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Abstract, We construct the exact complex-valued solutions of the nonlinear Schrodin-

ger equation (NLS) in the class of nonscattering potentials, where the inverse problem

associated with the NLS equation can be solved exactly. It is shown that in this class

if the solution of the inverse problem satisfies the NLS equation and if the singular

numbers of this problem satisfy some conditions, then the degr€e of normalization

polynomials generated by the discrete spectrum must be zero and the polynomials are

reduced to the corresponding normalization factors, which depend on time only' If the

degree of normalization polynomials is zero, then the general N-soliton solution q of

the NLS equation is given by the transform: q - Ff G'where F and G are represented

in the explicit forms in terms of the given scattering data.

1. Introduction

The problem associated with the nonlinear Schriidinger equation (NLS for short)

on a half-line is the system of linear equations [5,6]:

- i J A r + C O = ) O ,  O :  ( O r ( r , t , ) ) , O z ( r , f , ) ) ) ,  ( r , t )  e  ( 0 , m )  x  ( - o o ' m ) ,
( 1 . 1 )

with the boundary condition:
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O 1 ( 0 , t , ) ) :  O 2 ( 0 , t , ) ) , ( t .2)
/ - l  o \  n - (  g  

" t \w h e r e ' :  ( .  o ^  r  ) '  " :  ( r ,  o  ) '  
)  i s  a P a r a m e t e r '

The potentials c1 (2, t), c21n,t) are complex r,alued measurable functions satis-
fying the estimate:

lcp( r , t ) l  1  d" - ' " ,  d  i r  ucons tan t ,  6  )  0 ,  k  :7 ,2 .  (1 .3 )
we begin by recalling the necessary results on the inverse scattering problem
(1.1),(1.2) from the works [5,6]. It is shown that the fundamental system of
solutions of the system (1.1) is

eQ) hJ, t r)  :  (  
" \ t )  

f  r t . . l ) :e11)(r .  t . . l ) )'  \ '  ' t
@ o o

:  ("-n^" * 
"-D,x I 

nrr@,x * (;t)e-i^€d€, 
"-n^, I  

nrr@,r + (;t)e-i ]€44),
\  /  J  

J I ' -

o o  (1 .4 )

"(2) 
(x,t, )) : ("1', @, t, x), ef,) @, t, x))

/ . , , T  T: (" '^" 
f 

,rrrr,x*(;t)ei^€4g, ei\* +"u^" 
I 

Hzz(r,r+q;t)ei^ea4), (1.b)
0 0

where ) is a real number and Hii(r,r -t €;t), i,,j : !,2 are elements of the
matrix kernel H(x,r + {; t) of the transformation operator usually used in scat-
tering problems. In addition, Hni(x,s,t) satisfies the estimate analogous to the
estimate (1.3):

l H t i @ , s ; t ) l  < d . * n {  - } r A * " ) } ,  0 ( r ( s ,  i ,  j : r , 2 .  ( 1 . 6 )

We call

^9(r, )) : "[t)(0, 
r, )) - 

"tt)10, 
t,. l ;

"f) Q,t, I) - "l ')10, r, .\;
the scattering function for system (1.1). Due to the estimate 1t.O) efl)(0,t,))-

" ! t )(0, t , , \ ) isholomorphicfor lmA 
<ef2and"L4i( , , t , ,1;-el2)10,t , , \ ) isholomor-

phic for Im,\ > -ef2,theref.ore they have a finite number of zeros : ), ,Im,\, <
0 ,  j  : 1 , . . . , f  \ t , I m ) f  >  0 ,  k :  1 , . . . , a .  W e  d e n o t e  t h e  m u l t i p l i c i t i e s
of these zeros by ni and m;, resp€ctively. These zeros are called the singular
numbers of the problem (1.1), (1.2). We put

f [ (-,,q : * | ("yr ro,r, ,l) - "\4 (0,r, .r))-r x
w k

t  - a r ( l - I f ) + " ' l  , A ^ u - r  / \  ' + r m ' - r ' l  e i \ ' d ^ .L/o * a'(,1- ^f)+ .+ ffi(r 
-.r;;--- 

I
k :  l r .  .  ,  , e ,  ( 1 . 7 )
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l i  @ , t ) :

f  s ( r , t ) :

gs(r , t )  :

i q t :q r , *2 lq l 'q ,

iet: e,, - 2lql"q, (x,t) e (0, -) x (-oo, m)'

Qt :  - iQ,,J + 2iqrQJ, (r , t )  e (0'  m) x (-oo, oo) '

(1 .10)

(1  .1  1 )

151

I / ("!" to, r, )) - "!') 
(0, t, )))-I x

2 t r J  \
c .

