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1-. Let Lo :: Lo(Td), 1 < Q S @, be the normed space of functions defined

on the d-torus Td:l-n,zr]d, equipped with the usual q-integral norm ll ' l ln. If

{ " t , . .  . , rn}  C 
' l fd  is  a select ion of  n points and Pn(y1, . . . ,an)  a mapping f rom

IR.' into a linear manifold in,Ln of dimension at most n,. We can naturally consider

approximate recovering a function f e Ln(Td) from its values f (r '),...,f (rn)

by the e lement  g:  P^( f ( t t ) , " ' ,  f  ( ' " ) ) '  The recovery error  is  measured by

ll/ - gllo. Let W be a subset in Zo. We are interested in the optimal recovery of

I e W over all such methods of approximate recovery. The error of this optimal

recovery is given by

R^(W, Lo) t: inf supl6ra/ l l f - P"(f ("t), '  . . , /(r '))l lq,

where inf is taken over all selections of n, points {t' , . . . , tn} C'lfd and mappings

P. from IR' into a linear manifold in Ln of. dimension at most rz.

In the present paper, we study optimal methods of recovery of functions

from the Besov class of common smoothness SBi,6 in terms of the quantity
p*(SBi,e,L) for | 1p,g < oo. Its smoothness is defined via modulus of

smoothness dominated by a function o of modulus of smoothness type. With

some restrictions on u.r and p,e, wa give the asymptotic order of this quantity

when n + oo. An asymptotically optimal method of recovery is constructed

using periodic wavelet decompositions of functions into the integer translates of

the dyadic scales of multivariate de la Vall6e Poussin kernels. Problems of recov-

ery of periodic functions which are related to the present paper' were considered

in [1-a].

2. Let us define smoothness Besov spaces of functions on'lfd. For a positive

integer l, the symmetric difierence operator ntn,n e Td, is defined inductively
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pv ai, , :  AlAi,-t ,  start ing from Al/ , :  "f  (.* hl2) - f  (.- hl2).
,Let u1(J,t)o :: sup'11., llA|/llo, t ) 0, is the lth p-integral modulus of smooth-
ness of /.

We introduce the class M & of. functions ar of modulus of smoothness type
as follows. It consists of all non-negative functions cu on [0, m) such that:

( i )  o(0)  :  Q,
(ii) a.'(t) < a(t') if. t < tt,

( i i i )  u . ' (k t )  < k ta( t ) ,  for  k  :  I ,2 .  .  . ,
(iv) a.' satisfies Condition 21, that is, there exist a positive number o < I and

positive constant Cr such that

w(t)t-" 2 Cfu-"w(h), o < r < h,
(v) ar satisfies Condition BS, that is, there exist a positive number b and

positive constant C such that
w(t ) t -b < Ch-bu(h) ,  o (  t  < h S 1.

Let 1 ( p ( oo, 0 < I < oo and u € M&. The Besov space Bi,econsists of
all functions I e Lp for which the Besov semi-quasi-norm

nn;,: { jflj;:1'1,';1,",5'lr',ottt)'/'' 3::' (1)
is finite. We define the Besov quasi-norm by

l l f  l ln; ':: l l / l lp + lf lB;,, '  (2)

The definit ion of Bi,e does not depend on l, i .e., for a given ar, (1)-(2) determine
equivalent norms f6r all I such that c..r € MS1. The function u(t): tr, r > 0,
belongs to the class MSr for any I > r. The space B[p :: Bf,,e with ar(t) :

tr, r ) 0, is the clas3ical Besov space.
We say that u.r satisfies Condition R(e) (e > 0), if u(t)t-'satisfies Condition

BS. If qu satisfies Condition R(dld,then Bl,e is compactly embedded into C(lfd).
The Besov class

SBi,6: :  { f  e Bip:  l l / l le- ,  < U
is defined as the unit ball of the space 8f,,6.

