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Abstract. A new approach for solving of the optimal synthesis problem is suggested.
This approach, based on principles of the adaptive method of linear programming [10]
and constructive methods of optimization, has been developed in Minsk since 90 s. In
the framework of this approach in the paper we suggest algorithms of oftimization
of linear control systems with intermediate state constraints, piecewise linear control
systems, and a nonlinear control system. Problems of constructing open-loop and
closed-loop solutions are under consideration. Results are illustrated by two examples
of control for piecewise linear and nonlinear oscillating systems.

1. fntroduction

The first papers dealing with the statement and solutions of the optimal syn-
thesis problem appeared fifby years ago. The problem was solved by engineers,
experts in automatic control [5, 18]. Optimal controls obtained by engineers
were discontinuous and took only boundary values. That differed them from
the known solutions of classical calculus of variations problems solved in other
applications in 30-40s. The solutions of the latter problems allowed one to
show potential possibilities of static and dynamic systems. The optimal synthe-
sis problem differs fundamentally from calculus of variations problems. In the
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terms of control theory, the solutions of calculus of variations problems are called
optimal open-loop solutions. Such kind of optimal (open-loop) solutions are not
possible to use in real control processes. Real control systems are designed, as a
rule, according to a feedback principle. Constructing optimal feedback controls
is generally considered as the synthesis of optimal systems. Open-loop controls
are functions of time, whereas optimal feedback controls (closed-loop controls)
are functions of phase states of control systems, they also are called positional
controls.

In 50s, by analogy with calculus of variations mathematicians formulated
problems of optimal open - loop control. F\rrther development of the theory
of optimal control proceeded according to the way of calculus of variations.
A basic result of this development is the Pontryagin maximum principle [22].
The second basic result in mathematical theory of optimal control represents
the Bellman dynamic programming [2]. Unlike the maximum principle dealing
with optimal open-loop controls, dynamic programming gives a solution to an
optimal control problem in the form of optimal feedback. Therefore it does
not make sense to compare these two fundamental results. For a Iong time
mathematicians ionsidered dynamic programming having no sufficient basis due
to its heuristic nature. Recently strong definitions of the Bellman equations
and its solutions have been found by methods of nonsmooth analysis. It means
that one can believe that dynamic programming has become rigorously justified
theory. But it offers a little help to engineers in effective implementation of
dynamic programming for the synthesis of optimal systems because its principal
difficulty, known as "curse of dimension", had not been overcome and evidently
can not be overcome in principle. To sum up the analysis of contemporary state
of the theory of optimal control one can assume that the problem of optimal
synthesis stated 50 years ago remains unsolved although outstanding results in
very different fields of the theory have been obtained.

The purpose of the paper is to present results on the solution of optimal
synthesis problem obtained in Minsk (Belarus) during the last years. These re-
sults are based on constructive methods of optimization [7, L!,12,20,21] and a
new concept of the solution of the optimal synthesis problem [14- 16]. The cov-
ered areas are: optimal open-loop and closed-loop controls for linear dynamical
systems with intermediate state constraints, for piecewise linear and hrrnlinear
dynamical systems. For optimization of nonlinear control systems, a procedure
of asymptotic correction is suggested. Very important problems such as optimal
observation, identification, output feedback control, dual optimization, robust-
ness will be considered in a separate paper.

2. Problem Statement

Let X be a bounded set of. Rn, ? : [0,t*] be a control interval, h : t*lN
be a quantization period, .|y' be an integer, ?r, : {0, h,... ,t* - h}. A function
u(t), t € ?, is said to be a discrete control it u(t) : u(kh), t € lkh,(/c + 1)h[,
k : 0 , . . . , N - 1 .

On the set X in the class of discrete controls we consider the following
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problem

c'r(t*) ------+ ID&Xr t : f (x) * bu, r(0) : re, (1)

r ( t . )  e  X * : { r € R n : H r : g } ,  l " ( t ) l  S I , t e T .

Here c,b e f f ,  g  € Hn,  H € R*xn,  rank.F/  : l71 '  1TL,  r :  c( t )  is  an n-vector
of the state of the system at an instant t; u : u(i) is a value of a scalar control;

f (r), , € X, is an n-vector-function infinitely differentiable in intX.

