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Abstract. Some new results of Noetherian dimension of Artinian modules are given

and several properties of Noetherian dimension of local cohomology modules of finitely
generated modules are shown. After giving an example of an Artinian module ,4 which
has Krull dimension strictly larger than its Noetherian dimension, we present some
sufficient conditions on Artinian modules .A such that the both notions of dimension
of ,4 are the same.

1". Introduction

The concept of Krull dimension for Artinian modules was introduced by Roberts

lI2]. Kirby [7] changed the terminology of Roberts and referred to Noethe-
rian dimension (N-dim) to avoid any confusion with Krull dimension defined for
finitely generated modules. In this note we use the terminology of Kirby [7].
Many properties of Noetherian dimension of Artinian modules have been given
in [3,7, L2,l7l. The purpose of this note is to study Noetherian dimension of
Artinian modules. Expecially, we prove some results on Noetherian dimension
of local cohomology modules when these modules are Artinian.

This paper is divided into 4 sections. In Sec. 2 we will give some preliminary
results on Noetherian dimension of Artinian modules. Let R be a commuta-
tive Noetherian ring, A an Artinian rR-module and M a finitely generated R-
module. Recall that the Krull dimension of A, denoted by dima.4, is the Krull
dimension of the Noetherian ring Rf Annp,A. We prove in Proposition 2.5 that
N-dimn A < dima A and the equality holds if R is a complete local ring (Corol-
Iary 2.6). Note that if (R,m) is a local ring then the local cohomology modules
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Hk@) and fljima '(M) are Artinian for any integer i and any ideal o of ,R. In
Sec. 3 we give some results of Noetherian dimension of local cohomology modules.
We prove (see Theorem 3.1) that, for an integer t and an ideal a of R, it HL(M)
is  Ar t in ian for  a l l  i :  r , . . .  , t  then N-dimp (HLW)) (  z  for  a l l  i  : ,1 , : . .  , i .
An immediate consequence of this theorem is N-dim6 (HA(W) ( i for all
i  : 0,7,. . . , dimp M (Corollary 3.2). We also give a necessary condition for the
Matlis dual of the local cohomology module to be a finitely generated -R-module
(Proposition 3.3). For an ideal a of R, we show in Theorem 3.b that if the Ar-
tinian module flji-" '(M) is non-zero then N-dima (Il.tt-" M (W): dimn M.
In particular, N-dimp (AS-" * (et)): dimR M (Corollary 3.6). fre present in
sec. 4 some relations between dima.4 and N-dim6 A. Note that there are Ar-
tinian modules ,4, over a Noetherian local ring R for which N-dimp A < dimp A
(Example 4.1). The notion "magnitude" of modules (mag) was defined by
Yassemi [19]. It should be mentioned that magp A: dimR A. Therefore, Exam-
ple 4.1 claims that Theorem 2.10 of [19] is false. So we give a sufficient condition
for Artinian modules ,4, to have N-dima 1 : dimn A (Proposition 4.6).

2. Preliminaries

Throughout this paper we assume that .R is a commutative Noetherian ring and
A is an Artinian R-module.

We recall first notion of N-dim by using the terminology of Kirby [Z].

Definition 2.1. The Noetherian dimens'ion of A, denoted by N-dima A, is d,e-
fi,ned inductiuely as follows: when A : 0, put N-dim6 A : -1. Then by induc-
t' ion, for an integer d> 0, we put N-dimn A: d, z/N-dima A < d i,s false and
for euery ascending sequence Ao I At g . . . of subrnodules of A, there etists ns
such that N-dima(,A,/An+t) < d for all n ) ns. Therefore N-dimn A:0 if and
onlg i,f A'is a non-zero Noetherian module.

Flom Definition 2.1 we obtain the following lemma (see [7, 2.3]).