I

f P ' l

luo *u,(^- U) + . ffi(r- 
r;)"i-t)"-i^'dA,

j  : 1 , .  .  .  , ^ 1 ,  ( 1 ' 8 )

where cf, and cr: stand for sufficiently srrrall circles centered, respectively, at )f

and ,\;; Ao, .. . , A**-r and 86, ' ' ' ,Bni-r are the numbers that depend on the

zeros,\f, and ), , respectivelY [5]'

"  and go (r , t )  :  qi(r , t )e- i^ i  " ,  where
ion polyhomials of r of degrees mx - L

in the sense of generalized functions the
ons  S( t , ) ) -  1  and S-1( t , ) )  -  1 :

+cp+in
1 t ts(r, I) - Lle-i^" d,),,

2tr J
_a*irl

+@-xn

I f [^9-r(r,)) - t]e-i)"d.\.
h r J

-@-xr l

(1.e)

It is known that if the matrix potential c in (1.1) is selfconjugate, then the

p.out"- (1.1),(1.2) has no discrete spectrum [7], and the NLS equation (1.11)

"un 
be solved by the inverse scattering method with a given initial condition:

q(r,  t ) l  :  e(r ,0) ,  [6] .
In tt"'l:u3", r: -L,it follows from the integral equations for the kernels of the

transformation oPerator that [5]:
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H t t ( r , s ; t ) : E r r ( r , s ; t ) ,  H p ( r , n ; t ) :  - E z r ( x , r ; t ) ,  0  (  r  (  s .  ( 1 . 1 2 )

There exists a remarkable class of potentials, for which the inverse scattering
problem can be solved exactly. These potentials are the nonscattering potentials,
for which fi@,t) and gr(r,t) defined by (1.9) are equal to zero,16]. We assume
that the scattering data for the NLS equation (1.10) belong to the class of
nonscattering potentials and so we consider the set of the scattering data:

( ,
s(t)  :  

{ . l f  ,  
Im. l f  }  es, pk(r, t ) ;  ^;  :  U,

I m ) n  <  - e o ,  F n ( r , t ) ,  k : 1 , . . . ,  N ,  t o  t  O ) .  ( 1 . 1 3 )

In the class of nonscattering potentials the kernels will be sought in the form:

N

H n(r, r;  t) :  D H rr,r(r; t)ei^t ",
K:L

N

H n(r, x; t) : D H rr,n(r; t)e-i\* x .

(1 .14)

(1 .16)

K:L

Due to (1.12), the functions Hs,p(r;t) and HnJ,(r;t) satisfy the following sys-
tem [6]:

N @

Hn,r"(x;t)- t  Hn,i(r; t) [  po@ * r,t)ei(^I -^i ) 'd,r :  0,
j :L t ,

N  o o  ( 1 ' 1 5 )

H n,n(r; t )+ t  H n, i  (x;  t )  [  po@ * r ,  t )ei(^!  
-  ̂ i  ) '  dr :  -p1"(2r,  t )ea^^' ,

i:r t'

w h e r e . \ f , : ) r ,  e  s ( t ) ,  k - 1 , . . . , N ,  ( x , t )  e  ( 0 , m )  x ( - m , o o ) .
We calculate Hp,6(r;t), lr : 1,. . . , N, from the system (1.15), and then with
the help of the formula (1.14) we find:

N

Hn(r , r ; t )  :  (aeta)- r  I  (a"  t ru+D)" |n1*N' ,
j : r

where ky : 2i^1, ki** :Ei : -2i,\i, the matrices,4. and {U+N1 are written
in the block form. Namely

A: ( + Y) , -I is the N x N unit matrix, (1.17)
\ / v l  t  / '

M _

Mu@
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/U+N1 stands for the matrix obtained from the matrix A substituting the el-

ements in its (j + lf)-th column by the column of the right-hand side of the

system (1.15) .
The kernel (1.16) is related to the potential by the equality [6]:

2 iHp (n ,  r ; t )  :  c1 ( r ,  t )  :  - i q ( r , t ) ' (1 .1e)

It follows from (1.16) and (1.19) that the general /{-soliton solution of the NLS

equation (1.10) has a complicated structure:

G(r , t )qlr , t ) :  
f f i ,

where ,F(2, t) :  det A, G(r,t) :  _'2i (0" tr( i+D)";n'** '  .

(1 .20)

(2 .1 )

(2.2)

(2.3)

j : t

Our paper is constructed as follows. In Sec. 2 we find the representations

of F and G. In Sec. 3 we assume that the singular numbers of the problem

(1.1), (1.2) satisfy some conditions, then with the help of the obtained represen-

tations we prove that the normalization polynomials of (1.13) are reduced to the

corresponding normalization factors. F\rrther, in Sec. 4 using Hirota's method

we show that the general l{-soliton solution of the NLS equation (1.10) is given

by the transform (1.20), wherein F and G are represented in the explicit forms

in terms of the normalization factors'

2. The Representations of F and G

Lernma 1. The ualue of the deternt'inant F of the matrir A 'is real and F is

represented i,n the form:

F(r,t) : D Or(r)or"@,t)fi"''*",
I t j :O ' l  j : l

where the summat ' ion ' is  taken oaer P, ,  F:0t t ,112, . . .  ,FzN),  in  addi ' t i 'on pt1 :

0,I; au(r,t) i,s a polynomial of n uith coefficients depending on t and

1 N N

l r  w h e n f  p i : D F 1 + N ,
D/t ') :  \  f : ,  j :r

I o otherwise.