An accessible control u(t), t € ?, is said to be an admissible (open-loop)

control if lu(t)l 11, t € ?, and the corresponding trajectory of system (1)
satisfies the endpoint constraint r(t-) e X*. An admissible control uo(t), t e T,
is said to be an open-loop solution (optimal open-loop control) of problem (1)

if it gives the maximal value to the performance index: c'ro(f*) : maxc'r(t*).
Here the maximum is calculated on all the admissible controls, ro (t), t € ?, and
is an optimal trajectory.

To introduce the concept of the positional solution (optimal feedback) of
problem (1) we assume that the state of the control system is known not only
at the initial instant f : 0 but also at each current instant r €. Tn of the
control process. Under this assumption we imbed problem (1) into the family of
problems

c ' r ( t * ) - - - - - -+ l r l&X ,  x : f ( r ) *bu ,  r ( r ) : 2 ,  ( 2 )

r ( t * ) e  X ' :  { r €  R n :  H a : 9 } ,  l " ( t ) l  S  t ,  t e T "  -  
[ r , t * ] ,

depending on a scalar r e T1, and an n-vectot z.

Let uo(tlr,z), t e T', be an optimal open-loop control of problem (2), X"
be a set of. all z € X for which there exists an open-loop solution to (2) at a
fixed r.

Definition L. A function

u o ( r , z ) : u o ( ' l ' ' z ) '  z € X ' ' r € T 6 '  ( 3 )

is said to be an optimal (discrete) feedback.

According to the introduced definitions, open-loop uo(t), t € ?. and closed-
loop u0(t, a), r € Xt, t e ?h, controls are determined by a priori information on
problem (1). So "theoretically" they might be constructed before the beginning
of the actual control process. Calculating these solutions analytically (in the
explicit and closed, formula form) for problem (1), as a rule, is impossible.
Numerical constructing open-loop and closed-loop solutions is based on their
tabulation. This operation does not cause any problems when one constructs

open-loop solutions even to dynamical system (1) of high order, but tabulation
of positional solutions for solving problem (1) with quite high accuracy leads
to "the curse of dimension" [2], which seems not to be overcome in the nearest
future.
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In [15] a detour of overcoming "the curse of dimension" has been suggested.
Its essence consists in the following. When solving applied problems, optimal
feedback (3) is constructed on the base of mathematical models (1) but is used
for controlling actual systems. The latters differ from "ideal" models (1) bv
inaccuracies of mathematical modelling and during functioning they are affected
by disturbances which could not be taken into account in advance (before the
beginning of control process). Let the behaviour of an actual system closed by
feedback (3) be described by the equation

* :  f  ( r )  + buo( t ,a)  + w,  r (0)  :  rs ,  (4)

where u : w(t,r), r € X, t e ?, is an unknown but bounded disturbance which
is a piecewise continuous n-vector function w(t) : w(t,r(t)), t e. T, along each
continuous function r : r(t), t e T.

Under classical definition of a positional solution (with the use of piece-
wise continuous and measurable admissible controls) there arises a mathematical
problem to understand a solution to differential equation ( ) the right side of
which is, as a rule, discontinuous. Because of this, the classical solution to the
equation may not exist, the use of the generalized Filippov solutions does not
eliminate the problem completely.

In the paper we consider a trajectory of system (4) as a trajectory of the
equation

* : f (r) + bu. (t) * w(t), r(0) : rs,

under the discrete control

u * ( t ) : u o 1 k h , r ( k h ) ) ,  t  e l k h , ( , k +  1 ) h [ ,  k : 0 , . . . , N -  1 .  ( 6 )

It is clear that now the problem of existence of the classical solution does not
arise.

IYom (5) it is seen that in any particular control process corresponding to
an initial state cs and realizing disturbancew(t), t € ?, the feedback (2) is not
used as a whole. All one needs to know is values of its realization (6) along the
continuous curve c(f), t € ?.

If at each current instant r € T6 the time of calculating the value r^c* (r) does
not exceed h, we sdy that the realization of the optimal feedback is constructed
in real time.

Deffnition 2. Any deuice able to perfonn this work'is said to be an optimal
controller for problem (L).

Thus the problem of the synthesis of optimal feedbacks is reduced to con-
structing an algorithm for operating an optimal controller.

