
Vietnam Journal of Mathematics 3O:2 (2002) 131-148 V t e t r m a r n  / o u r r n a l l
O T

N'l{ l\.]f lHt E lvl{ l\lt'l{ c s
O NCST 2OO2

(h, h, Ms)-Uniform Stability Properties for
Nonlinear Differential SYstems*

Huixue Lao and Xilin F\r

Department oJ Mathematics, Sandong Nortnal Uniuersity

Jinan, Shandong, 250011, China

Received August 16' 2000

Abstract. This paper establishes some (h4, h, Ms)-uniform stability criteria for non-

linear differential systems by the direct method of Lyapunov'

L. Introduction

In many concrete problems such as adaptive control systems, one need to con-

sider the stability of sets which are not invariant, so the notion of ventual

stability [3] was introduced to deal with such situations. It is subsequently rec-

ognized that although the set is eventually stable is not invariant in the usual

sense, it is so in the asymptotic sense. This observation leads to a new concept

of asymptotically invariant sets, which form a special subclass of invariant sets.

A naiural generalization of the above concepts is the notion of Mo-stability [2]'
which describes a very general type of invariant set and its stability behavior.

uniform asymptotic stability employing Lyapunov's direct method' In Sec. 2,

we give some definitions and notations. We state and prove, in Sec. 3 our main

,"rrrlt, which establish some criteria for (hs, h, M6)-uniform stabilization. An

example is also worked out which demonstrates the sharpness of conditions given

in the theorems.

* The project supported by National Natural Science Foundation of China (19771054).
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2. Prelirninaries

Consider the generalized initial value problem

r '  :  f  ( t , r) ,  x(ts) :  tb(to,c*),  ts )  0, (2 .1 .1 )

where f ,rl, e CIR', x Rn, Rnl and / is smooth enough to ensure the existence
of solutions of (2.1.1).

Consider also the comparison equation

u'  :  g(t ,u),  u(ts) :  p(to,u*),  t6 )  0, (2.r .2)
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where g € CIR+ x R, Rl, 9 e CIR,, x,R, .R..].
For the reader's convenience, Iet us list the following classes of functions.

I : {h e CIR+ x .R', R1] : inf h(t, c) : 0}.
K : {a e C[R+, Ra] : a(u) is strictly increasing in z and a(0) : 91.

CK :  {a e CIR!,  R,, l :  a(t ,s) e K for each t} .

KC : {o e C[R,-, Ra] : o € K and o is convex],

KC : {o e CIRa, Ra) : o € K and o is concave].
CKP : {a e ClRa x R..,., Ea] : a € CK and for every € > 0, there exists

d(e)>0, r(e)>0 (r(e)--m as e *0) such that [ 'o*t  no(r, l t (s,r*))ds
J t o

< d impl ies [ 'o* '  o(",hs(s, |)G,r.)))d,s 1e, ts2 r(e)] .
J to

We also introduce the following notations.
M M(R2+,ft') is the space of all measurable mappings from R?* to ft' such
tha x e M if. and only if. h(r1,r(q,s)) is locally integrable on Ra and

s,ro / t* '  h(n,r(n,s))ds < m, h e f .
t >O  J t

Mo: Mo(R2a,R) is the subspace of M(R?,.r?') consisting of all r(4,s) such
that

S(h ,Ms,p) :  { (q , r (q ,s ) )  €  f ta  x  Rn :  r (q ,s )  e  Ms(h ,p) ,  p>  0} .

S'(h, Ms, p) : {(rt,r(n,s)) € fta x R! : x(r1,s) e M$(h, p), p > 0}.

For any function V e CIR+ x -R', Ea], we define the functions
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D+v(t , r )  :  
o l lT*ruo];v1t  *  6,  x t  6f( t , r ) )  -v( t , r ) f ,  (2.1.3)

D-v(t,") : 
o[f;_ 

inf 
][y(r * 6, x * 6f (t,x)) - v(t,r)]. (2.r.4)

Let us now give the following definitions. As usual, let r(t) : x(t,s,rb(s,r.)),
f ) s represent a solution of (2.1.1) starting at (s,t/(s,r-)).

Definition 2.1. With respect to system (2.1.1), the set A is sai,d, to be
(Mr) (ho, h,Ms)-uniformlg stable if for each e ) 0, there es'ist d1(e),d2(e) > 0

and r(e), z(e) -- oo os € --+ 0, such that

(Mz) (ho, h, Ms)-uniformly attmctiue i,f for eaery e ) 0, there ex'ist positiue num-
bers 6;3, 6zo, ro andT(e) such that

r to* l

I  n \ , x ( t , s , t f ; ( s , x . ) ) ) d s  1 e ,  t  )  t 6 *  1 * ? ( e ) ,  t s )  r s ,
Jt"

prouided, r* e S(A,6rc) and [ to* '  no(r,{ t (s,x*))ds ' -6zoi
J to

(Ms) (ho,h,Ms)-uni,fonnlgasymptoticallystablei,f (M1)and(M2)holdtogether.

Definition 2.2. Let hs,h el. Then hs is said to be integrallg fi,ner than h
if for euery e ) 0, there exist d(.) > 0, z(e) > 0 (r(e)---+ oo as e -0) such

fto+l fto+l
that r*,a A and I ho(t,tlt(s,r*))ds < 6 i,mpli,es I nG,$(s,r*))ds < e,

Jtn Jto

t6 > r(e).