Proof . We write the expansion of det A:

f' : det A : DsignoA1o11;A2oe) . .. Azxo(zr,r),

where the summation i, tut 
"rr"o*r 

all permutations o of 2Nnumbers.
Consider a nonzero term corresponding to a permutation o. Putting

lo" : {j : o(i) : i}, At : {j : o(j) I j andj < N},

l 7 : { j t  o ( i ) l  j a n d i > N } ,
(2.4)
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and taking the structure of the matrix A into account we can verify that

"(A1"): 
A7, o(A2"1: 41". (2 .5 )

Beside o we introduce another permutation 6 depending on o: o(i + .^'r) :

o( j )  -N for  r  e  Al" ;  o( j -  N)  :  o( i )  +N for  j  e  A2";aQ)-  j  o therwise,  then

Alu : {i : j * N € A'"}; A'a : {i I i - N e At},

sign&: signo and 6 : o'

It follows from (1.17), (1.18) and (2.6) that

If j e Arrthen k : j + N e A2o and

Aju( i) :  Ax-xa(x'N):  Ax-No(t ' )+x :  -A*o(*) '

\f. j e A2u then,b : i - N e A!" and

Ajau) :  Ax+NaU"+N) :  An+No(x) -N :  -A*o(o '

Due to (2.4)-(2.7) the nonzero terms corresponding to o and 6 are

signoAloll;.4,2o(2) . . . Aznoer,D: tt*""r1,], 'A,i"(il 
.il 

Aio(i), (2'8)

signlA16111A2ae)... Aznaen): sisnd II ( - An"r,r")) II ( - At""<o)
keA2, k€Ar"

= sisno fl 7*",*r fl 70"<*l'
j eA,  ieAT

Hence, the right-hand sides of (2.8) and (2.9) are complex conjugate to each

other.

we decompose permutations corresponding to nonzero terms of (2.3) into

two sets.
The first set consists of permutations satisfying the condition: o:6, while all

the others belong to the second one. Due to (2.7)-(2.9) the terms corresponding

to permutations of the first set are real.

The permutations of the second set are grouped in pairs: {o,6}.By virtue

of (2.7)-(2.9) two terms corresponding to every pair of permutations o and 6

are'complex conjugate to each other, therefore the sum of these terms is a real

function. The determinant of A is the sum of real functions' Hence, the value

of det A is real.

Using (1.17), (1.18), (2.5) and (2'6) we write the term (2'8) in the form:

n A,,r,, n, A,"rn
jeAl" ieAI

: fI (- m1"1,1'*) il m,-""0) fL eej*e' \I."+a'
ieAL ieAT i€AL ieAT

: fl (- tt1,q11-*) n Mi-*o(i) il. "n'" fI_ "o'". 
(2.10)

ieAL jeA2, ieAr" ieAT

(2.6)

(2.7)

(2.e)
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Due to (2.10), the sum (2.3) can be rewrit ten as:

2N

I signoAr" 61Azop1 . . ' Azno(zr) : 
DUrr,t)\euiki" 

,

where it(r, t):sisno II (- up11y-*) \  M1-r,ro(i ' ) ,
i€Al '  ieA2"

roo

d(r,t) is a polynomial of r with coefficients depending on t, p -- Qtt, Fz, " ' , FzN),
p,j : L it j e AL"u A?" and P,j :0 it j e Ao"'

Lftei the r,r* (Z.tt; had been grouped in exponential terms together, the de-

terminant F of. A is represented in the form (2'1). The formula (2.2) is obtained

from (2.4)-(2.5) and the coefficient D/p) in (2.1) is defined by the formula (2.2).

The lemma is proved.

Lemma 2. The kernel (1.16) is represented in the form:

Htz(n,r + t)  :(det.4)-r t  (  or{r)urt ,r)  i i  " ' 'k"\ ,,-5't \ ;J /

( 2 . 1 1 )

(2.r2)

(2 .13)

where the summat ion is  taken o l )er  p,  p:  ( l - t t ,Pz, ' . ' , l tzx) ,  in  addi t ' ion p ' i :

0,I; br(r,t) is a polgnomial of r wi'th coffic'ients depend'ing on t and

( N N

I  r  w h e n  1 +  D  p i : D H j + N ,
D z ( t ) : {  i : r  j : r

I o otheru'ise.

proof. Let B(i+N) be the matrix obtained from the matrix A(i+N) multiplying

the elements of its (j+N)-th column by e:1L" . Then the elements 81^ of.lhe

matrix BU+N) are'

Bt* :  -M6-7rei(k*k^)a for l  (  N <m and m+ i  + N,

Br^ :MFN*ei(h*k^)r for l > N ) m, Bu : I for l l i + N,

Bt j+N :  -p,_*etr( turkiap)t  for I  > N, Bt^:0 otherwise. (2.14)

The expansion of det B(j+ru) tt

detB(/+N) :  !s ignoBvg)Bzop1 
. . .  Bzxo(zN), (2 .15)

where the summation is taken"over all permutations o of.2N numbers.