Below, an approach to constructing optimal open-loop and closed-loop so-
lutions to problem (1) is described. We begin with general scheme of solving
problem (1) and with presentation of results concerning linear control systems
with intermediate state constraints to use them in the following constructions.
More details for the case of linear control systems can be found in [13].

(5)
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3. General Scherne of Solving the Problem

When elaborating approximate methods of solving OC problems the method of

Iinearization [4] is often used. However, Iinear approximations only give satisfac-

tory descriptions of local behaviour of nonlinear systems in a vicinity of certain

trajectories, so the field of their use is limited.

One of the natural ways of expanding the field of application of linear opti-

mization methods is the use of piecewise Iinear approximations. Although after

this approximation the problem remains nonlinear, it allows to elaborate effec-

tive optimization methods by taking into account the specific character of a
piecewise linear mode..

Assume that the closure of the set X may be represented as a unification of
polyhedral sets X1, Xz, . . ., Xo, such that intXr o intX i : A, i I j. The function

l@),, € X, in system (1) is replaced by the function f (r),, € X, l inear on

each set  Xi ,  i  :  1 , . . .  ,P.The number d :  max".x  l l / ( r )  -  f  ( r ) l l l l l f  ( " ) l l  is  sa id

to be an accuracy of approximation. Then system (1) can be written in the form

*:  i@) + rs(x)  + bu, (7)

where s@): (f (") - i@DlO, x € X, and the problem (1) can be solved in two

stages:

1) solving the problem of optimization of the piecewise linear system

i : i@) + bu, r(0) : so'

2) correcting of the solution to the piecewise linear problem by asymptotic

methods.

The accuracy of the solution to problem (1) is determined by both the ac-

curacy of approximation d and 'uhe order of the asymptotic approximation.

The simplest case is when we have quite a small 6 f.ot p: 1, i.e', on the set X

the function l(r) is Iinear and the stage 1 is solving the endpoint OC problem'

An effective method of constructing open-loop and closed-loop solutions to this

problem has been suggested in [13]. The correction of the solution to the Iinear

problem is performed by an asymptotic method of optimization of quasilinear

systems. A method of constructing an asymptotically optimal open-loop control

was proposed in [8,19]. On its base a realization of asymptotically optimal

feedback for a quasilinear system with a special nonlinearity was constructed in

tel.
A generalization of these methods to the case of piecewise linear and piece-

wise quasilinear systems allows to construct open-loop and closed-loop solutions

to problem (1) with nonlinearities /(r) of a quite general form.

In elaborating details ofthe suggested approach, the authors proceeded along

the path of successive complication of studied problems: at first, the algorithm

of solving a linear endpoint OC problem was generalized to the OC problem for

a linear system with intermediate state constraints; then it was supplemented

with the scheme of storing and transforming an auxiliary information and with

the procedure of optimization in parameters for solving the OC problem of a
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piecewise linear system; and at last, the asymptotic method of optimization of
quasilinear systems was generalized to piecewise quasilinear control systems.

4. Optimization of Linear Control Systems with Intermediate State
Constraints

OC problems with intermediate state constraints are often used [4] for solving
problems with state constraints on the whole control interr,al. On the other
hand, they also arise as auxiliary problems in nonlinear OC problems without
state constraints [3]. So effective algorithms of constructing their open-loop
and closed-loop solutions are of great practical importance. In this section the
approach to solving linear endpoint OC problems suggested in [13] is generalized
to the new, more complicated class of OC problems.

4.1. Problem Statement

In the class of discrete controls we consider an OC problem with intermediate
state constraints

c'r(t*) -r moxr i : A(t)x * b(t)u, r(t,) : xs, (8)

g . ( s )  < f r ( s ) r ( s )  ( 9 * ( " ) ,  s € , 9 ;  l " ( t ) l  S t , t e T .
Here A(t), b(t), t eT, are piecewise continuous nxn-matrix and rz-vector func-
tions respectively; g.(s),g.(s) e R^G); II(s) e Fym(s)xn, s €,5; II1;y(s) is the
i t h  r o w  o f  I f ( s ) ,  i  e  / ( s )  :  { 1 , . . . , r n ( s ) } ,  ? n :  D s e . e m ( s ) ;  , S :  { s r , . . . , s j " }  C
T6Ut*  is  a set  of  in termediate instants:  t **h < sr  (  . . '  (  s j .  :  f * ,  15-s l  > h,
5 , s  €  ^ 9 ;  ? ( s )  :  [ t * , s [ ,  s  e  S ;  J :  { 1 , .  . . , j * 1 .

