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1. Introduction

We consider in this note the Cauchy problem for scalar conservation laws and

look for explicit ureaft solutions. Namely, Iet us deal with an unknown function

u(r,t) by an analytical way. The equation governing u is a single conservation

Iaw, completed by an initial datum

Exactly, the first equation in (1.1) has the form of a first-order quasi-linear

partial difierential equation. As it is well-known that smooth solutions are not

available even if the flux / and the initial datum u0 are very "qualified" functions,

people therefore turn to study various kinds ofgeneralized solutions. So we recall

here the definition of. weak solutions, which are sometimes known tobe'integral

solut'ions.

D e f i n i t i o n  1 . 1 .  A f u n c t i , o n u : u ( t , t ) , r  €  R ,  t  >  0 u i l l b e c a l l e d a w e a k

solut ion of  the Cauchy problem (1.1)  , f  u( , . ) , f  ( . ,u( . , . ) )  €  I i l "G x [0,+m)) ,
and if, for any test funct'ion d € Cf (R x [0, +m)), i't holds

t t .(u@,qryPi f(t,u(r,af!ff)a"at
J  Jnx [0 ,+m)  \

+ 
luuo(r)6@,0)d'r 

:0. (1.2)
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Definition 1.2. A functi,on u: u(r,t), r € R,t ) 0, ,is called, a Lipschitz
soluti,on of the Cauchy problem uith the Cauchy d,atum us : us(r), c € IR, /or
a parti,al di,fferential equation of first-ord,er

F ( x , t , u , u r ) : 0 ,  u  e .  O , (1 .3)

where o is open in R and the function F 'is assumed to be continuous on IR x
[0,+oo) xO x IR, z/z € C(R x [0,+oo))nUl, t : -(n x (0,+m)),  u sat isf ies the
equat'ion (1.3) alrnost euerywhere and

u( r ,O) :  uo(s ) ,  Vr  €  lR .

concretely, it is well-known that, if / is Lipschitz continuous and g is convex
in IR, then the Hopf-Lax formula (see [ ])

u ( r , t ) :  (9*  +  t l ) .@) ,  z  €  IR ,  t  )  0 , (1 .4 )

where the notation i. stands for the usual Fenchel transform

h*( r ) :  sup{ r .g r  -h (y ) } ,  c  €  IR ,
v€]R

provides a Lipschitz solution of the following Cauchy problem for Hamilton-
Jacobi equation

u 1  * f ( u , ) : 0 ,  c € l R ,  t > 0 ,
u ( r , O ) : 9 ( x ) ,  r e  l R .

(1 .5 )

The Hopf-Lax formula and its generalizations have been interested by many
mathematicians: Lax, Oleinhik, Hopf, Bardi, Evans, Ishii, Lions, Barron, Jensen,
Liu, Van,... and their colleagues and students. If we take formallg the derivative
in u in (1.5), we get

u , t I ( l @ , ) ) " : 0 ,  r € l R ,  f  > 0 ,
u , ( r , O ) : g ' ( r ) ,  c € l R .

(1 .6 )

Therefore, if t' is a classical solution of (1.5), and g is differentiable with g, : ?tro,
then we see by (1.4) that the function

u(x , t )  : : , t ) , ( .n , t )  :  
*k .  

* t f ) . ( r ) ,  r  €  IR ,  r  )  0 , ( 1 . 7 )

is a solution of Problem (1.1). This motivates us to construct explicit solutions
of Problem (1.1) via the Hopf-Lax formula (1.4). we call them Lax-oleinhik-
type formulas. Notice that the function u in (1.4) is no longer expected to be
smooth. Here, the function u in (1.7) will then be proved to be a weak solution
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of Problem (1.1) under relaxed conditions so that it is applicable to quite wide

classes of fluxes / and initial data us. In particular, the set of / would cover

functions having the Caratheodory property and the set of u6 would contain

a certain class of functions with bounded variations or functions belonging to

some certain dual spaces of Sobolev spaces. These explicit solutions would then

be able to be candidates for entropg solutions, though the question whether they

are really adrnissi,ble:under entrop\ cf itel'ia is out of the scope of this paper.

Founding the Lax-Oleinhik-type formulas for solutions of conservation laws

has been interested by several authors. To see this and its motivation' the reader

is referred to 12-71 and the references therein.

2. Representation of Weak Solutions

Let us make out the hypotheses to be assumed throughout this paper.

set 
s@): [ '  uo@)or, r e IR.

J O

(A .1)  The f lux  / :  f  ( t , r )  i s  con t inuous  in  { ( t ,  n ) : t  €  (0 ,+m) \G, r  €  lR}  fo r

some closed set G c IR whose Lebesgue measure is 0. Moreover, to each

N e (0,*m) there corresponds a function gx : gx(t) in Iff"(R) such

that
sup l / ( t , r) l  S sN(t)  for almost al l  t  € (0,+oo) '

l " l < N

(A.2) For every bounded subset V e R x [0, +oo), there exists a positive number

N(V) so that,  for ( t , r)  eV, lYl> N(V)

r'a - e. (a) - Il f (r,ildr < 
ta5?,Trl''" 

- s. Q) - Ii f ?, z)dr\'

(B.1) The function u0 € ,,l,"(lR) is nondecreasing on IR.