Lernrna 2.2. Let 0 ------ A' --- A ------ A" ------ 0 be an eract sequence of
Art'ini,an R-modules. Then we haue

N-dima A : max{N-dima ,4.', N-dim4 ,4." }.

Remark 1. Suppose that (-R,m) is local and A 10.
(i) Kirby [5] has shown that (.p(0, m')r is a polynomial with rational coefficients
when n large enough (, > 0). Roberts [12] has then proved that

N-dimp A: dee(ln(0 : m')n)

:  i n f { t  )  0  :  3 r 1 ,  . . . , n t €  m  : / a ( 0 ,  ( r r , . . . , x t ) R ) n <  m } .
Then a system {tt,. . . ,16) of (d : N-dima A) elements in m is called a sgstem
of parameters of  ,4  i f  ( .p(0:  (x1, . . .  ,ca)R)o < oo.

Q) l,"t .0 b" th" m-adic completion of R. Then .4 has a natural structure as an
j?-module as follows (see [15,1.11,1.12]): let (r,) e .R, where xn e. R, and let
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u e A..Then we get u.mn : 0 for n D 0. Therefore rn.u isconstant for n )) 0.
so we defined (r^).u: rn.ltr for n ) 0. with this structure, a subset of A is an
R-submodule if and only if it is an .0-submodule. Therefore we have

N-dimnl :  N-dim6,4.

The following lemma, which is ofben used in this paper, is derived from
Remark 1, (i).

Lemma 2.3. suppose that (R,m) i,s local and yis an element 'in m. Then we
haue

N-dima(0 i r ) .q ,> N-dimp A-L

Moreouer, i/ N-dimp ,4 > 0 fhen N-dimn (0 : r) a: N-dimn A - I if and, only i,f
ris a parameter element of A.

The theory of secondary representation is in some sense dual to that of
primary decomposition. An .R-module s + 0 is said to be secondary if for any
r e R, the multiplication by r on ^9 is either surjective or nilpotent. The radical
of the annihilator of .9 is then a prime ideal p and we say that ,s is p-secondary.

An -R-module ,5 is said to be representable if it has a m,in'imar second,ary
representat' ion, i.e. it has an expression ̂9:,Sr *,Sz*...*S, of pa-secondary
modules,Si ,  where Ft , . . .  ,pn are a l l  d is t ' inct  and  ̂ 9 i  g  St*S;r*E;+r+. . .+^g, ,
for all i  - 1,. . . , n. Then the set {h,p2,.. . ,Fn) is independent of the choice of
minimal representation of ,s. This set is denoted by Attp,s and called the set of
attached prime ideals of .9 (see [6] and [8] for more details).

Recall that the Krull di,mens,ion of.,4,, denoted by dima A, is the Krull di-
mension of the Noetherian ring -R/ Annp.A (see [g]). For the convenience, we
stipulate that dimp A : -r if A : 0. Note that every Artinian module ,4 is
representable and the set of minimal prime ideals of Annp/ is just the set of
minimal elements of Attn,a (see [8]). Therefore dimp.A is the supremum of
dimRlp, where p runs over AttpA.

Proposition 2.4. The follouing statements are true
(i) N-dim6 A: 0 i.f and onlg i,f dimp A : 0.

In thi,s case, the length of A i,s fi,ni,te and the ring R/Annp,A i,s Artinian.
ii) N-dima A ( dima A.

Proof. (i) Suppose that N-dima A:0. Then,4 is Noetherian and hence A has
finite length. So dimp A : 0. Conversely, suppose that dima A : O. Then all
prime ideals containing Anna.A are maximal. Let J be the intersection of all
prime ideals contained in Att4,4,. Hence JnA:0 for some n. Since J is the
intersection of finitely many maximal ideals of .R, it follows that A has finite
length. Therefore N-dimn A: 0.