The notions of admissible u(.) : (u(t), t € ?), optimal z0(.), e-optimal
u'(.) open-loop controls are introduced in standard way [16]. Each admissible
control u(.) is accompanied by a trajectory c(t), t e T, and an output signal
z(s) : I/(s)r(s), s € ^9, of control system (8).

Let us describe a method of constructing an optimal open-loop solution to
problem (8), which is a dynamic realization of the adaptive method [16] and is
originally elaborated for static linear programming problems.

4.2. Support. Optimality Criterion

A support is the main tool of the adaptive method. To define the dynamic
analogue of the support for problem (8) we write the latter in the equivalent
functional form

Here
r t { .h

c( t1 :  I
J t

I c(t)u(t) --+ ln&Xr 0.(") S D ,(", t)u(t) < !*(s), s e ,9;
t€Tn

l " ( t ) l  < t , t e T 1 " .

(ff?|j ) : {'i,*n "''o)b(o)ds'

(e)

s l t ,

s ( t ,
{L(0)b(0)d8, d(s,t) =
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9. (s )  :  g . (s ) -  G(s , t * ) rs ,  9 . (s ) :  g - (s )  -  G(s , t * ) re ,
th"(t), t € ?, is a solution to the adjoint equation

with the initial condition

,1, : -A'(t)r/,

,b(t*) : c;

(10)

(1 1)

G(s, t), t € ?(s), is an rn(s) xn-matrix function being a solution to the equation

G : -GA(t) ,  G(s, s) :  H(s). (12)

For small h > 0 problem (9) is a large interval Iinear programming problem
with the specific dense stair matrix. To solve it, standard linear programming
methods are ineffective. The further transformations are aimed at elaborating
a "dynamict' realization of the adaptive method [16] in which the essence of the
elements of problem (9) is taken into account at most.

Following [16], for every s € ^9 we choose a subset I""p(") from .I(s). Denote
Ssup: {s € S : ,I",o(s) # A}, I"up: {I".,p(s),s e S",p}. F}om the set f i, we
choose a subset T"uo so that lT"uol: Ds6^g,-" 11""p(s)1. Compose the matrix

D"up:  D( I "up,T"up)  :

Definition 3, A set Ksup: {I"up,T"up} uith Isup # A, T"up * A * said to be
a support if det D"uo 10. In the case Ksup: {Irup : A,T"up: A} the set K"uo
is an empty support by d.efi,nition.

A support K"u, is accompanied by the following elements:
(1) A function of the Lagrange multipliers rz(s) : z(/(s)ls) : (vi(s),i €

.I(s)), s e S. To construct this function we set z,(s) : y(/,(s)ls) : 0,
Ir,(s) : /(s)\I""o(s). Support components L,sup: (r"uo("), s € &.,p), u"up(s):
z(-I""o(s)ls): (yi(s), i €.I""o(s)), s € &,p, are calculated as a solution to the
equation

D'rupu"up: csupt

where csup : c(T"up): (c(t), t e Tsup). In the case of the empty support we set
z ( s ) : 0 , s € . 9 .

(2) A cotrajectory ,|,(t), t € ?, is a solution to adjoint system (10) with
initial condition (11) and with jumps at the intermediate instants

t y ' ( s - 0 ) : t l t ( s - r  0 )  - H ' ( s ) r , ( s ) ,  s  €  ^ 9  ( t . + 0 : t * ) .

(3) A cocontrol  A(r)  :  I l*n* ' (0)b!9)d0,t€T6 (a(r)  :  0, teT"up).
(4) Apseudocontrol  w(t) , t  € ?, and apseudooutput signal((s),  s €,S. To

construct them, at first, we set nonsupport values a(t), t € Tn - fir\flro, of
the pseudocontrol:

u ( t ) :  s ignA( t )  i f  A( t )  l0 i  w( t )  €  [ -1 ,1 ]  i f  A( t )  :0 ,  teTn,  (13)

and support values esup : ((l(s), , e /""p(s), s € S",o) of the pseudooutput
signal:

(  atG,t) ,  t  e Tsup \
\ i e  . I " " ' ( s ) ,  s e S " u r ) '
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G(") :g. i (s)  i f  , r ( t )  < 0;  ( r (s)  :9 ; (s)  i f  ru i (s)  > 0;

G( " )  e  [ g . ; ( " ) , g i ( s ) ]  i f  za (s )  : 9 ,  i € l "u r ( s ) ,  s  €  S " ,o .

