring for which dimg A = 00 :

Let T = K|[z1,... ,Zn,...| be the polynomial ring of infinitely many invari-
ants T1,72,... ,Tn,... over a field K, Let my,... ,mp,... be positive integers
such that m; — mi—1 < may1 — my for all i. Let p; be the prime ideal of T
generated by all z; such that m; < j < mit+1. Let S be the intersection of
complements of all p; in T and R = Ts. Then we have by [10,Al, Example 1]
that R is a Noetherian ring and dim R = oc. Let A be the injective hull of
R/m for some maximal ideal m of R. Then A is Artinian and we can check that
N-dimpg A = ht(m). It is easily seen that Ris a domain. Hence Anng A =0 by
[16, p. 108]. Therefore dimg A = dim R = 0o as required.

3. Noetherian Dimension of Local Cohomology Modules

In this section we assume that (R, m) is a Noetherian local ring and M is a
finitely generated R-module with dimpg N =d.
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Theorem 3.1. Let t > 0 be a positive integer and a an ideal of R. Assume
that the local cohomology modules H:(M) are Artinian fori=1,... ,t. Then we
v N-dimp (Hi(M)) <

fori=0,1,...,¢t.

Proof. We prove this theorem by induction on d. Let d = 0. Since HO(M)
is Noetherian, N-dimg(HJ(M) < 0. Assume that d > ¢t > 0. By the Prime

Avoidance Theorem, we can choose an element z € m such that = ¢ p for all
p € Assp M \ {m}. From the exact sequence

0 — M/(0:zR)y — M — M/zM — 0
by noticing that (0 : £R)p has finite iength by the choice of z, we get the
following exact sequences
0 — Hi(M)/zH{(M) — Hi(M/zM) — (0: 2R) gi+1 4y — 0
for all ¢ > 1 and
0 — H(M/(0: zR)p) — HY(M) — HJ(M/xM) — (0 : TR) g1 (pr) — O.
(Note that  may be not in a. So HY(M/(0 : zR) ) may be non-zero.) Therefore
Hi(M/xzM) is Artinian for { = 1, ... ,t—1. By applying the induction hypothesis,
WRESY Nedimp (Hi(M/zM)) < i
foralli=0,1,...,f — 1. So we have by Lemma 2.2 that
N-dimpg ((0 : €R) g1 (ap)) < N-dimpg (Hg(M/zM)) <
for all i =0,1,...,t — 1. Therefore we obtain by Lemma 2.3 that
N-dimp (H.(M)) <iforalli=0,1,...,t. n

It is known that the local cohomology module HE (M) is Artinian for all 4
(see [1,7.1.3]). Therefore the following result is an immediate consequence of
Theorem 3.1.

Corollary 3.2. N-dimpg (H(M)) < for all i.

The proposition below gives a necessary condition for the Matlis dual of a
local cohomology module to be a finitely generated module.

Proposition 3.3. Let a be an ideal of R and i > 0 an integer. If H:{(M) is an
Artinian R-module and its Matlis dual is a finitely generated R-module then

N-dimg (Hi(M)) = dimg (Hg(M)).
Proof. Let Ki(M) be the Matlis dual of R-module Hi(M) and Ki(M) the m-
adic completion of K%(M). Since K;(M) is a finitely generated R-module, we
have

dimp (K4(M)) = dim (Ki(M)).
Since B o
Ki(M) = Ki(M) ® R= Ki(M)
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as I’%—modules, we get
dimg (K, (M)) = dim5 (KL(M)) = dimg (HL(M)).
On the other hand, it follows by Corollary 2.5 and Remark 1, (ii) that
dimg (Hi(M)) = N-dimg (Hg(M)) = N-dimp (H(M)).
Thus, dimg (Hi(M)) = dimg (Ki(M)) = N-dimg (H}(M)) as required. N

Let a; = Anng (Hiy(N)) for i = 1,...,d. When R admits a dualizing
complex, it is not difficult to see that N-dim HE (M) = dim R/a; for all 4 =
1,...,d. Therefore from Theorem 3.1, we obtain again the following result of [13].

Corollary 3.4. [13,2.2.4] If R possesses dualizing complex then
dim R/a; < i
foralli=1,... d.

Theorem 3.5. Let a be an ideal of R such that the Artinian R-module HE(M)
is non-zero. Then we have

N-dimp (HH(M)) =d
and therefore HE(M) is not finitely generated if d > 0.