Definition 2.3. [1] Let ), : E+ - Ra be a measurable function. Then ),(t) is
said to be integrally positi,ue i,f

/.11";a" : *oo
J I

wheneuerl : UEr[or, gt), at < & < aial and, gt - q > d > 0.

We need the following known result [5] before we can proceed to prove
(ho, h,M6)-uniform stability criteria.

Lemma 2.4. (Jensen inequality) Let g be a conuer (or cancaue) function and
y i,ntegrable. Then

r f r / n t f t l n
p( I y(t)d,tl < I e(a(t))dt (or el I y(t)dt) / | e(y(t\at).

\ J  /  J  \ J  /  J
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3. Main Results

In this section we shall establish several results on (he, h, ffi)-uniform stability
and (h6, h, M6)-uniform asymptotic stability. Let us begin with proving a result
on (hs, h, Ms)-uniform stability.

Theorem 3,1. Assume that
(i) ho, h el and hs 'is integrally finer than h;

(ii) y e CIR+ x Rn,Ral,V(t,r) i,s locally Li,pschitzi,an in r and sat'isfies

b(h( t ,a ) )  <V( t , r )  <  a ( t ,ho( t , r ) ) ,  ( t , x )  e  S(h ,Ms,p) ,

w h e r e a e C K P , b e  K C ;
( i i i )  D+Y(t,  c) (  0,  ( t , r)  e S(h, Ms, p).
Then the set A is (ho,h,Ms)-uni,forrnly stable with respect to sgstern (2.1.1).

Proof. Let 0 < e < p and t6 € ft1 be given. By condition (i), there exist
d1(e),d2(e) ) 0 and 1(e), 1(e) --+ oo as e --r 0 such that

(3 .1 .1 )

provided r* e S(A,At),.f,too*t hs(s,{(s,r*))d,s ( d2 and te > 11(e).
In view of assumption (ii) and definition of a, we have, for some positive constants
d3(e), da(e) and z2(e), r2(e) ---+ oo as € --+ 0, the following inequality

l :""*' 
h(s,lt(s,r*))d,s < e,

/nto +r

Jr. 
o(s, hs(s, {(s,n')))ds < b(.), ts > r2(e). (3 .1.2)

when r* € ^9(A,d3) and [ll*'no!,tlt(s,r*))d,s < 6a.

Let d-r(€) :  min{dr(e),  ds(.)} ,  621e7 :  min{d2(e),  da(e)} and 7(e) :  max{1(e),
,z(u)).,If we choose r* such that r* € S(A,d-r) urd f,to+t hs(s,4)G,r*))d,s <62,
then we claim that

fto+l

I  n ( t , r ( t , s , t ! (s , r . ) ) )ds  1  e ,  t  )  t s  *  1 ,  t6  )  7 (e) ,  (3 .1 .3 )
J t o

where r( f ,s, /(s,r-))  is any solut ion of (2.1.1).
If this is false, then there exist fr ) te* 1, fo ) 7(e) such that

fto+7

Jr^  
h( fu , r ( t1 ,s , th(s , r* ) ) )ds :  e ,

and

fto+l

I  n ( t , r ( t , s , t l t (s , r . ) ) )ds  1e ,  ts  +  1< t  (  f1 ,  t6  >  7 ( . ) .  (3 .1 .4 )
J t "

It then follows from assumptions (ii) and (iii), relations (3.1.1), 3.1.2), (3.1.4)
and Lemma 2.4, lhat
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This is a contradiction and the proof is complete.

If we utilize a family of Lyapunov functions instead of one, it is natural to
expect that each member of the family has to satisfy weaker requirements. To il-
Iustrate this idea, we shall next give the following result which is an improvement
of Theorem 3.1.

Theorem 3.2. Assume that

(i) ho, h el and hs ' is integrally f iner than h;

(l i) for eaery n ) 0, there erists a functi,onV, e CIS(h, Mo, p) O.9"(h6, Mo,q),
R1l such thatVr(t,r) is locally Lipschi'tzi'an'in r and satisfies

b(h( t , r ) )  3vn( t , r )  <  a (hs( t , r ) ) ,  ( t , r )  e  s (h ,Ms,p)n  s " (ho ,  Mo,T) ,

w h e r e a e K C , b e K C ;
( i i i )  D+Vn < 0, ( t ,  r)  e S(h,Mo,p) o  ̂ 9"(he, Mo,T).

Then th,e set A'is (ho,h,Ms)-uni,fonnly stable with respect to system (2.1.1).

Proof . Let e € (0, p) and ts € Ra be given. Assumption (i) implies that there
exist d1(e),62(r) > 0 and r(e), r(e) -- oo as € t 0 such that

pto*7

Jr "  
h (s ,$ (s , r . ) )ds  1e ,  ts  >  

" (e ) ,  
(3 .2 .1 )

provided r* e S(Ad1) and [ t l* t  to(",  t l , t (s,r .))d 's < 62.

We choose 6s:6s(e) > 0 such that a(d3) < b(.) .  Let d2(e) :  min{dz(e),ds(.)} .
If we choose r* such that r* e S(Ad1) and I]l*'no!,t/\s,r'))ds ( 52, then
we claim that

Ito+t
I  n ( t , r ( t , s , $ ( s , r . ) ) ) d s  1 e ,  t  >  t o  *  1 ,  t s  >  7 ( € ) ,

J t "

where r (1,  s , {s(s, r - ) )  is  any solut ion of  (2.1.1) .