In the case of the empty support we set esup :0. Support components u)sup :
u(T"up): (c.r(t), t e T"ue) of the pseudocontrol are calculated from the system

D , ; ( " , t )w( t )+ I  an(" , t )w( t ) :G(") -Gl i ; (s , t * )xs,  ie  . I " ,o(s) ,  s  €  S" ,p.
teT"-e t€T-

(14)
Nonsupport components (, : ((,(s), s e ,S): (G(s), i, < I^(s), s e ,9) of the
pseudooutput signal are calculated by the formula

( r (s ) :  G i11G, t * ) r6*  Dao! , t )w( t ) ,  ie  . I , (s ) ,  se  ^9 .
t€T6

(5) A pseudotrajectory n(t), t € ?, is a solution to primal equation (8) with
the initial state r(t*) : s0 and with the control u(t) : a(t), t € ?. The equality
((s) : fr(s)e(s), s € S, holds.

(6) A quasicontrol

Definition 4. A suppoTT Ksun is said to be regular if ui(s) + 0, i € -I",o(s),
s € S s , p i  A ( t ) + 0 , t e T n .

Denote by z(s), s € ,S, a pseudooutput signal corresponding to the control
u ( . ) :  z6 (s ) : / { a1 (s ) r ( s )  :G l ; y ( s , t * )16*D te rnd i ( s , t ) u ( t ) ,  i  e  . I ( s ) ,  s  € ,S .

In accordance with [16] a pair {u(.),K".} of an admissible control and a
support is said to be a support control.

Deffnition 5. A support control {u(.),K""o} 
'is said to be primally nondegen-

erated if lu(t)l < l, t e T"upi g*;,(s) < 
"o(t) 

< gi(s), i e I^(s), s € S, and dually
nondegenerated if the support K"u, is regular.

Definition 6, A nurnber

0("o'K"up): t1-:rrr:i:],rtll 
+ D ,'(")(((s) - z(s))

teT^ s€.s,.n

is called a suboptirnali,tg esti,mate of the support control {u(.),K".o}.

The followin! statement holds.

4.3. Maximum Principle

For the optimality of an admissible control u(t), t € 71, it is necessary
and sufficient that such a support Ksup : {I"up,T"uo}, whose accompanying
elements satisfy the conditions:

co(t \ :  [  
' ( t )  i f  lor( t) l  < 1;

I signt,,r(t) if lcu(t)l ) l, t €T1,.
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(1) the maximum condition for the control:

lt+h fi*h
|  , t ' (0)U(S)d0 u(t): nar |  , t '@)u(8)d.0 u, t  € Tn;

J t  l " l <L  J t

209

(16)

(2) the transversality condition (the maximum condition for the output signal):

v'(s)z(s): 
n.t" l?&. (")v'(s)2, s € s",p, (17)

exls[s.

A support K"ro, which identifies an optimal open-loop control, is called
optimal; it is accompanied by optimal elements.

If equalities (16), (17) are satisfied with an accuracy of preassigned e ) 0,
we get the e-maximum principle.

Definition 7 , For g,iuen e > 0, d ) 0 an access'ible control u(t), t e T , is said
to be an e|-solution to problern (8), i,f the inequalities

c 'xo1t*)  -  c ' r ( t * )  <-e,  max l lg(s lu( . ) ) l l  <  d,

hold,  where s(" lu( . ) )  :  (96(s lu( . ) ) ,  i  e  1(s)) ,  s  € S;  gt (s lu( . ) )  :  p(z i (s) , [g . r (s) ,
si(s)l);  p(c, la,bl) :  -a*{o - c, c - b, 0}.

