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1. Introduction

Throughout this note, E denotes a Noetherian local ring with the maximal

ideal ri and M a finitely generated R-module with dimM : d)-1' LeI' r:

("r,...,ra) be a system If parameters (s'o'p' for short) of M' Consider the

difi"r"rr"" between the multiplicity and the Iength

Ju@): e(x;M) - t(MlQ."z(a)) '

where Qu(u): U ((t i+t , ' . '  ,r 'o+r)M t t \" 'r to) is a submodule of M' It
t>0

should be mentiened that Ju@) gives a lot of informations on the structure of

M. For example, if M is u Cot""-tutucaulay module, QI't@) = (or' "' 'rd)M
'p. c of M. F\rrthermore, it is known

rgth of generalized fractions defined in

ized Cohen-Macaulay module, then sup

;";i;,l'"X ; i;' r?L'ff flT Hl"ffi"':iil:
Unfortunately, the converse is not true in general' So in [3]' we defined a class of

pseudo-Buchibou* modules M, in which Ju@.) is a constant for every s'o'p' o'

bh" p,rrpor. of this short note is to communicate results on pseudo-Buchsbaum

-oarrt"t, whose detailed proofs are given in [3]'

2. Pseudo-Buchsbaurn Modules

We begin with the following definition'

Definition 2.L. A R-module M is called, a pseud,o-Buchsbaum rnodule'i'f Ju@)

tokescons tan tua lue foreuerys .o .p 'QofM'R isca l ledapseudo-Buchsbaum
ring if it is a pseud,o-Buchsbautn mod'ule as a module ouer itself'
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Recall that for each system of parameters r - (rr,... ,xa) of. M and, n:
(rr,. . . ,nd) e Nd, the difference between multiplicities and lengths

J Lr (c(ru)) : nr. -nae(n; M) - I (M I Q u (" (ruD) ,

can be considered as a funct ion in  n,  where r (n) :  ( tT ' , . . .  , r :o) .  Then i t  is
natural to ask whether Ju("(a)) is a polynomial for n large enough (r >> 0
for short)? one has shown in [5] that this function is not a polynomiar in
n for n )) 0 in general. But Minh and the first author in [4] showed that this
function J u(s(n)) is non-negative and bounded above by a polynomial of degree
< d - 2. Moreover, the least degree of all polynomials in n bounding above the
function Jtt(a(a)) is independent of the choice of system of parameters r. This
numerical invariant is denoted bv pf (M).For the convenience, we stipulate that
the degree of the zero-polynomial is equal to -oo. Now we recall two notions
introduced in [5] as follows: A module M is said to be a pseud,o Cohen-Macaulay
(p.CVt for short) or pseudo generalized Cohen-Macaulay (p.g.CM for short) if
pf (M): -oo or pf (M) ( 0, respectively. Then by definit ion, p,CM modules
are pseudo-Buchsbaum and pseudo-Buchsbaum modules are p.g.CM. However,
the converse of these statements are not true in general.

Flom now on, let 0 : flA[, be a reduced primary decomposition of 0 in M,
where A[ is p6-primary. Then we set Uu(O): 

.. I l  Ni,M : ttt lUfr(0),
d im R/P j :d

where fr is the m-adic completion of M and, J(M) : ti:l (i_i)t(Hk@D.
Note that this invariant J(M) may be infinity. Bu one proved in [b] that
M is a pseudo cohen-Macaulay or pseudo generalized cohen-Macaulay if and
only if M is a Cohen-Macaulay or generalized Cohen-Macaulay over the m-adic
completion R of R, respectively, therefore J(M) < m. Moreover, for pseudo-
Buchsbaum modules we have the following

Lemma 2.2. Let M be a pseudo-Buchsbaum module. Then

Ju(x) :  J(M),

for euery s.o.p. r of M.

The following results are basic properties on pseudo-Buchsbaum modules.

Proposition 2.3. The following statements are tr-ue.

(i) M is a pseudo-Buchsbaum module if and only if so is MIH&(M).

(i i) If M is a pseudo-Buchsbaum module and r: (rr,... ,ra) is reduc,ing s.o.p.
o n  M ,  t h e n  M l @ t , . . . , r t ) M  i s  a p s e u d o - B u c h s b a u m  f o r i : I , . . . , d .

Proposition 2.4. M is a pseudo-Buchsbaum module if apd, only if the m-adic
complet'ion M of M 'is a pseudo-Buchsbaum rnodule ouer R.

The concept of polgnom'ial type p(M) introduced in 11] plays an important
role for our studying of pseudo-Buchsbaum modules.
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Proposition 2.5. Let M be a pseudo-Buchsbaum module. Then mHin(M) : O

for  i :  p(M)+7, . . . ,d-1,  wherep(M) i ,s  the polgnomial  type of  the module M.

3. The Main Result and Corollaries

The following characterization for pseudo-Buchsbaum modules is the main result
of this note.

Theorem 3.L. Keep all notat'ions in the previous section. Then M 'is a pseudo-
Bucksbaum module if and only if M is a Buchsbaum module oaer the cornplet'ion
R .