A nonzero term corresponding to a permutation o of the sum (2.15) can be

written in the form:

signoBlol l ;Bzoe)...Bzxo(zu):signo f l  8,"r,,  f l  B,"t, l  f l  B,o(,),
teBo" t€Bt  t€Bz 

(2.16)
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where^the sets B!, B! and B! are determined analogously to the sets Ao,, Ar"
and A?, defined by Q.\.
It follows from the matrix BU+n) *nu,

I t l €  B :  t h e n o ( l )  € . B 3 \ { r + N } ,  i . e . , o ( 8 1 " )  c . B 3 \ i r + N } ,  ( 2 . 1 7 )
i t l  e 82" then o( l)  e.  Br" or o(I) :  j  + N, i .e. ,  o(Bl)  c B:U{-? r-  N}.(2.18)

There are two cases.
Case 1: o(j + N). j + N, i.e., j I !,{ e 82. In this case the relations (2.17)
and (2.18) are: o(BL") g P?, and o(B?) ! B]. Hence,

o(B:):  B?, 
"(B?):  

BLo for j  + N e r2. (2.19)
The equalities (2.5) and (2.19) show that in the case 1 the permutation o of
Bj has the same property as the permutation o of. A!. Hence, by an argument
analogous to that used for the proof of equality (2.11) we get

2N

signoBlol l ;B2oe). . .BzNo(zx) :E(r, t )eki+** 
!  

eu,x, , ,  (2.20)

where  p  :  ( l . r r ,Fz , . . . , l t z t r ) , in  add i t ion  F t :0 to ,  t ' t t f i \  { r+N} ,  p j+ , , r :
!, Ht : 7 for I / B!;6@,t) is a polynomial of r with coefficients depending on t.
Case 2: o(j + N) + j + N,i.e., j * N < B?. In this case we have

o(B:): 83 \ U + N) and o(B]): B|"u {r + N}. (2.21)
Using (2.21) we obtain from (2.16):

signo fJ Buo lI 8,"(D il 8,"(,)
l eBg teB l "  teB?

: r ieoo{ f e u,"p1-";e}(t '+r"r,r) ' }
' l € B :  )

" { i l M,-*o(,)"i(*'*t"r'r)'}
I' l € 8 3 \ { d - 1 ( j + N ) }  '

x  ( -p o- '  1 i  + lu l  - r  )e 
i  ( t "  -  I  ( i+ iv)  *k i+ 'v )o

: , is 'o{ ff  ?u,"p1-r)"in,"}{ n "40,'}' ,€Bl  '  ' teo1n11:83\U+N) )

(  -  ) r  \' 1 f| MrN"111eLk'' l] il eit"' y
' le  r311a-t1 i+N), i+N) /  \  t€o(83) \ { i+N}:Br  )

x Ti i o 1i a 7,t1 et k t * *' x (-B o-, qi +rul-rv )e i 
(*" - | {i + w f 

"} 
k i I N r

:6(r,t)eki+*" fI "o,' i l  ek' '
teBl" ,€83\U+N)

2N
:6(*,t)eki+x" ff  eu,k,r, (2.22)

ryi in



Corwtracti.ng Soli.ton Solutions of the Nonlinear Schrddinger Equation

where

6@, t1 : signo(-po-, (i+,rr)- r,r ) f[ (- M,"1,y - 
" 

)
t€BL

x l[ Mrxo(q'
I€83 \ {d -1U+N)}

a n d p -  ( l t r , l t z , . . . , l t z x ) ,  F t : 0  f o r l e  8 9 ,  p r : 1 f o r  l / E 9 .
Hence, the sum (2.15) is written as follows:

2N

4"1 gU+ru)1 r,t) : 
lr. 

rr,t)eki+N' lI eu,n,'
I+ i+N

r57

(2.23)

p1=o, r ,  t l j lN {org1ur,1r,r) il ",,0,'}. e.24)

Here the polynomial b*(x,t) is E(r,f) from (2.20) or b(c,t) from (2.23) corre-
sponding to the permutations o from (2.20) or (2.22). After the sum in the
left-hand side of (2.24) has been grouped in exponential terms together, we ob.
tain the right-hand side of (2.24);wherein b1p(r,t) is a polynomial of r with
coefficients depeinding on t. The formula (2;13) is obtained from (2.19) and
(2.21) and the coefficient D2(p) in (2.2\ is defined by (2.13). FYom (2.24) we
have

t
j : r

2N

{o, 1 p1a r, 1r, r, 
U 

eu x t' 
} :,_P:n,

2N

{or1p1u,1r, r) fI "uixi'}j : rp r : o , 1 , l + j + N

(2.25)