In the case when a pseudocontrol and a pseudooutput signal constructed by
K",p satisfy the inequalities

l " ( t ) l  S  I ,  t eT "uo ;  g . r ( s )  SG( " )  <  g i ! ) ,  i €1 , ( s ) ,  s€S ,  (18 )

the pseudocontrol u(t), t € fi,, is an optimal control of problem (8). If for a
given d ) 0 a quasicontrol constructed by Krup satisfies the inequality

max l l !(sltu(.)) l l  < d, (1e)

then the quasicontrol 6(t),t € fi,, is a 0d-solution to problem (8).
For constructing optimal and suboptimal open-loop controls, the primal and

dual methods have been elaborated by the authors. An iteration of the pri-
mal method [16] is a change of the "old" support control to a "new" one:
{u( . ) ,K" .o}  -  { r ( . ) ,  K" ,o}  ro that  B(a( . ) ,  R"ur)  < g@(.) ,K"up) .  In  the
dual method, the information on an admissible control is not used, and in the
course of iterations, the transformation of the support is performed with the
purpose to ensure inequalit ies (18) or (19).

Let us dwell on the dual method of constructing an optimal (suboptimal)
open-loop control to problem (18), just as this method is used for optimizing
piecewise linear systems and for constructing positional controls.

4.4. Dual Method

Denote T( j )  :  {s i - r ,  . . . ,  s i -h} ,T""p( j )  :  T( j )nT", r ,T*( j )  :  T( j ) \7" .p( j ) ,
si € ,S, i e J, s0: f,*. To simplify the notations we assume that

L ( t - h ) L ( t + h )  < 0  i f  s i - r  ( t ( s ;  - h ,  t e T " . p ( j ) i  ( 2 0 )
A ( s + h ) + 0 i f  s e T " u o ;  A ( " - 2 h ) + A  i f  s - h e T " u *  s e  S .
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(The general case is considered in [11]).
Before performing iterations of the dual method it is necessary to prepare

the required information according to Sec. 3.
If an initial support K"u, is non-empty, then with the use of lT"uol micro-

processors, functioning in parallel, the work of one microprocessor for forming
D"ro, does not exceed one integration of the primal or adjoint system on interval
T.

To calculate the cocontrol we present it in the form

tt+h
A(r) : l"' 

- 
(,t 'Xol - D u'(s)G(s,tr1)a1tr1au, t ern.

Jt \ 
seS]I-,s>t

If m 1n, then using rn * 1 processors we calculate the functions ry'"(t), G(s,t),
t e ?6, s € ^9, s ) t, and the values A(t), , eTn. If ff i) f l , then for calculating

the fundamental matrix F(s), s € S:

F : A(t)F, tr'(0) : E,

has been constructed and stored in advance, in parallel with forming the matrix

Instants t e 4\S for which A(t - h)A(t) < 0, are said to be nonsupporl,
zeros of the cocontrol. A set of nonsupport zeros of the cocontrol is denoted by
Tno l)!1:tT.o(i).

hil'e analyzing the behaviour of the cocontrol at the right end of the interval
Ti : ls i - t ,s1 [we use otat ion s1 -0 € Ti ,  j  € J,  and at the Ief t  end of Qa1
weusethenotat ionsi  Tiay. LetT'^( i )  :T"uo(j)UTne(j ' )U{si-r ,s i-0} :

{ t r ( j ) ,  k  e  K ( i ) u k ( i  ,  K ( i ) :  { 0 , 1 , .  . . , k ( i ) ) , 7 " n : U r i : r T " . ( i ) . D e n o t e
by 

"*(j), 
k e K(j), the intervals of constant sign of the cocontrol on the set

r(i)'

Tn( i )  :  { t . * ( j )  :  tn( j ) , tx ( j )  +  h, .  .  . ' t iu)  :  t * r ( j )  -  h}
if tk(i) / T"up;

Tn( j )  :  { t . r ( r )  :  h ( j )  +  h , tk ( j )  +  2h , . . . , t ; ( j )  :  t k+ t ( i )  -  h }

if tk(j) e Tsup.