Proof. We may assume without any loss of generality that Anng M = 0. Since M
is a finitely generated R-module, there exists an integer n and an exact sequence
of finitely generated R-modules

0—K —>R"— M—0.

Therefore we get an exact sequence (Hg(R))n — HY(M) — 0. Since dim R =
d, it follows by [14,3.4] that HJ(R) is an Artinian R-module and

Atty (HR)) ={pe SpecR,dim R/p = d,dim R/(aR + p) = 0}.
Therefore H¢(M) is an Artinian R-module and

Atts((H2(M)) C {p € SpecR, dim R/p = d, dim B/(a +p) = 0}.
Since H(M) # 0, it follows that Att((HZ(M)) # 0. Thus we get by Remark
1, (ii) and Corollary 2.5 that

N-dimp (H4(M)) = N-dimg; (Hg(M)) = dimg (Hg(M)) = d.

The rest of the theorem follows from the fact that H%(M) is finitely generated
if and only if N-dimg (HZ(M)) = 0. n

It is known that if M # 0 then HZ (M) # 0. Therefore we have the following
immediate consequence.

Corollary 3.6. N-dimpg (H&(M)) = d.
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4. Relations Between Krull Dimension and Noetherian Dimension

We begin by giving an Artinian module A over a Noetherian local ring (R, m)
for which N-dimg A < dimpg A.

Example 4.1. There ezists an Artinian module A over a Noetherian local ring
(R, m) such that N-dimg A < dimpg A.

Proof. Denote by (R, m) the Noetherian local domain of dimension 2 constructed
by Ferrand and Raynaud in {4] for which the m-adic completion R of R has an
associated prime q of dimension 1 (see also [10, A1, Example 2]). Since q € Ass R,
dim R/q = 1 with notice that

Hin(R) = H(R)

as R-modules, we get by [1,11.3.3] that q € Att= (Hy(R)). Since q € Ass R,
we have qN R = 0. Therefore we have

Anng (HL(R)) = Anng (Hn(R)) NRCgNR=0.

Hence dimg (HL(R)) = 2. On the other hand, it follows by Theorem 3.1 and
Proposition 2.4, (i) that N-dimg (HL(R)) = 1. Thus, for the Artinian R-module
A = HL(R), we get N-dimg A = 1 < 2 = dimg A as required. B

Remark 2. Yassemi has defined in [18] the set of coassociated prime ideals
(Coass) for an arbitrary module. Then he defined in [19] the notion of magnitude
of a module N, denoted by mag N, as the supremum of dim R/p where p runs over
Coassg N. If N = 0 we put magg N = —1. Note that for an Artinian module A4,
Coassg A is just the set Attg A. So magg A is nothing else but dimg A. Therefore
Example 4.1 shows that Theorem 2.10 of [19] is false in general. We also show
below in Example 4.3 with the same module A as in Example 4.1, that there
exists an element z € m such that (0 : zR) 4 has finite length. It implies that

magp, ((0: zR)4) =0<1=magg A 1.

Therefore, Theorem 2.4 of [19] is false and this shows that the proof of [19,2.10]
is incorrect.

In oder to answer the question when is N-dimp A = dimpg A, we need the
following definition.

Definition 4.2. Denote by V(Anng A) the set of all prime ideals of R contain-
ing Anng A. We say that A satisfies the condition (x) if Anng ((0:p)a) =p for
allp € V(Anng A).

1t should be mentioned that, for any finitely generated R-module M, we
always have Anng(M/pM) = p for any prime ideal p of R containing Anng M.
However, the dual result for Artinian modules A is not true in general, i.e. there
exists an Artinian R-module which does not satisfy the condition (*).



128 Nguyen Tu Cuong and Le Thanh Nhan

Example 4.3. An Artinian module A over a Noetherian local ring (R, m) for
which A does not satisfy the condition (x):

Let R and A = H} (R) as in Example 4.1. Take a prime ideal p satisfying
p # 0 and p # m. Since Anng A = 0, we get p € V(Anng A). Let 0 #£ z € p.
Consider the exact sequence

0—R-R— R/zR— 0.
This gives the derived exact sequence of local cohomology modules
0 — HO(R/zR) — HL(R) - HL(R).

Hence Hy(R/zR) = (0 : R)y1 () and (0 : zR)y1 (g) has finite length. So
(0 : p)a has finite length, thus Anng ((O : p)A) # p. It means that A does not
satisfy the condition (*).

However, the following result shows that there exist still many Artinian mod-
ules which satisfy the condition ().