After the sum in the left-hand side of the equality (2.25) has been grouped in
exponential terms together, we receive the right-hand side of one, wherein br(n,t)
is a polynomial of r with coefficients depending on t. Hence, the representation
of the kernel (2.I2) is obtained from (1.16) and (2.25), which is what we wished
to prove.
Thereby, the general N-soliton solution q(n,t) of. (1.10) is presented by the trans-
fom (1.20), wherein F is defined by (2.1) and G is

N

G(r , t ) :  - 2 tde tBO+w)
i :r
r 2 N )

: -2 I l, or1p1uu1r., t) IT "uiki ' l , 
(r,t) e (0, *) x (-m, m).

P i :O , i  \  j : l

On the Degree of the Normalization Polynomials

is easy to prove by induction the following lemma.

3 .
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Lemrna 3.  Let  a i ( r ) ,  j  :  ! ,2 , . . . ,m be polEnomials  of  r  and e,1, . . . ,a*be
d,i,frerent cornpler nurnbers, then the follouing indenti,tg

a1(n)eo ' "  + a2(r )ed2r  + . . .  + a^(r )eo^"  :  g

hold,s i,f only i,f ai(r) : 0, j : 1,...,ff i .

The potential q(r,t) satisfying the NLS equation (1.10) belongs to the class
of nonscattering potentials satisfying the estimate (1.3). Substituting (1.20)
into (1.10) and using the reality of F and the operators D [1], we write the NLS
equation in the form:

K(F,G) : F{iGtF - iGFt - G,,F +2GaF, - GF,,}

+ G{2FL"F - 2F: - 2GG) : g, (3.1)

or  FUDI-  D ' , )G o  F  +  G(D2,F  o  F  -2GG) :9 .

Let the scattering data (1.13) consist of only one pair of singular numbers: ,\f
and )!, )l: )i, Im,\f > 0 and Iet n be the multiplicity of the given singular
numbers. In this case F' and G defined by (2.1) and (2.26) are

F :  1 * lMnl2s(kr+kr), ,  G :2FFkr '  ,  kt  :2i \ [ ,  kz:  -2i) l  ,  (g.2)

where M11 is defined by (1.18) and pl is the polynomial of degree n - 1:

P(2r , t ) :  an-L f rn - r  *  ' . .  *  a6 .

Hence, the explicit fcrrm of the solution of (1.10) is

q( r , t )  :
29rek"

|  +  lM1l2e(kr*kz)x '

Substituting (3.2) into (3.1) and using Lemma 3 we obtain three equations:

iFn - &?zF, + 2k2Bh* p-r",) : 0, (3.4)

- @JlMr,l2)t * 2(k2p, *Fu)l{lurrl'), + (kr + nillMrrl') - g=p2tpr

+prl(llr{nl')', -r 2(fu + k2)(lMtl2)" + 1t , + kz)2lurr12): s, (3.5)

rpflt lMnl2 - [{lu'rl '), + (kr + kz)lMt l ' ] '  : o. (3.6)

Integrating the right-hand side of (1.18) by parts (" - 1) times successively,
finally we receive

M t r ( x , r ) : F r - - i - - ) * ' /  d ' ' l  \
ft \ kr i kz l lh"(t 

* r'ql,:")' (3'7)

Differentiating both sides of the equality (3.7) with respect to r we have

(3.3)
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Hence,

Then due to (3.8):

Substituting (3.9) into the left-hand side of (3.4) we obtain

iMu., - kZMr, - 2k2My, - Msr, - qs-(h*kz)t, o is some constant.

Since M11 is the polynomial of r, a is zero. Then

iMnt -  kZMrt *  2k2Ms, tMs,. ,
-iMnt : k?Mn l2le1M1, * Mn,,.

Mn,(r, t) : -(h * lq)Mt(r, t) - 2s(2r, t).

1 |- 
h^\ntt. .rrr f \  r  n/r. .  (-  +\]pt(2r , t ) :  - ; f ( t r  +  k2)Ms(x, t )  +  Mn*(x, t | | ,

l f  I
FJ2r,t) :  - ; f(r t  + k2)M1(x,t)  +Mm@,t)1.

pr:d"nk?r,  d i ,  uconstant.

^ t  2Pt
r v l l l :  - -  .

ICI + K2

(3.8)

(3.e)

(3 .10)
(3.11)

Substituting (3.10) and (3.11) into the left-hand side of (3.5), we obtain
(h + kz)z(MtrMrrMrr'  +M2rrurr,1+ (kr + k2)(MyM1Ms",

_t

+ TI-irMn,, I M n Mn,M s, * MnMir,)

r  (MlMsrMv", I  M1Ms,,Mrr,  +MsMs"Mrr" ' )  :  0.
(3 .12)

Since the degree of My is eqiral to n - 1, the left-hand side of (3.12) forms a
polynomial of degree 3n - 4. Then using (3.7), from (3.12) we can verify that
the coefficieyttr of ,3n-4 of the polynomial is

-16(rz - l)(kt * k2)-Lan-1(dn-r)2 :0, h t kz: -4Im)f < 0.