If this is false, then there exist a solution r(t,s,r!(s,r.)) of (2.1.1) andt1,t2

b(e )  :  o(  
I : ""  

h( t1,r( t1,  s, ' t (s,r . ) ) )ds)

= 
fft 

b(h(tl, r(tr, s, t lt(s, n-)))d,s

t  
[ . t  

v  ( t 1 ,  r ( t 1 ,  s , 4 ) ( s , r . ) ) ) d s

I t o *7
3 

Jr. 
V(s,tlt(s,r.))ds

= 
t. '  

a(s, hs(s, (t(s, r.)))d's

< b(.).
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satisfying tz ) tr ) to * 1 such that
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(3.2.2)

and
(t , r ( t ) )  €  ^9(h,  Mo,e)  n S"(hs,  Mo,6z)  for  t  €  l t t , t r l .

Hence, by letting \ : 6z and condition (ii), there exists a Vr(t,r) satisfying
assumptions (ii) and (iii), which implies

b(.) s [ '"*' u1n1rr, x(t2,s){t(s,r.))))ds
J to

fto+7

< I  Vr( t2 , r ( t2 ,s ,$(s , r . ) ) )ds
J to

f to+t

< I  Vr( t1 ,x( t1 ,s , t t (s , r . ) ) )ds
J to

fto*1
S I  a (hs( t1 , r ( t r ,  s , / (s ,  c . ) ) ) )ds

Jto

t fto*l

S"(  L ho(h,x( t1 ,s , r / (s , r . ) ) )ds)
r ./to

:  a(62) < b(.) .

This is absurd. Thus the proof is complete.

Let us next discuss a result on (he, h, Ms)-uniformly asymptotic stability
that corresponds to Marachkov's result.

Theorem 3.3. Assume that
(i) ho, h el and hs is integrally finer than h;

(ii) y € CIR', x Rn,Ral, V(t,a) is locally Li'pschitzi,an in r and satisfies

0  <  v ( t , r )  3  a ( t ,hs ( t , r ) ) ,  ( t , r )  e  s (h ,  Ms,  p ) ,
w h e r e a € C K P , b e K C ;

( i i i )  D+y(t ,  r)  < -c(h,( t ,n)) ,  ( t ,n) e S(h, Ms, p),  c e KC;
( iv) h e CLIR+ x R!,Ral and lh '( t , r) l  < M, ( t , r)  e S(h,Ms,p),  where

M  >  0  a n d  h ' ( t , r ) :  h t ( t , r )  +  h o ( t , x ) '  f  ( t , r ) .

Then the set A is (ho,h,Ms)-uniforynly asymptotically stable with respect to
system (2.1.L).  ,

Proof. Let us first prove that the set A is (h6,h,M6)-uniformly stable with
respect to (2.1.1). Let e € (0, p) and ts € Ra be given. In view of the definition
of o, there exist positive constants 61 (e),62(e) and 1(e), z1 (e) ---+ oo as € --+ 0,
such that

fto+l

Jr" 
hs(t1, x(t1,s,r l t(s, r*)))ds :$,

fto*7

Jr .  
h( t2 , r ( t2 ,s , { (s , r* ) ) )ds :  e ,
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tto*l

f '  
a4,hs(s,g(s,r*)))ds .  h"f i l ,  t6 ) 1(e), (3.3.1)

provided r* e S(A,51) and /rtj*t iro(", $(s,x*))d,s < 52'

Assumption (i) implies that there exist d3(e),da(e) > 0 and r2(e), r2(e)---+ oo

as € ---+ 0, such that
'  

I:" '*t 
h(s,tlt(s;r*))d,, < ;, tu ) r2(e), (3.3.2)

provided r* e S(A,53) and /r?*t Ao(", t!(s,r*))ds < 6a'

Let 
-d'1(e) 

: min{dr(e),d3(e)}, 52(e) : min{62(e)'da(t)} and 7(e) :

max{1(e), rz(")}. If we choose r* such that r* € S(A,5r) u"d f,to+lhs(s,

l;(s,r*))ds ( d2, then we claim that

to*1

h( t , r ( t , s ,1h(s , r . ) ) )ds  1e ,  t  2  io  *  1 ,  f s  )  7 (e) ,  (3 '3 '3 )

where r( f ,  s,4;(s,r*))  is any solut ion of (2 '1 '1) '
If this is false, then there exist t1, t2 satisfying tz-tt) andt2 ) tr )

t o * l s u c h t h a t t o * 1

h( t r ,  r ( t r ,  s ,  { (s ,  r * ) ) )ds  :  9 ,

l : : . '  
h(t2, x(t2, s, l t(s,c* )))ds : e,

l : " ' . '  
h( t ,  r  ( t ,  s ,  4 t  (s , r -  )  )  )ds a i , ,  

€  l t  1 ,  t2 l , (3.3.4)

and rr,o*l
.  I  h ( t , r ( t , s , 4 t ( s , o . ) ) ) d s c e ,

'  
J t o

t  € . l to  + I , t2) .