Lemma 4.4. Let (R, m) be a Noetherian local ring and A an Artinian R-module.
If R is complete or A contains a submodule, which is isomorphic to the injective
hull of R/m, then A satisfy the condition ().

Proof. Suppose that R is complete. Then Hompg(A; E) is a finitely generated R-
module. Let p € V(Anng A). It follows that p € Supp (Hompg(4; E)). Therefore

Anng(0:p)4 = Anng (Hompg((0: p)4; E))
= Annp (Hompg(4; E)/pHompg(A; E)) = p.
Thus A satisfies the condition ().

Suppose that A contains a submodule which is isomorphic to E. Let p
€ V(Anng A). Then we have by [10,4.1] that

Assg, (Hompg(Rp; A)) 2 Assg, (Hompg(Ry; E(R/m))) = {qRp : q C p}.
Therefore pR), € Assg, (Hompg(Rp; A)). It follows that
(0: pRp)HomR(Rp;A) # 0.
Hence Hompg (Rp; (0 : p)a) # 0. So we get by [10,p. 130] that p 2 Anng ((0 :
p)a). Therefore p = Anng ((0: p)4) as required. =

The following result shows that the condition (*) is sufficient for an Artinian
module A4 to have N-dimg A = dimpg A.

Proposition 4.5. Let (R,m) be a Noetherian local ring and A an Artinian
R-module. Suppose that A satisfies the condition (*). Then we have

N—dimR A= dimR A.

Proof. Let a be an arbitrary ideal of R. Clearly, we have
rad (Anng(0: a)4) 2 rad (o + Anng A).
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It follows by the hypothesis that Anng ((0 : a)a) € Anng ((0 : p)a) = p for
all prime ideals p contaning a + Anng A. Therefore rad (Anng(0 : a)a) =
rad (u + Annpg A). Let N-dimg A = d. Then there exist by Remark 1, (i) ele-
ments z1,...,2q € m such that £5(0: (z1,... ,74)R)a < 0o. Applying the fact
above to a = (z1, ... ,z4)R, we get
0 = dimg ((0: (z1,... ,za)R)a)
= dim (R/((:L’l, . ,:Bd)R—l- Anng A)) > dimgp A — d.

Therefore dimg A < d. Now the assertion follows by Proposition 2.4, (ii). B
Note that the converse of Proposition 4.5 is not true. Here is an example.

Example 4.6. There exists an Artinian module A over a Noetherian local ring
(R,m) for which N-dimg A = dimg A, but A does not satisfy the condition ().

Proof. Assume first that there exist Artinian modules A" and A” over a Noethe-
rian local ring R for which the following conditions are satisfied:

(i) N-dimpg A = dimpg A > dimpg A" > N-dimpg A,

(ii) There exists p € V(Anng A”) and p ¢ V(Anng A’) for which Anng ((0 :
p)an) # p-

Let A= A’@® A”. Then A is Artinian, dimg A = N-dimg A and p € V(Anng A).
We have

Anng ((0: p)a) = Anng ((0: p)ar) NAnng ((0: p)ar) # p.
It means that A does not satisfy the condition (*).

Now, we have only to show the existence of modules A’ and A" as above.
Let R be as in Example 4.1. Let S = R[[z1,...,2¢]], with ¢ > 3, the formal
power series ring of ¢ variants «;,... ,x; over R. Let A" be the formal power
inverse series ring k[[z7',... ,2;']] over the field £ = R/m which was defined
as in [5] and [12]. Then A’ is an Artinian S-module and N-dimg A’ = ¢. Since
Anng A’ = m.S, it follows that dimg A’ = dim (k[[z1, ... ,z:]]) = t. Let A” be
the local cohomology module H}(R) as S-module with the product z;.4” = 0
for all i = 1,...,t. Then a subset of A” is an R-submodule of A” if and only
if it is a S-submodule of A”. Therefore A” is also an Artinian S-module and
dimg A” = 2, N-dimg A” = 1. It is clear that Anng A” = (z1,...,7;)S. Let p
be a non-maximal prime ideal of S for which p strictly contains Anng A”. Then
p ¢ V(Anng A’). By computing similarly to Example 4.3, we get Anng ((0 :

p)a~) # p as required.
Corollary 4.7. Let (R,m) be a Noetherian local ring and A an Artinian R-
module. Denote by R the m-adic completion of R. Then we have
N-dimg A = dimﬁ A.
Proof. By Lemma 4.4, A satisfies the condition () considering as R-module.

Therefore we get by Proposition 4.5 and Remark 1, (ii) that N-dimg A = N-
dimﬁA. L}
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