(ii) The proof is done by induction on d :dimp-4, If d : 0 then N-dima A : 0
bV (i). Let d> 0. Suppose that p1, ... ,Ft" are all elements of Atta.4 such that
d : dim Rlp;. Let J (A) be the intersection of all elements in Suppa A. Since ,4 is
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Artinian, suppn Ais a finite set of maximal ideals of R (see 17,2.51). Therefore

we can choose an element r e J(A) such that r /fu for all i :1," '  ,k' Hence

dim6(0 : rR)a < d- 1. Hence N-dimp(0 : rB)t < d- 1by the induction

hypothesis. Therefore we get by 12,2.6] that N-dimn A < d' I

suppose (ft, m) is a local ring. Denote by E the injective hull of rR/m.

Note that Homp(M;E), the Matlis dual of a finitely generated ft-module M, is

an Artinian R-module, but HomR(A; E) is not iecessary a finitely generated E-

module. However, if rt is complete then the Matlis dual of an Artinian -R-module

is a finitely generated R-module (see [1,10.2]).

Corollary 2.5 If (ft, m) is a complete local ring then N-dimn A : dimn A'

Therefore we obtain

d - l >  d i m 6 ( 0  : r ) , + :  d i m p  ( H o m p ( ( O :  r ) a ; E ) )

- dimp (Hom6(A; E)lrHomp(./ ';n))

)  d imn (Homp(A;E))  -  1

: d i m n A - 1

as required. r

Note that N-dimn A is always finite by 17,2.6). However, when .R is non-local,

dimn A may be infinite' Here is an example'

Example 2.6. There etists an Arti,ni,an module A ouer a Noetherian non-local

ring for whi,ch dimnA: oo :

R/m for some maximal ideal m of R. Then A is Artinian and we can check that

N-dirrrnA: ht(m). It is easily seen that R is a domain. Hence Annp-4:0 by

[16,p.108] .  Therefore d impA: d im,Q: oo as requi red '

3. Noetherian Dimension of Local Cohornology Modules

In this section we assume that (,8, m) is a Noetherian Iocal ring and M is a

finitely generated R-module with dima N : d'
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Theorem 3.1. Let t 2 0 be a posit'iue integer and s an i,deal of R. Assume
that the local cohomology modules H'r(M) are Art'in'ian for i: 1, . . . , t. Then we
haue

N-dimn (HL(M)) S i

f o r i : 0 , 1 , . . . , t .

Proof. We prove this theorern by induction on d. Let d : 0. Since II!(M)
is Noetherian, N-dimp(I{ (M) < 0. Assume that d > t > 0. By the Prime
Avoidance Theorem, we can choose an element fi € m such that n f p for all
p € Assp pf \ {*}. From the exact sequence

0 - MIQ: rR)m -!' M 'MlrM -----' 0

by noticing that (0 : rB)y has finite length by the choice of r, we get the
following exact sequences

0 -----+ HL(M)lnni(U) - Hi(MlxM) - (0 : rB)rn+' (q - 0

f o r a l l i ) 1 a n d

0"-.--. H|(MIQ: ra)u) ------ HtW) ------ H|(MlrM) - (0: aR)s,s,,r) ------+ 0.

(Note that r maybe not in o. So H3@ I Q : rR) y) may be non-zero.) Therefore
Hi@ lrM) is Artinian for i : 1, . . . , t-1. By applying the induction hypothesis,
we get

N-dimn (HL(MlrM)) <i
for  a l l  i :0 ,  1,  . . .  , t  -  1 .  So we have by Lemma 2 '2 that

N-dimn ((0: r.R)r,+,1ry) S N-dimp (ni1u1rtvt\) <t,

for all i :0, 1, ... ,t - 1. Therefore we obtain by Lemma 2.3 that
N - d i m n  ( H L @ ) )  S  i  f o r  a l l i : 0 , 1 , . . . , t .  r

It is known that the local cohomology module HS(M) is Artinian for all i
(see [1,7.1.3]). Therefore the following resuit is an immediate consequence of
Theorem 3.1.