We denote a+ ;: max{4,0} and use the notation F x Ft if F << F' and
F' K F, and F << ,F'' if F < CFt with C an absolute constant. The main result
of the present paper is the following

Theorem L.  Let l lp ,q (  m,  0 (  d (  m.  Assurnethatw sat is f ies Condi t ion
R(dld. Then we haue

4,(s Bi,e, L) = w(dl n)n@/n-d/ i l  + .

Theorem 1 was proved in [2] for the univariate classical Besov-Hcilder class

SB;,*.

3. We now construct an asymptotically optimal method of recovery using peri-

odic wavelet decompositions of functions into the integer translates of the dyadic
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scales of multivariate de la Vall6e Poussin kernels' Let

=#T'o*rrr:*ffiD
o l t ,  

k = m

be the de la Vall6e Poussin kernel of order rru, where

D /+\ .- \a eiktun\u) 
rk*"

is the univariate Dirichlet kernel of order nz. The multivariate de la Vall6e
Poussin kernel V- is defined by

V*(r) :: V*(rr)V*(rr) . . . V*(ra).

Next we let
' U g  i :  I r ' U 1 . .  i : V 2 x - r ,  k  :  ! r 2 r ' . '

be the periodic dyadic scaling functions, and the periodic wavelets

?rft,s :: ,p(' - hp,"), s € Qp,

be defined as the integer translates of u6, where

h k , " i : 2 r s f 2 k ;  Q p : :  { s € Z d : 0  
(  s i  (  2 k ,  i : 0 , ' . . , d } .

Consider the recovery of functions on lld from its values at the points

{ h r , , t s € Q r }

by the method ^9p defined as follows

^9s(/) :: ! .f(hr,")rr,".
s€Qr

Notice that ^9r is a Iinear operator and the number of the points {hn," , s € Qt}
is 2dk . Let T^ denote the space of trigonometric polynomials of order at most rru

in each variable. ObviouslS Sr(/) € Tzu-r.Moreover, the method of recovery

,56 is precise for trigonometric polynomials 72r", i.e.,

,Sr( . f ) :  " f ,  f  eT2u-, ,  (3)

and 56 interpolates / at the points hk,", s € Qp, i'e',

S*(" f ,h t , " )  :  J(hp," ) ,  eQn.

Fbom properties of de la Vall6e Poussin kernels we easily prove that for any

continuous function / on 1fd

AL ll/ 
- sr(/)ll- : o'

Hence, by use of (3) we derive that any continuous function / on 1ld can be

decomposed into the wavelets ?r/c,s by the series

, , \ S s 1f@) :L  L \ r , " r r , " ,
k:0 s€Qk
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converging uniformly on'l ld, where tr;," : It,"({.f(hx,,)},eq) and ,\6,"(') are

linear functions defined on lR2'u
For functions from SBi,e, we provd the following

Theorem 2 .  Le t71p , {S  6 ,  0<0  <m andw sa t i s fg  Cond i , t i onR@| i l .
For a g'iaen natural number n, let k be the largest non-negat'iue 'integer such that
2dk 1n. Then we haue for any continuous function f onTd

sup 11J - St(/)l l  n = u(dln1n@/n-a/i l+ '
yeSBi,o

In this way, under the assumptions of Theorem 1 the method of recovery St

defined in Theorem 2, is asymptotically optimal tor R^(SBi,e,Ls).The lower

bound of Theorem 2 was proved in [a] (see Theorem 6.2 of Chapter 1) for the

univariate classical Besov-Holder class SB;,*. The upper bound of Theorem 2

is proved from well-known Stechkin's theorem of trigonometric approximation

and the following

Theorern 3. Let I < q < q. Then we haue for any continuous function f on
'Ird @

" l l / - sr(/)l lo s co D 2G-Da/o 8r"1710,

where 
s:/c-l

E^(f)s': nlj*ll/ 
- sllo

is th,e best approx,imat'ion to f bE trigonometric polynomi,als of order at most m.

Theorem 3 was proved in [2] for the univariate case. A similar inequality

earlier than that in [2], was proved in [3] for the univariate case and 1 < q ( 2.

Notice that for any continuous function / on'ifd, we have

11/ -  st( / ) l l  *  < C E2*- ' ( f )* '
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