It then follows from (3.3.1)-(3.3.4) that

/ to+t
O S 

Jr .  
V( t2, r ( t2 ,s , t ! (s ,2. ) ) )ds

'  r to+l
.  

Jr" 
V(s,t l t(s,r-))ds

fto+l
* 

J r ,  lv  ( t2,  r ( t2,  s,  1b(s,u.  ) ) )  -  v ( fu ,  t ( f i  ,  s ,  { (s,r .  ) ) ) ]ds

= 
l:""*' 

a(s, h6 (s, T/(s, c.) ))ds . l::- '  
( l ' , '  

o*, 1t, r (t, s, lt(s,r. )))dt) ds

.  ,* t f? 
-  

I : , "  " (  [ """ .h( t , r ( t ,s,d(s,2.)))as)dt  
< o '

which is a contradiction. Hence the set A is (hs, h, Ms)-uniformly stable. Thus
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for e : p, there exist z1(p) > 0, 6'(d >0 and d2(p) ) 0 such that

rto+l

I  O( t , r ( t , s , t l t (s , r . ) ) )ds  1  p ,  t  )  ro  +  I ,  t s>  n(p) ,  (3 .3 .b )
J t o

provided r* e S(Ad1)and I l l* 'no!,{(s,r .))d,s (  d2, where r( t ,s,g(s,r*))
is any soiution of (2.1.1).
In view of assumption (ii) and the definition of a, we have, for some positive
constants rz(p), 6s(p) and da(p), the following inequality

fto+l

Jr.  
a(s,hs(s,t / . t (s,r*)))ds < p, to 2 rz(p), (3.3.6)

(3.3.7)

(3.3,8)

whenever r* e S(Ad3) and ,f,tJ*t to(r, lt(s,x*))d,s < 6a.
By condition (i), there exist r3(p) > 0, ds(p) > 0 and do(p) > 0 such that

l :"". '  
h(s, l t(s,r*))d,s '-p, ts) rs(p),

provided a* e S(Ad5) and .f,tJ*t no(", {(s,r*))d,s < 66.
Let d16 :  min{d1,d3,d5},  d26 min{d2,6a,6a} and rs :  max{21(p),rz(p),

,s@)\. If we choose c* such that * e ^9(.4, d16) and IIJ*' no!,g$,x*))d,s <
d2e, then we claim that

fto+l

. l i ry / h(t,r(t ,s,$(s,r.)))ds : 0, to ) ro,
t -co  Jh

where r( t ,s, t l t (s,r-))  is any solut ion of (2.1.1).
If this is not true, then for,some €e ) 0, there exist a solution r(t,s,tlt(s,r*))

with c.1. e S(Ad1s) and .f,'J*t iro(", g(s,r*))ds ( d26 and a divergent sequence
{t1} such that

I to+ t
I  t  ( t o , r ( t p , , s , t l t ( s , r . ) ) ) d s  )  e s ,  l r : 1 , 2 , . . . .

J t o

It then follows from assumption (iv) that, on the intervals tk - eslzM < t <
t *  *  eo l2M,  k  :1 ,2 ,  . . . ,  we have

fto+t 7t 7ts*7

I  n ( t , r ( t , s , l ;$ , r . ) ) )ds  >ro+ |  |  h t (m,x (m,s , tb (s ,x . ) ) )d ,sdm
Jto Jt*  Jto

€n> ; '

We can assume that these intervals are disjoint and t1 - e6l2M > to * 1 by
taking, if necessary, a sequence of tyr. This, together with assumptions (iii)
and (iv), implies
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f to+r  €n  en

L u( 'o+ #,r(tn+ f f i , t , ry '(s 'r .)))dsJ  t o  ' J v t

fto+t
< I  v( to+ 1, r ( t6  + 1 's , ty ' (s ,  x . ) ) )ds

J t o
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v(s,tl.,(s,r.))d,s - 
I:"^:r* "( l:"". '  

h(t,n(t, s,t(s,r.)))d's)d't

fto+r ftx+#
-  I  I  "@(t , r ( t ,s , t l t (s , r * ) ) ) )d tdsJ to J to+l

- I:""*'
t to* l

.  l -  o(s,  hs(s,{(s,r . ) ) )ds -  
#t})rJ t o

-  € o  , € 0 . ,. p - n"(t),t 
- -m as k -' oo'

which is a contradiction. Thus the set A is (h6, h, ffi)-uniformly asymptoti-
cally stable.

To obtain a smooth converse theorem for (hs,h,Me)-uniform asymptotic
stability, we should assume large domain of attraction, that is we need to
have a stronger concept than (h6, h, M6)-uniform asymptotic stability' The
following result is a direct theorem of this type.

Theorem 3.4. Assume that
(i) ho, h e I andhs is'integrally f'ner than h;
(ii) y € ClRa x Rn,R+], V(t,r) is locally L'ipschi'k'LrLn'in r and there erist

functions a € CKP and b € KC such that

b ( h ( t , r ) )  < V ( t , r )  <  a ( t , h s ( t , r ) ) ,  D + V ( t , r )  (  0 ,  ( t , r )  e  S ( h , M s , p ) ;

(ii i) ty e CIR+ x Rn,R1f, W(t,r) i 's locally L'ipschztzi'an'in r and
'  

W( t ,c )  (  N ,  D+W(t , r )  <  -c (V( t , r ) ) ,  ( t , r )  €  S(h ,Ms,p) ,

w h e r e c € K , N ) 0 ;
(iv) there erists a pos'it'iue constant 7 e (0, p) such that

o-  f " * t  h ( t , r ( t , s ,4 t (s , r * ) ) )ds  <  o
J to

if fto+r-  
I  h ( t , r ( t , s , 1 b ( s , r . ) ) ) d s : 7 ,  t ) t o * 1 ,

J t o

where h(t,r) is locally Lipschittzi'an'in r for eacht, r(t,s,tft(s,r*)) is any
solution of system (2.1.1) atdts i's sufficiently large.