If n ) 1, then it follows from (3.12) that an-1 : 0, this contradicts the hypothesis
that the degree of the polynomial p1 is n - 1. Hence, the degree of p1 is zero,
i.e., n - 1, so we can.put pr: C(t). Substituting p1 into (3.4) gives

(3 .13)

(3.14)

It is clear that Ms satisfies (3.6).
We can verify the truth of the converse assertion: if p1 and M1 arc defined
by (3.13) and (3.14) respectively, then 91 constructed by (3.3) satisfies the NLS
equation (1.10). The results obtained above can be started in the following
lemma.

Lemma 4. The nonscattering potenti,al (LL9) constructed from one pair of

s'ingular numbers: ll, If , )I : )i, Im \[ > 0, ol the system of li,near equat'ions
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(l.l) sati,sf,es the N LS equat'ion (1.10) d/ and only if the polynomial p1 generated

by the pair of s'ingular numbers is reduced to the nonnalization factor and euolaes

accord'ing to (3.13).

We proceed now to consider the general case when the set (1'13) consists of

N pairs of singular numbers. For this purpose we substitute (2.1) and (2.26)

into the equation (3.1). Further, the terms of the obtained equation are grouped

in exponential terms together, then the NLS equation (3.1) takes the form:

2N

K(F\G) : t  6t,r(r,t)freuikia -0, (3 .15)
l t i : O , l ' 2 , 3 j : r

where dr(r,t) is a polynornial of r with coefficients depending on t'

We assume that for every pair of singular numbers: ^f : 
,kt, 

\i : *ki**,
j : l , "., N, the equalitY

2N

al lc i  I  azk j+x : \g tk t (3 .16)
t :r

holds i f  and only i f  f i :0 for J + j , j  + N and at :  0j ,  oz: gj+w, where
et,e2, gt :0,1,2,3. We consider a particular case of the diffirential polynomial
K(F ,G) :

Letapermutat ion oin(2.7) bedef inedbythesets: A|:  { j }  and A7: { i+N},
where the index j, | < j < N, is fixed. Then, taking the structure of .4 into
account we have

signoAlo l l ;A 2oe) .  .  .  AzNo(zy)  :  lMi i l2e@' 
*k i1rv)o,  

J  :  1 ,  . . . ,  N.  (3 '18)

Under the assumption.(3.16) there exists the term (3.18) in the representation

(2.1), i.e., the term (3.18) can not be grouped in exponential terms with any

other term of (2.3). Indeed, if there exists a term of the sum (2.3) corresponding

to the permutation o1, which can be grouped in the exponential term together

with the term (3.18), then

2N

f l  " * , "  n-  " r , "  
-  

" (k i tk i+N) '  
thus \ *k i+N: l r r tk t ,  (3 .19)

teAtr teA?t t :7

where Ft:0 for I  € ,4$, and Pt: l  for I  € A!"rv l?"r .
Due to (3.16) the equality (3.19) is fulfilled only in the following case:

pj  :  l t j+N: 1 and H: g for anY I  + i ,  i+N.

Hence, A'o, : {j} and A7, : {f + N}, i'e.' the permutation o1 coincides.with

the permuiation o. Therefore, the term (3.18) in (2.3) can not be grouped in

exponential term together with any other term of (2.3).

l r (r  + lMi i l2e@i+ni+N)n ,  2pjek;+"),  -? :  1,  . . . ,  N. (3.17)
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Using the assumption (3.16) by an argument analogous to the previous one we
can show that there exist in (2.1) the term 1 and in (2.26) the terms 2pt(2r,t).

eki+*' , j  : 1,... , N. Further, in the same way we can prove the following lemma.

Lernrna 5. If the assumpt'ion (3.16) zs fulfiIled, then for euery j, I < i < N, the
coffic' ients of the exponential functi,svs; s(oki*(a*l) 'bi1'v)r, a : 0, 1,2, i 'n (3.I5)

and (3.17) coincide with each other.

We are now in a position to prove the following theorem.