Corollary 3.2. N-dimp (Hk(M)) < i for all i,.

The proposition below gives a necessary condition for the Matlis dual of a
Iocal cohomology module to be a finitely generated module.

Proposition 3.3. Let s be an ideal of R and, i ) 0 an 'integer. If Hi(M) is an
Artinian R-module and'its Matli's dual i,s a fini'tely generated R-module then

N-dimn (n'rftwl): dimR (H'o@))

Proo!. Let KL@) be the Matlis dual of R-module HLW) a"a E{fu1the m-
adic completion of KZ(M).Since Ki(M) is a finitely generated R-module, we
have

dimR(KL(M)) : di*a 6e@)).

EXfrl * KL(M) o,fr ry KL@)
Since
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as R-modules, we get

dimR(KL(M)) : di*n (KL(M)): dima @L(M))

On the other hand, it follows by Corollary 2.5 and Remark 1, (ii) that

dimff(Hl(M)) : N-di*A @&@)): N-dimn (HL(M))

Thus, dim6 (Hl(M)): dimR (K&(M)): N-dimn (He(M)) as required. r

r ,e t  a. i  -  Annn(Hf t l (N))  for  i  :  1 , ' . . ,d .  When rR admits  a dual iz ing
complex, it is not difficult to see that N-dim HkW) : dim Rf oi for all z :

1,...,d. Therefore from Theorem 3.1, we obtain again the following result of [13].

Corollary 3.4. [13,2.2.4] If R possesses d'uali'zi'ng cornplex then

dimR/oi < i

f o r  a l l  i :  I , . . .  , d .

Theorem 3.5. Let a be an ideal of R such that the Artinian R-module Hg(M)
is non-zero. Then we haue

N-dimn (n!1ur7) : a

and therefore H{(M) is not fi,ni,tely generated if d > 0.

Proof . We may assume without any loss of generality that Anna M : 0. Since M
is a finitely generated R-module, there exists an integer n and an exact sequence
of finitely generated R-modules

0 ------ K ------ Rn --'-'-+ M -+ 0.

Therefore we get an exact sequence (n!@))" ------ H!(M)------ 0. Since dim R :

d, it follows by [14,3.4] that Hg(R) is an Artinian R-module and

AttA,lag@)) : {p e Spec.R, dimRlp: d,dim RlGR +F) :0}.

Therefore Hg(M) is an Artinian .rR-module and

xt6((n!(u)) q {p e Specfr, dimfi'lp: d, dim R'11"+F) :0}.

Since Hf,(M) * o, it follows that Att6(( Hg(M)) I 0. Thus we get by Remark
1, (i i) and Corollary 2.5 that

N-dimn (Hl(M)): N-dima @!(M)): dima @!W)) : d.

The rest of the theorem follows from the fact that H!(M) is finitely generated
if and only if N-dima (Hg(M)) :0. r

It is known that if M + 0 then HS(M) I 0. Therefore we have the following
immediate consequence.

Corollary 3.6. N-dimn (HAW)): d.
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4. Relations Between Krull Dimension and Noetherian Dimension

we begin by giving an Artinian module A over a Noetherian local ring (rR, m)

for which N-dima A < dimnA.

Example 4.1. There eTists an Artin'ian module A ouer a Noetherian local ring

(ft,m) such that N-dimp A < dima A-

Proof . Denote by (R, m) the Noetherian Iocal domain of dimension 2 constructed

by Ferrand and Raynaud in [a] for which the m-adic completion ,8 of R has an

associated prime q of dimension 1 (see also [10, A1, Example 2]). Since q e Ass fr,

dim.8/q : 1 with notice that

H,l.,(n) = H*(fr)
as fr-modules, we get by [1,11.3.3] that q e AttA (/+(ft)). Since q e Ass-R,

we have q n fi: 0. Therefore we have

Annp (nfi(-R)) : A"'A (f/A(E)) o ft c q o rR : 0'