Then the set A is (ho,h, Ms)-uni'fonnlg stable and (h,h, M6)-uni'forrnlg attract'iue
with respect to (2.1.1).

Proof. It follows from assumption (i)-(ii) that the set A is (ho,h,M6)-uniformly
stable with respect to (2.1.1). By condition (i), there exist 1(f) > O, dr(f) > 0
and d2(7) > 0 such that
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f t o + t

I  t  ( t , t l t (s,r*))ds < 1, to > r t( .y),  (3.4.1)
J t o

provided x* e S(Ad1) and l l i * t  i ro(",  {(s,r"))d,s < 62.

Let r( t ,s, tb(s,r .))  be any solut ion of (2.1.1) with r* € S(A,d1) and

I|l*t no!,rlr(s,r.))ds ( d2, we shall first show that

ftolt

I  t  ( t , t ! (s ,x . ) )ds  <1
J t,,

impl ies I | :* '  nQ,r( t ,s, t l . t (s,r .)))ds 11v, t  2 to * 1,  to > rr( l ) .  G.4.2)

If it is false, then there exist t1 ) t6 * 1, t6 > tr("y) such that

tto*l

I  n \ r ,n ( t r ,  s , t ! (s , r . ) ) )ds  :  1  and
J to

/"o+l

I  n ( t , r ( t , s , t f t (s , r . ' ) ) )ds  1  "y ,  t  e  [ to  +  1 ,  t r ) .
J t o

Then

Ito+t
D- I  h ( t1 , r ( t1 ,s ,1b(s ,c ' ) ) )ds

J t o

:  l im t " f  +  |  [ ' " * t  o( r ,  *  6 , r ( t1*  d,s , ( t (s ,c . ) ) )ds
6_o_ o  lJ to

f to+ t  I-  
Jr"  

h( t1,u(t1,s, / (s,r . ) ) )ds. l  > 0,

which contradicts assumption (iv). Thus the set S(h, Mo,.'f) is a positive invari-
ant set of system (2.1.1).

Now let e e (0,p) be given. Set d1s : dr(l), 5zo :'t, ro : n('y) > 0, ?(e) :
N/c(b(e)) + 1. If we choose r* such that r* € ^S(A, d10) and

ItJ*tt(", $(s,x*))d,s ( 62e, then we claim that there exists a t* € fts * 1,ts *
1 + 

"l 
such that

V( t * , r ( t * ,s , { (s , r - ) ) )  <  b (e) ,  (3 .4 .3 )

where r(t, s,tb(s,r-)) is any solution of (2.1.1).

If this is not true, then there exists a solution r(t,s,t!(s,r.)) of (2.1.1) with
r* € S(Ad1s) and [ll*t n!,4t@,8\as ( d2s such that

V ( t , x ( t , s , t b ( s , r . ) ) )  >  b ( e ) ,  t .  [ t o *  1 , f s + 1 + " ] .

It then follows from condition (iii) that
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W (to + I * T, x(ts+ 1 + ?, s, ry'(s, r.)))
ftoll*T

< W(to * l , r ( ts * 1,  s,  , / t ( t , r .D) -  I  c(V(m,x(m, s, t l t (s,r .))))dtrn
J to+7

< N - c ( b ( e ) ) T < 0 ,

which is a contradiction. Then by (ii), we get

u( 
I : ""  

h( t ,  r ( t ,s, t (s,r . ) ) )ds) t  
I : ""* '  

b(h(t ,  r ( t ,  s, tb(s,r . ) ) ) )ds

fto+1
S I  V ( t , r ( t , s , { ( s , r . ) ) )ds

J to

Ito+t
S I  V( t*  , r ( t *  ,s ,  / (s ,  r . ) ) )ds

Jto

< b(.) '
which implies

fto+7
I  h ( t , r ( t , s , $ ( s , r * ) ) ) d s  <  e ,  t )  t o - 1 1  + " ( e ) .

Jto

Thus the set,4 is (h,h,Ms)-uniformly attractive and the proof is complete.

As we shall see, employing several Lyapunov functions offers a better
mechanism to obtain results under much weaker assumntions.

Theorem 3.5. Assume that
(i) ho, h el and hs is'integrallg finer than h;

(ii) y € ClRa x Rn,R+1, V(t,r) i,s locally Li,pschitzian'in r and satisfies

'  b (h( t , r ) )  <V( t , r )  <  a ( t ,hs ( t , r ) ) ,  ( t , r )  e  S(h ,Ms,p) ,
w h e r e a e C K P , b e K C :

( i i i )  D+y(t ,r)  < - , \ ( t )c(h(t ,r)) ,  ( t , r)  e S(h,Mo,p),  where.\( t )  zs i ,ntesral ls
positiue and c €. KC;

( i " )  l l l r ,W2, . . . ,W^ €  C lRa x  f f ,R+1,  fo r  each ' i  :  1 ,2 , . . . ,n 'L ,  Wi ( t , r ) ' i , s
locally Lipschi,tzian in r, D+W(t,r) is bounded trom below on S(h,Mo,p)
and there erist functi,ons a1 € KC, b1 €. KC such that

b t (h ( t , "D < iWi ( t ,u )  <  a ( t ,hs ( t , r ) ) ,  ( t , r )  e  S(h ,M6,p) .