Theorem 1. Let the solut' ion of the NLS equation (1.10) be constracted bE
the transforrn (1.20) i,n terms of the g'iuen scattering data (L73), wherei,n euery
pair of si,ngular numbers sat'isfi,es the assumption (3'16). Then the normal'ization
polEnom'ials o/ (1.13) are reduced to the correspondi,ng normalizati,on factors and
euolue accordi,ng to the euolutionary equat'ions:

p i :C i s i k? t ,  -@ (  f  (  oo ,  C i  i ' s  a  cons tan t ,  J :1 , . . . ,N . (3.20)

Proof. Let G and F in (1.20) satisfy equation (3.15), wherein the coefficients

6,r(r,t) of exponential functions are polynomials of r. Then in view of Lemma 3:

a r ( x , t )  :  0 . (3 .21)

r61

Further, by virtue of Lemma 5 the coefficients of exponential functions in
(3.17) are the same (3.21), i.e., the coefficients of exponential functions: eki+*',

"(ki*2ki+N)n 
6rll s(zk'+3ki+N)r of (3.17) are identically zero. Hence, from (3.17)

we obtain N equations for every fixed pair of singular numbers:

K ( z p r " k t * * " ,  l * l M i i 1 2 " ( k i + k i + N ) x )  :  o ,  i  :  r , . . . , N . (3.22)

Applying Lemma 4 to every equation of. (3.22) we obtain the evolutionary equa-

tions (3.20). The theorem is proved.

4. Constructing the General l{-Soliton Solution

In this section we construct the general N-soliton solution of the equation (3.1)

in terms of the given scattering data (3.20). For this purpose we need to calculate

the coefficients ar(r,t) and br(r,t) in the sums (2.1) and (2.26). Indeed, Iet the

normalization polynomials evolve according to (3.20), then due to (1.18):

ta,
^ t . . _ _  

. v l  p i k i t
l v r t t  -  v  t' Kl f ,cj+,nl

tn ,
M r ,  :  - ,  " u '  ,  e - i k ? t  N t

'  K141y *  Ki

Putting

Q i :  - i k ? ,  C j * *  : e  i ,  Q i + N : A i ,  e i  -  2 C i e k i " - a j t ,  e i + N

j  :  I , . . ' , N ,

(4 .1 )

:  e j '

(4.2)
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we write the nonzero elements Ati, I * j, of the matrix ,4,:

A1r :  . 2c ' .  s \+ ' -n ' t  '
"  f u * k i

e,,: -JllsY+'-n,
K t + r c j

By virtue of Theorem 1 a nonzero term of the sum (2.1) can be written as:

2N

xp:  Dr (p)ar f ieu ik i " ,

t : ( .l9l t"J:'" 
); [0] is the rz x rt zero matrix,^ - 

\ [B],,, tOl )

(4.4)

where  a ,  :  a r (O , t ) ,  F  :  } t t ,  I t z , . . . , l t z x ) '
We can assume that the fixed p from (4.4) defines the following sets of indices:

Ao  :  { j  |  |  <  j  1  2N , t t i  :  0 }  :  {mr , . . . ,mn} ,  r n r  1 . . .  ( -T t t k t

A r :  { j  i  j  <  N , p i : l } : { j t , . . . , j n } ,  h  < . . . 1 j n 1  N ,  ( 4 . 5 )

A z : { j i  j >  N , t r i : l } : { 1 r , . . . , 1 , } ,  N ( 1 1  (  . . . 1 \ n ,  k + 2 n : 2 N .

Let a permutation o from (2.11) correspond to the considered p. The permu-

tation o possesses the properties (2,4)-(2.5)' The set of all permutations o
corresponding to the considered p is denoted by "I. It is clear from (2.4) and
( 4 . 5 )  t h a t  i f .  o  €  J ,  t h e n  A p :  A ? ,  P : 0 , 1 , 2 ,  w h e r e  A 3 ,  p :  0 ,  1 , 2 ,  a r e
defined by Q.\. Conversely, if.4 : AE, p: 0, 1,2, then the permutation

o belongs to the set .I. Hence, the set J consists of all permutations o such

that o(y4r) : A2,o(A2) : 
"41 and o(j) : j  for j e "40. UsinC (4.3) and the

properties of the set J we can write the nonzero term (4.4) in the form:

X * : 
D signo Ai,o1i; . . . Ai^"U;Aho(t) . . . Auo(t^) : det ,4, (4.6)

o € J

where the matrix .4 is written in the block form:

lal"",n : loi"+l?,,:r,

" ! * "a j , b :  e j ,  
k :+  k j , ,

Using (4.7) we calculate
n

detA: n ",^",^ lI (ki^
m: l  l 1m lm '1n

2N: n "!' il ar;'' ,
j : r  r< l< j<2N

l0l^,.: l1ui,l i.":r, (4.7)

o * ,

lrt"i" : -eG 
kr" + kL.

,  : ) t '  r  1 9  

n

- ki^, )'\kt^ - Kt^, )- II &i^ + k,^,)-'
n r n ' : l

(4.8)
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where

e 1 i  :  e i t -  |  & t + k i ) - '  f o r l  (  N  <  i o r j  <  N c l= 
t i;; -;,y 

'i-"t,i 
( ry' or t,j > N. 