In order to prove Theorem 3.1 we had to use a characterization of p.g.CM
module in [5], Theorem 2.3 about the monomial property of a u.s.d-sequence in

[7] and the following lemmas.

Lernma 3.2.  For  eaery s.o.p.  f r  :  ( r t , .  .  .  , ra)  on M ,

l i rs r\
r M @ . ) s t ( :  : ) t ( H h @ D .

7 : r \ x  L /

Lemma 3.3. The following statements are equ'iualent:

(i) M I Hg(M) i,s a Buchsbaum module.

(ii) M is genralized Cohen-Macaulay and pseudo-Buchsbaum.

Lemma 3.4. If M is a pseudo general'ized Cohen-Macaulay module, then
JM(u(a)) :  J(M) for  n)  0 and euery s 'o.p.  r  o f  M.

By Theorem 3.1, we see that, the class of pseudo-Buchsbaum modules stricly
contains the class of Buchsbaum modules. Moreover, there exists a pseudo-
Buchsbaum module M which does not need to be a g.CM.module. On the other
hand, there exist g. CM modules which are not pseudo-Buchsbaum modules.
The following examples illustrate this.

Example. (1) Let k be a field and Xt,Xz,Xz,X+ indeterminates. Take

A :: kl lX t,  .  .  . ,  X nl l  I  6 t,  Xz) i  (Xs, X q) o (X 12, Xz, Xs).

It is easy to see that, A is a pseudo-Buchsbaum ring (Ja(q) : 1 for every s.o.p.
r of A) but A is not a g.CM ring.

(2)  Let  k  be a f ie ld and Xt , . . . ,X,  indeterminates (n > 2) .Set  f t ,  :

k [ [Xr ,  . . . ,X^] l  and.  M :  (Xr2,  X2, . . . ,  Xn)R.We have the exact  sequence

0 - -  M - '  f i  -  R l6?,X2, . . . ,X. )R - - -+ 0.

Since .R is a CM ring and from exact sequence above we have Hir(M) : 0, for
i  I  7 ,n and Hl(M) o Rl  (Xr2,X2, . . . ,  Xn)R.Therefore M is  aC.  CM module.
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On the other hand, as mHl(M) + 0, M is not a Buchsbaum module. Moreover,
Uu(O) : 0, hence MlUm(O) is not a Buchsbaum module which implies by
Theorem 3.1 that M is not a pseudo-Buchsbaum module.

Theorem 3.1 has many consequences. First we note that, the submodule

Q n@.) is also used for studying the monomial conjecture of Hochster which can
be described as follows (see [9]): if c.- ("t,...,r ') is.a system of parameters

for R(r :: dim -R), then for every integer t ) 0, (q...r,) '  f (rt '* '  ,. . . ,r, '+r)R.
This is equivalent to saying that R # Qn@) for every system of parameters r of
ft, i. e., I(RIQn(d) 10. Hochster proved in [9] that this monomial conjecture
is true for high powers of system of parameters. If R is a Buchsbaum ring, -R

satisfies the monomial conjecture (see [6]). Therefore Theorem 3.1 leads to the

following consequence.

Corollary 3.5 If R is a pseudo-Buchsbaurn ring then R satisf'es the monom'ial
conjecture.

Next, we are interested in the Buchsbaum property of the canonical module
of a pseudo-Buchsbaum module.

Corollary 3,6 Let M d,enote a pseudo-Buchsbaum module which has a canonical
module Ky. Then Kya is a Buchsbaum rnodule.

If rR is a pseudo-Buchsbaum ring, then I n(y) : J (E) :: tl-tt (i--i) I (Hh (E)),

foreverys.o.p. g :  (ar, . . . ,U,)  of  R ( r  : :  dim f t) ,  whereR: R.1U61O). Hence,
by Corollary 3.5 we have

e ( a ; R )  >  1 + J ( R )

for every s.o.p y of R. It follows that e(.R) > 1 + J(ft). Combining the results of
Yoshida about linearly maximal Buchsbaum modules in [12] with Theorem 3'1
we can easly prove the following consequence.

Corollary 3.7. Let R be a pseudo-Buchsbaurn ring which has a canonical rnodule
K n. The following conditions are equiaalent:

( i )  e ( R ) :  1 +  J ( R ) .
(ii) /<R is a l'inear marimal Buchsbaum module.

Moreover, we know that, if M is a pseudo'Buchsbaum module, then

Ju@):  J (M)

for all s.o.p. g of M. Hence

e(r;  M) > J(M).

for all s.o.p o of M. Therefore e(M) > J(M).In the case the equality holds, we
get the following result.

Corollary 3.8. Suppose that dimM : dimrR. Then the follouing cond'it'ions
are esuiualent:
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(i) M is a pseudo-Buchsbaum rnodule and,

e ( M ) :  J ( M ) ;

(ii) M is a linear rnadmal Buchsbaum fi.-rnod,ule and,
d-l t s..'

p;(M): t  ( i  ) l (a;. ,(M)),' n \  
= 6 \ x /

where p,6(M) d,enotes the m'inimal number of generators for M.
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