Then the set A is (ho,h,Ms)-uni.fonnly asymptotically stable uith respect to
( 2 . 1 . 1 ) .

Proof. By Theorem 3.1, the set ,4 is (ho,h, Ms)-uniformly stable with respect to
(2.1.1). Furthermore, similar to Theorem 3.3, we see that (3.3.5)-(3.3.7) hold.
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To prove (3.3.8),  note that bL(h(t ,r))  SDLtWi(t , r)  for ( t ,  r)  e S(h,Mo,p),
it is enough to show that

rtolL n

. l im /  DruO,r(t ,s, l t (s,z*)))ds 
:  0,  ts )  rs.

1_* Jt, i:,

If (3.5.1) is false, then there exists an i, t < i ( rru, such that
fto+l

H Jr" 
wi(t 'x(t '  s'{(s'r.)))ds l o'

T h u s  w e  c a n  f i n d  a  s e q u e n c e  t s  1 t 1  1 t r . . . 1 t p  1 . . .  w i t h  t n - t n - t
and t6 ---+ oo as k --.oo such that

7ts'+7

I  Wn( to , r ( tp ,s , t ! (s , r * ) ) )ds  > ,  >  0 .
J t o

Suppose that D+Wt(t,r) 2 -M. Since

I  Wn( t , r ( t , s , t f i ( s , r * ) ) )ds :
Jto

f t o+ l

I  Wo(to,x( tp ,s , { (s , r . ) ) )ds+
Jto

I t o * t  7 t

I  I  D+Wi(rn,r(m,s,t l t (s,x*)))drnds,
J t o  J t k

i t f o l l o w s f r o m c o n d i t i o n ( i v ) t h a t t h e r e e x i s t s a c o n s t a n t d , 0 <
min{o,Il2M} such that

fto+l

I  W o ( t , x ( t , s , t f t ( s , 2 . ) ) ) d s  >  l -  6 M  > ,  t € l t p - 6 , t p ) .  ( 3 . 5 . 3 )
J to

Since !o_a1Wi(t ,r)  1a1(h,( t ,n)) ,  we have from (3.5.3)

/ntotr L

Jr^  
h ( t ,x ( t ,s ,$ (s , r - ) ) )ds  >  

" i ' ( ; ) ,  
t  e l tp  -  6 , tx l ,  k :  r ,2 , . . .  (3 .5 .4 )

Let I : UEnlto - 6,tnl, then it follows from condition (iii) that

. l i *  / to*t  v ( t ,  r( t ,s, l ) (s,r .)))ds
t_@ J tn

fto+'

s I  v( to  + r , r ( ts  *  1 ,5, / (s ,  r . ) ) )ds
Jt"

f to+t  16

" + l  I  D + V ( m , r ( m , s , { ( s , x . ) ) ) d r n d s
J to J to+7

Ito*' -

= 
Jr^  

V(s, { (s , t * ) )ds

fto+l /noo
-  I  |  > ,1m1c1h(m,r( rn,s , { (s , r . ) ) ) )dmds

J  t o  J t o+ l

(3 .5 .1 )

> c ) 0

(3.5.2)
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fio+r
< I  a(s,  hs(s,  t / . t (s , t . ) ) )ds

Jto

f@ t ftotl
-  |  x@)(  |  

"  
c@(m,x(m,s , l t (s , r - ) ) ) )ds)dnr ,

J t o * L  
' \ J t o  /

f* , rto*l
< p-  l .  

- .  
. l ( rn)c(  l - " ' -  n(* , t (m's ,$(s , r . ) ) )ds)dm

J to+ l  r  J t o

< p  -  c@t t (L^y  [  ^6ya* -  -6 ,
Z  J I

which is a contradiction. Thus (3.3.8) is true and therefore the set .A is (h6, h, Mo)-
uniformly asymptotically stable.

The following result which uses two Lyapunov-like functions is a special case
of Theorem 3.5.

Corollary 3,6, Assume that conditi'ons (i) and (ii) of TheorernS.S hold. Suppose

further that
(iii) W e CIR+ x Rn,Raf, W(t,r) is locallg Li'pschitzian in r and there erist

funct'ions c € KC and A(t) which is i'ntegrally pos'itiue such that

c (h( t , r ) )  <W( t , r ) ,  D+V( t , r )  S  - \ ( t )W( t , r ) ,  ( t , r )  e  S(h ,Mg,p) ,

and D+W(t,r) is bounded from below on S(h,Ms,p).

Then the set A is (ho,h,Ms)-uniformly asgmptotically stable uith respect to
sgstem (2.1.1).

The following theorem offers a better conclusion.