"' (4'e)

Hence, from (2.1), (2.2), (4.6) and (4.8) we obtain the explicit representation of
F :

r 2 N
F(r,t): det.A: L, orfr l{ i ," i '  i l  . f f"} (4.10)

t r i :O , l  t  , : 1  7< l< j<2N  )

F\rrther, we find the explicit representation of G. In view of Theorem 1 a nonzero
term of the sum (2.26) can be written as:

2N

Yp: Dz(p)bulfeu'k' ,  b, :  br(o,t).  (4.11)
I : L

According to the calculations (2.24)-(2.26) the term (4.11) can be represented
in the form:

N

Yr:LYi** ,  (4 .12)
J : t

2N

where Y7..1,, : Dz(p)btpfleP'k'" , b1r: \r(O,t).

We can assume that the iiid , from (4.11) defines the following sets of indices:

B o :  { j  | |  <  j  1 2 N ,  F i  : 0 }  :  { m t , . . . , m n } ,  m t  1 . . .  1 r f t k t

h : { j :  j  1 N ,  l t i : I } : { j r , . . . , j n } ,  j t  < . . . <  j n S N ,  , ,  i 4 \
B z :  { j : j > N ,  l t i : l } : { 1 r , . . . , 1 , + i } ,  N < l r  ( . . .  ( 1 2 . . 1 ,  \ 4 ' r ' r /

k + 2 n * 1 : 2 N .

Let the permutations o from (2.20) and (2.22) correspond to the considered

H: (Fr , . . '  ,  l - tzN).  Let  p, iav:  1 '  then there are two cases:

Case  1 :  o ( j  +  N ) :  j  +  N . In  t h i s  case

B2:  Bo u { j  +  N} ,  Bro:  Br ,  B ' " :  Br \  { r  +  N} ,  (4 .14)

where the sets B!, p:0,t,2, are determined in (2.16).
Cases 2: o(j + N) I j + l/, then

B2:  Bo,  B 'o:  Bt ,  B?:  Br .  (4 .1b)

We denote the set of all permutations o corresponding to the considered p by
Jj+N. Hence,if o e Jj+N then the condition (4.14) or (4.15) is fulf i l led, Con-
bversely, if the condition (4.14) or (4.15) is fulfilled, then o e Ji+N . Hence,
the set Ji+N consists of all permutations o such that o(l) : I for I e 6o and
o ( B y ) : 8 3 : B r \ U + N ) .
Now we calculate the term Yi'r7,1 . If Fj+r,r :0, then it follows from (2.24), (2.25)
that Y7+r :  0.  I f  Fj+N :1, then due to (4.13)-(4.15):  j  + N :  l "  € B2,s :
1,... ,fl * 1 and the nonzero term Yiaru is
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Yi+N :  t  s ignoBiro l i ; . . .  B i^o( i ;Bho(t , ) ' . .  Bt^+to( I^+)

o € J i t N

:  de t  Du+N} ,  ( 4 .16 )

where B1i the elements of the matrix g(r+w; and the matrix DO+N) is obtained

from the matrix:

( lol.,. [a],,,+r \
\ [0'+r,' f}]naYn+t ) 

'

substituting the elements in its (n, + s)-th column by

( 0 , . . . ,  o , - | " r , " * ' , . . . , - i " , ^ * , " ' ) " .
Here [o] , , " r+r , l / ln+t ,narematr icesof  thesizes:  nx(n+1),  (n,*1)xn,respect ive ly

and the elements of [o]',,+r and [B]'1r,r, are defined by ( '7)'

By virtue of the representation (4.16) the term (4.12) is written as

Yt": t  detrr( i+N) :detD,
j *NeBz

Then using (4.9) we calculate

Y,: -I fi ",^fr ",^ II @i^ - ki,^,)'
-  

m :L  m : l  71m<m'1n

" l[ (ku - kt,^,)2 II (ki^ + k,^,)-'
L1m<m'Sn+r ,:;',2s:*,

. 2 N

: -il['"i' |[ ar;'" (4'r7)
-  j : r  r< t< j<2N

Due to ( .17) the formula (2.26) is represented in the explicit form:

G(r,t):,,I,, Dr(t"){fi,"r',.,.-Ilrr rr;''\. (4.18)

The representations of F and G by the formulas (4.10) and (4.18) are similar to

the ones in the works [1,3]. We can prove that the constructed functions F and

G satisfy the following Hirota equations [1]:

( i D r - D ] ) C " F : 0 ,  ( 4 . 1 9 )

Dl roF :2GG.  (4 .20 )

Then F and G satisfies the NLS equation (3.1). The results obtained in this

section can be stated as a converse assertion to Theorem 1. Namely



Constructing Soli,ton Solutions of the Nonlinear Schriidinger Equat'ion 165

Theorem 2.  Let  p j ,  j  :1 , . . . ,N,  f rom the set  of  scat ter ing data (1.73)  be the
nonnal'ization factors (3.20), then the funct'ions F and G i,n the transform (7.20)
are represented 'in terms of the gi,uen scattering data (3.20) i,n the erpli,ci,t forms
( .I0) and (4.78) respect'iuely, and the transform (I.20) is the N-soliton solut'ion
of the NLS equati,on (3.I).
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