Hence dimp (Hfi(Q) : 2.On the other hand, it follows by Theorem 3.1 and

Proposi t ion2' '4 , ( i ) thatN-dimp(HA(R)) :1 'Thus ' for theArt in ianrR-module
A:  f /A(R),  we get  N-dimn A: l  < 2:  d imnA as requi red '  I

Remark 2. Yassemi has defined in [18] the set of coassociated prime ideals

(Coass) for an arbitrary module. Then he defined in [19] the notion of magnitude

of a module N, denoted by mag N, as the supremum of dim R/p where p runs over

Coassp N. If N : 0 we put magp N : -1. Note that for an Artinian module .4,

Coassp .4 is just the set Att n A. So magp .4 is nothing else but dimn A. Therefore

Example 4.1 shows that Theorem 2.10 of [19] is false in general. we also show

below in Example 4.3 with the same module A as in Example 4.1, that there

exists an element r € m such that (0 : rB)e has finite length. It implies that

magr ((0 : tR)a) : 0 ( 1 - mag. A - I '

Therefore, Theorem 2.a of [19] is false and this shows that the proof of [19,2.10]
is incorrect.

In oder to answer the question when is N-dimp,A : dimn.A, we need the

following definition.

Definition 4.2. Denote by v (Annp A) the set of all prime ideals of R contain-

ing Annp A. We say that A satisfies the condit'ion (x) i/ Annp ((0 ' p)") : p for
all p e V(Anna,4).

It should be mentioned that, for any finitely generated -R-module M, we

always have Annp( M lpM): p for any prime ideal p of .R containing Annp M.

However, the dual result for Artinian modules A is not true in general' i.e' there

exists an Artinian ,R-module which does not satisfy the condition (r,).
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Example 4.3. An Artini,an module A ouer a Noetherian local ring (R,m) for
whi,ch A does not sati,sfy the conditi,on ('r):

Let R and ,4 : IfA(n) as in Example 4.1. Take a prime ideal p satisfying
p I 0 and p * m. Since Annp A : 0,we get p € V(Ann6 A). Let 0 I r e p.
Consider the exact sequence

0 ----- rR ::- n - RlrR - 0.

This gives the derived exact sequence of local cohomology modules

0 -------) Hg(RlrR) - Hi,(R) -i' HA(ft).

Hence H$(RlnR) o (0 ' rR)nh(n) and (0 : rR)s'1n; has finite length. So

(0 '  p)e has f in i te  length,  thus Annp((O'p)r )  #p. I t  means that  A does not
satisfy the condition (*).

However, the following result shows that there exist still many Artinian mod-
ules which satisfy the condition (x).

Lemma 4.4. Let (R, m) be a Noetherian local ring and A an Arti,ni,an R-module.
If R i,s complete or A contains a submodule, wh'ich is isomorph'ic to the'injectiae
hull of Rf m, then A satisfy the conditi,on ('r).

Prool. Suppose that .R is complete. Then Homp(,A;E) is a finitely generated R-
module. Let p € V(Annp A). It follows that p € Supp (Homp(.A; E)). Therefore

Annp(0 i  p)A :  Annp (Homp((0 '  p) .q;  E))
- Annp (Homp(.A; E)f pHomp(A;E)) : p.

Thus .4 satisfies the condition (,r).
Suppose that A contains a submodule which is isomorphic to .8. Let p

€ V(Anna,4). Then we have by [10,4.1] that

Ass6, (Hom n(Rp;A)) r Asspo (Hom6(.Rp;a(n/m))) : {qftp : q q p}.

Therefore pBp € Assp, (Hom6(Rp;/)). It follows that

(o : p,Rp)""- ,1nr;,q # o.