Theorern 3.7. Assume that
'" (i) ho, h el and hs 'is'integrally finer than h;

(ii) yl, V2 e ClRa x Rn, R1], V1(t,r) and V2(t,r) are locally Lipschitzian i,n r
and there erist funct'ions a e C K P, b € KC such that

b(h( t ,n ) )  <  Vr ( t , r ) ,  V1( t , r )  +  V2( t , r )  <  a ( t ,hs ( t , r ) ) ,  ( t , r )  e  S(h ,  Ms,  p ) ,

D+v( t , r )  <  - ) , ( t )c (v1( t , r ) ) ,  ( t , r )  e  S(h ,Ms,p) ,

where V : Vr * V2, ),(t) is integrally pos'itiue and c € KC;

( i i i )  /or euery solut ion r( t ,s, /(" ," . ))  of  (2.1.1),  the funct ion

f t  f to+r

I  I  lD+V2(rn,x(m,s,t l t (s,x.))))a d,s dm
Jo  J to

is uni,formlg continuous on R1-, where the symbol l'la means that either
the posi,tiue part l.l+ or the negat'iue part l'l- i,s considered for all m € Ra
and, ts i,s sufficiently large.

Then the set A'is (ho,h,Ms)-unifomnly asymptoti'cally stable with respect to

system (2.1.1) ond f i "+'V2(t ,r( t ,s,{(s,r .)))ds has a f in i , te l i 'mit  as t---+ m for
any solut ' ion r( t)  :  n(t ,s, t f t (s,r .))  of  (2.1.1) such that ( t , r( t ))  € S(h, Mo,P).
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Proot. Because of assumptions (i)-(ii), the relations (4.3.b)-(8.8.7) hold. Define
the functions

m1(t)  :  [ to* '  , r(r , r( t ,  s, l t (s,r .)))ds,
t'lro*t

nx2(t)  :  I  Vr(t , r( t ,s, t ! (s,2.)))ds,
J to

fto+l fto+l
m(t )  :  I  Vr ( t , r ( t , s ,g (s ,n . ) ) )ds+ |  V2( t , r ( t , s , th (s , r . ) ) )ds .

J to  J t o

Since b(h(t, r)) S U(t,s), (t,r) e S(h,Mo,p), rhe result liml_6o m1(t) : g
sufficestoprove(3.3.8). Clearlyrljginf rnr(t) :0. Forotherwise,*e"ouldharr",
in view of (ii), m(t) -- -oo as f -+ oo. Suppose now that 

,!grup-r(t) + 0,
then there exists a 7 ) 0 such that

,\ngrup-t(t) > 3t.

For definiteness, suppose that assumption (iii) holds with [']a. since rn1(t) is
continuous, we can choose a sequence

t o * 1 < a r 1 0 r

such that for i : 1r2,...,

mr(di) :3 '1,  ru(p) = I

and
1 <  m1( t )  <31,  t  e  [a i ,Ba ] . (3 .6 .1 )

Assumption (iii) yields that m(t) is nonincreasing and bounded from below, and
therefore limt*- m(t): o < oo. Thus there exists a ? > 0 such that

o < m ( t ) 1 o * t t  t ) t o + L + 7 .

Flom (3.6.1) and (3.6.2), it is easy to see that

m z ( a , t )  1 o - 2 1 ,  m z ( p ) )  o  - . y .

It follows from (3.6.3) that

0 < 7 < ^z(g) - rrl2(oi) = [.t"*' [u' !o*rr{*,x(m,s,/(r,r-)))] *dtrnd,sJto Jai

t?o fto+l
: 

J., Jr" lD+v2(m'r(m's"/("'"-)))] *d'sd'rn,

which implies, in view of assumption (iii), that there exists a constant d > 0
such that

(3.6.2)

(3.6.3)

0 t - a r l d ,  i : t , 2 , . . . . (3.6.4)
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By (3.6.2)-(3.6.3) and condition (i i), we then get

,\g-(r) s m(to+ 1) + 
I:"". '  [.ro.r 

rt, r(t,s, g(s, r*)))d,t d,s

< rn(s) -  [*  A(t)c(m1(t))d,t
t'on*'

< p - c ( i / . 1 1 t ;  : - * ,
J I

where .I : UE, lo* 0rl. This contradiction implies that 
rqgsuprnl(t) 

: 0.

Thus we conclude that the set A is (ho,h,M6)-uniformly asymptotically stable.
To prove the last assertion of the theorem, note that limt*- m(t) : o and
limt-m m1(t) :0, consequently the definition of rn(t) yields liml-- m2(t) : 6.
The proof is complete.

As we have seen, the use of comparison principle provides a unified approach
and generalizes several stability results into one framework. However, a direct
analysis of the right-hand side of the comparison equation can sometimes yield
sharper results. This can be seen in the following theorem.

Theorern 3,8. Assume that
(i) ho, h el and h6 is integrally finer that h;

(ii) y € ClRa x Rn,R+\, V(t,r) is locally Lipschitzian in r and sat'isf,es

b(h( t , r ) )  <v( t ,x )  <  a (hs( t , r ) ) ,  D+V( t ,n )  <  g ( t ,V( t , r ) ) ,

( t , r ) e R l x R n ,

where a e Ke, b e KC, g e C[Ra x R,R), 9(t,0) : 0-
(iii) for euery pair of numbers a, B, such that 0 < a I A, there erists canstant

0 : 0 ( a , 0 > 0  s a t i s f g i n g

g ( t , u ) ( 0 ,  a < u < 8 ,  t 2 0 ;

(iv) h6 € CLIR+ x .R',Ra] and for some function ), e ClRa,R''rl,

a a
hno(r,r) + f;noft,r).f 

(t,r) < )(t)hs(r, r), (t, r) € R', x ff.