Theorem 2.t. Under the hypotheses (A.1), (A'2), and (B'L), the function

A  r  l t  \ *
u(t,x) ,-- h(a.(.) 

+ 
Jo f U'')dr) (r) ' r € lR' r ) 0,

detertn'ines a weak solut'ion of Problem (LI)'

Functions with bounded variations are often used in many applications. Next

we will present the explicit formula of weak solutions to the problem (1.1) where

the initial data are functiops with bounded variations. It is well-known that a

function with bounded variations can be expressed as a difference of two non-

decreasing functions. Let the initial datum u6 have the form uo : IIL - u2.

Precisely, we need the following assumptions:

(A.3) For any bounded set V C )R x [0, *m) and E C ]R there exists a number

N(% E) ) 0 so that

qo(r , t ,p1< ngl  - ,po(r , t ,q)  fo t  ( r ,  t )  e  V,  a € E '  lp l  > N(V,  E) ,
lq lSru(%r)
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where

eo(r. , t ,pqo!-  (p,r)  -  ( f  " r@)dy) @+ o) -  f i  f  ( , ,p)a, .

(A.4) The set

Lo(r, t) = {p e IR : rpo (r, t, p) : m3p<cp. (r, t, q) }

consists of only one point for (r,r) e R x (0,+m) \ I where Q is a certain
closed set whose 2-dimensional Lebesgue measure is 0 and is independent
of a € IR, for every a.

(B.2) The initial function uo is given by a difference of two nondecreasing func-
tions:

u o :  u 7  -  u 2 ,

where zi € ,ir"(R x [0, +oo)), i : 1,2, is nondecreasing and u2(*m) are
finite.

Theorem 2.2. Under the assumptions (A.I), (A.3), (A.4), and (8.2), the func-
t'ion

, ,  \  A  ( /  f '  - \ t .  , ,  \ l  -u(t,r): 
a, yjq t(/ .  "rfr lda) @) * mq2<eo(t, r,p) j  on IR x [0,+m),

d,eterrn'ines a weak solut'ion of the Cauchg problem (l.l), where the deriuatiae in
r, rnaA be understood i,n the sense of di,stributions and

f'
0 :: dom(Jo uz(y)dy)..

In the following we will generalize Theorem 2.1 to the case where the initial
datum is a (weak) derivative of a rninimum of afamily of functions in IR. More
precisely, we assume:

(B.3) Let ga,d e .I, be a family of contimrous functions in lR such that:
- For any rpo, there exists a Lipschitz solution uo : 1)o(r,t) of the Cauchy
problem for the same Hamilton-Jacobi equation

0 u l 0 t +  f ( t , ? u l 0 r ) : g  r € J R ,  t > 0
o ( c , 0 ) : p o ( x )  r € l R .

(2 .  1 )

-  For  any bounded subset  V e IR x [0,+m),  there are asetW(V) cV
whose Lebesgue measure is 0, a nonnegative number M(V), and a subset
J(V) ot.I such that all the functions uo : uo(r,t) for c € J(V) are
Lipschitz continuous in l/ with a common Lipschitz constant M(V) and
satisfy the equation (2.L) at every point of V \ I;lz(I/) and that

Lt,r,(*,t) : 
.Si?,, o(r, t)

for (r, t) e V.

So we have the following proposition.

Proposition 2.3. Under the hgpotheszs (B.3), let the i,ni,ti,al d,atum u6 take the
forrn
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Thus, Proposition 2.3 yields

Theorem 2.4. Assume that the functions go i,s finite and conaer inR and that
(A.L) and (A.2) are satisf,ed where g 'is replaced bU po, In addition, suppose all
the hypotheses used'in Propos'ition 2.3. are fulfilled Then the Cauchy problem
(1.L) admits the following function as a weak solution

u\r,t) t :  +inf-uo(t,r),  r € IR, t > o,
d t a e l  

- '

where uo i,s as in (2.2).

Remark. It is worth considering the initial data given by the infimum of a
family of nondecreasing functions. However, in Proposition 2.3 (and therefore
in Theorem 2.4), we cannot transfer the sign of derivative through the infimum.
In fact, if we may exchange the order of these two operations, we would get

completely different results. For example, it holds
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' A ' "  /uo(r) : j;1{,v"@), n € IR.

Then the function

u(r,t),: ftinf.,ro1t,r1, 
r € IR, f ) o,

is a weak solution of the Cauchg problem (l.I).

Now we assume the hypotheses (A.1), (A.2) with rpo in place of the function
g, and that go is a convex fuiction in IR. Then, thanks to the results of [11,12],
the Cauchy problem for Hamilton-Jacobi equations (2.1) admits a Lipsctritz
solution

uo( r , t ) :m ! ! r {p . r  -eL@)-  
l o ' f { r , n )a r \ ,  

c€ lR ,  t>0 .  (2 .2 )

ftw{,,.}:{;
while

inf{r ' ,0 ' }  :0.

So we Iet the problem of finding Lax-Oleinhik-type formulas for the Cauchy
problem (1.1) with the intimal data being the infimum of a family of nonde-
creasing functions be open.
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