Hence Hom6 (np;(0 : p)e) * 0. So we get by [10,p.130] that p > Annp ((O :

F)a). Therefore p : Annp ((0 : p)a) as required' r

The following result shoqs that the condition (*) is sufficient for an Artinian
module ,4. to have N-dimn A +. dim6.4.

Proposition 4.5. Let (R,m) be a Noetherian local ring and A an Artinian
R-rnodule. Suppose that A sat'isfies the cond'it'ion (*). Then we haue

N-dima A: dimnA.

Proof. Let c be an arbitrary ideal of ,Q. Clearly, we have

rad (Anna(0 : o)a) ) rad (o * Anna 4).
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It follows by the hypothesis that Annp ((0 : o)a) ! Annp ((O , p)") - p for

all prime ideals p contaning o * Anna,A. Therefore rad(Annp(0 : s)e) :

rad (o * Annp A). Let N-dima A : d,. Then there exist by Remark 1, (i) ele-
ments 11,  . .  . , rd  € m such that  ( .p(0 :  ( r t , . . . , ra)R)t  < m. Apply ing the fact
above  to  t :  ( r r , . . .  , r a )R ,  we  ge t

o  :  d imn  (10  '  121 ,  . . .  , r iR ) .q )

:  d im  (n l ( " t , . . .  , r d )R*  Annn  A ) )  >  d imp  A -  d '

Therefore dimpA ( d. Now the assertion follows by Proposition 2.4, (ii). I

Note that the converse of Proposition 4.5 is not true. Here is an example.

Example 4.6. There erists an Ar-ti,ntan module A ouer a Noetherian local ring
(ft,m) for whi,ch N-dimpA: dimn A, but A does not sat'isfy the condi'ti'on (*).

Prool. Assume first that there exist Artinian modules A' and A" ovet a Noethe-
rian local ring R for which the following conditions are satisfied:

(i) N-dima,4' : dimR At > dimpA'l > N-dimp A".

(ii) There exists p € V(Annp A") and p I V(Annp At) for which Annp ((0 :

p)n' , )  # p.
Let A: A' O At' . Then .4 is Artinian, dimn.4 - N-dimp A and p € V(Annp A).

We have

A n n 6  ( ( 0 :  p ) e )  :  A n n a  ( ( o  : p ) e ' )  r A n n p  ( ( 0 ' p ) o " )  I  p '

It means that A does not satisfy the condition (*).

Now, we have only to show the existence of modules A' and .4/' as above.

Le t ,R  be  as  i n  Examp le  4 .1 .  Le t  S :  R [ [ r r ,  ' . - , r t ] 1 ,  w i t h  t  )  3 ,  t he  f o rma l

as in [5] and [12]. Then ,4' is an Artini ,S-module and N-dims.4' : t. Since
Anns .4 : m.,S, it follows that dims,4' dim (k[[zt, . . . , 

"r]]) 
: t. Let Att be

the local cohomology module H,|.,(rR) as S-module with the product ri.Att :0

for all i ,: I,... ,t. Then a subset of. At' is an rR-submodule of A" if and only

if it is a ^9-submodule of A". Therefore A" is also an Artinian S-module and

d ims .A / / : 2 ,  N -d imsA"  : 1 .  I t  i s  c l ea r  t ha t  Anns .A ' l  :  ( r t , . . . , r 1 ) , 9 .  Le t  p

be a non-maximal prime ideal of ^9 for which p strictly contains Anns A/'. Then
p t' V(Ann s A').By computing similarly to Example 4.3, we get Anns ((0 :

p ) e , , ) l p a s r e q u i r e d .

Corollary 4.7. Let (R,m) be a Noetherian local ring and A an Arti'ni'an R-

module. Denote by R the m-ad'ic complet'ion of R. Then we haue

N-dimn A: dim1A.

Proof. By Lemma 4.4, A satisfies the condition (*) considering as ,R-module.

Therefore we get by Proposition 4.5 and Remark 1, (ii) that N-dimn A : N-

dim6A.
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