Then the set A is (ho,h,Mg)-uni'forYnlg stable uith respect to (2.1'L)'

Proof.Let e > 0 and f6 € Ra be given.By condition (i), there exist 51(e),

6z(e) > 0 and r(e)' r(e) -- oo as €---+ 0 such that

f t o+L

I  nG,t l t(s,r*))ds < e, t6 2 z(e), (3'7.1)
J t o

provided r* e S(Ad1) and I|l*t no!,!t(s,r*)) < 62.

We choose 6s: ds(e) > 0 such that a(d3) < b(.) .  Let 0:0(o(63) 'b(e)) > 0'
5z :  min{dz(e),d3(e)}e-Nd, where '
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( sup )(t), if d 2 to * 1;
. n r : , n r r a t : l  

t o + t ' t ' P
\  /  

[ ' = f f i * ' ] ( t ) '  
i f d < t o * 1 '

If we choose c* such that z* e S(Ad1) and ItJ*t t o(", g(s,x*))d,s < d-2, then
we claim that

fto+t

I  n ( t , r ( t , s , { (s , r - ) ) )ds '1e ,  t  >  to  f  t ,  t s>  r (e ) ,  (J .7 .2 )
J t o

where r(f, s,tb(s,r.)) is any solution of (2.1.1).

Next we have two cases to discuss.
(1) If 0 ( ts * 1, we shall show

V ( t , r ( t , s , { ( s , r . ) ) ) < b ( e ) ,  t ) t o * 1 .  ( 3 . 7 . 9 )

If this were false, there would exist f1, t2 satisfying t2) t1 ) to * I such that
V ( t1 ,  r ( t1 ,  s ,  $ (s ,c .  ) ) )  :  a (52) ,

V (t2,  r( t2,  s,  tb(s,c.)))  :  b(e),

a ( 6 2 )  < V ( t , x ( t , s , t ( s , r . ) ) )  <  b ( e ) ,  t e l t r , t 2 l .  ( 3 . 7 . 4 )

Hence at t: f1, we would have

D+V( t1 ,n ( tL ,s , t / (s , r . ) ) )  >  0 .  (3 .2 .b )

On the other hand, as t1 ) 0 and (3.7.$ holds, we would obtain, from condition
(iii), the inequality

D+ V ( t1 ,  x ( t1 ,  s ,  l t (s ,o .  ) ) )  <  g  ( t1 ,  V  ( t1 ,  r ,  rbG, r .  ) ) )  <  0 ,

which would contradict (3.7.5). This proves that
r to* l

I  V(r,x,(t,s,tf . t(s,r.)))ds < b(.), t  > to + 1. (3.2.6)
Jto

(2) It 0 ) to * 1, we shall first show

V ( t , r ( t , s , { ( s , r . ) ) ) < a ( 6 3 ) ,  t o * L < . t < 0 .  ( Z . T . T )

Defining rn(t) : hs(t,r(t,s,tb(s,c*))), we obtain, by condition (iv),

rn'(t) < ),(t)m(t),

which implies, by the Gronwall's inequality,

I to+r

I  no( t , r ( t ,s , ! t (s , r - ) ) )ds
J to

f to+L ,  f t

S I hs(s,4)(s,a1))expl /  ),(m)dmlds. (3.2.8)
J t u  L J s  I
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By the definition of 52 and (3.7.8), we see that

f to+l

I  no( t , r ( t ,s , r ! (s , r . ) ) )ds < d3,  ts  +I  < t  <  A,
J t o

which implies

lto4.r
I  V ( t , x ( t , s , { ( s , x * ) ) ) d s  <  o ( d s )  <  b ( . ) ,  t o * t < t 1 0 .

J t o

If. t > 0, the proof of (3.7.6) is similar to (1). Consequently, we get, from
assumption (ii) and (3.7.7), that

fto+1

I  n ( t ,x ( t ,s , t l . t (s , r * ) ) )ds  <  e ,  t  2  to  *  1 .
Jt"

Thus the proof is complete.

Erample. Consider the nonliear differential system

(3.7.e)

Let V(t,r) : (t l2)(r? + x2r+ r!+ rf;), h(t,r) : r? + rf , hs1t,r) : x? + r| +
x! + r2n. Then we see that

1 1

,h( t ,  
x )  <  V  ( t ,  x )  <  

rhs( t ,  
r ) ,

. D+V1t,r1 - -rl - ,3 s -'un6,*1.

Let Wt - (tlz)rl and.W2: (112)rf, then

D+W1(t, r) : -r7 I 2rpz + r21r2se-t ) -Jp',

p?I2lril < p,

D+W2(t,r) :  -2rpz - rZ - r2rr le-t ) -3p' - pn,

,ma["lr,l3 o

a n d 1 1

Un1t , r1  <W1*wr:  i@? + rh  S h( t , r ) .

Thus all conditions of rheorem 3.5 are satisfied and therefore we conclude
that the set r:0 is (hs,h,Ms)-uniformly asymptotically stable rvith respect
to (3.7.9) .
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