If si - h e T".o(j), we set fx<rl(i) - 0. Introduce the numbers

f s ignA(si-r)  i f  s1-r /T"upi
t' : 

1 signA(si-1 *h) if si-r eT"up, j e J,

and the vectors

d G )  :  t  d , ( s , t ) ,  k : 0 , . . . , k ( j ) ,  i  e  J ;  s 7  ( s ,  s  € . S ,
rcTk(i)
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/cU)

p(s) : t :ryl?t)kf*(s) + G(s,r*)c6, s € s;
j € J : s iSs  k :0

_ _ ( p ( ' ) , \  _  _ (  p ( s ) ,  \P :  
\ i e s  ) ,  

P s u p :  
\ 1 . I " , p ( s ) ,  s e s  )

Ihen equation (14) for calculatin1 usup is transformed to the form

D"up@"up: e"rp - Psup, (22)

where ?""p(s) : Tsup n 
"(s).Denote

d ( t )  : ( d ( s ' t ) ' )  .  D t . . , ^ t  :  ( d ( t ) ,  t  e  T "up ) .- 
\ s e s / 

'  "tsuPl

Assume that  besides the parameters.A( t ) ,  b( t ) , t  eT;  H(s) ,9. (s) ,  9*(s) ,  s  € ,9;

c of the problem the following information are available at the beginning of an

iteration:
L) a support K"upl 2) a set of nonsupport zeros 

"'o; 
3) a matrix Dpupl 4)

matrices G(s,t), t e T"n, s € .9; s ) f, vectors ub.(t), t € Tsni 5) numbers

T, j e J; 6) vector p; 7) support values u"u, of the function of the Lagrange

multipliers.
Calculate u"up, en according to (22), (23). Set pr(s) : p(G(s)' [g.u("), gi(")]) '

i  e  In(s) ,  s  € ,S;  p( t ) , :  p(w(t ) , [ -1;1] ) ,  t  e .Tsup.  Calculate

po : max{p(to), poo ("0)},

p$o): t?F,x,p(t), e4)
pro ("0) : n.r.tif"." 

po(").

If po - 0, we have the optimal control

0 z . r  |  ? I ) k l i ,  t  € T n ( i ) ,  k : 0 , . ' .  , k ( i ) ,  i  e .  J ,
u - \ t ) : l r ( t ) ,  

t e , I s u p .

Otherwise we calculate a quasioutput signal G("), t € f(s), s € ^9, check inequal-

ity (19). If it holds, r;(') is a Od-solution to problem (8), otherwise we make the

change of the support K"up - K"uo so that the suboptimality estimate of a

support [16] decreases.
A general scheme of an algorithm of constructing a new suppo tt K 

"uo 
consists

in the following:
1. A variation Az of the function of the Lagrange multipliers is calculated;

2. A rate of the change of the dual performance index is calculated;

3. A short step o along the direction Au providing a new zero of the varied

cocontrol or zero value for a support component of the Lagrange vector is cal-

culated. This step causes a positive jump of the dual performance index;

2tL

and the expression (15) for calculating (' takes the form

G(s ) :p r ( s ) *  t  d i ( s , t )u ( t ) ,  i € l , ( s ) ,  s€ .9 ,  (23 )
t€T,-o@)
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4. The information stored in the computer memory is transformed;
5. Repeat operations 2--4 until the value of the rate of the change of the dual
performance index reaches a nonnegative value. The corresponding value o* of
the step is called a long step;
6. The support ?",o is changed according to the realized combination of p0 and
a* from the four possible combinations.

The main idea of the proposed realization concerns with operations 3, 4 of
the above scheme. Below we describe how to calculate the required data fast
and how to transform corresponding stored information.

Investigate each of the two possible situations: l) po : p(to);2) po : puo (s0).

(1) p0 : p(t0). This means that instant t0 will be eliminated from the set Q,o.
Let  to  € 

"Uo).We begin constructing a nev/ support K"u, from the forming of the variation
Az(s), s € .9, of the function of the Lagrange multipliers: Az,,(s) : 0, s € ,9;
Avsup is calculated as a solution to the equation

-D'"uoLv"uo - L,|sup

where Ad",,o : (Ad(t), t eT"up), Ad(to) : signz(to), Ad(t) :0, t e [,o\to.

We introduce the following functions:

u"up(s,o) : v"ur(s) I oLu"ur(s), s € S"rp, o ) 0,

(the varied function of the Lagrange multipliers);

Ad(r)  : -  t  A,u ' "urd, (s , t ) , teTn
s€S..o:s) t

(variation of the cocontrol)

(25)

A'(t,o) = A(t)* oAd(t), t €T7, o ) 0 (varied cocontrol). (26)

F\rther we assume that

Ad(r.eu))ad(t i_,u)) > 0 i f  t .*( j) eT^o(j),  Is = L,.. . ,k(j),  j  e J.

According to [16], the rate of the change of the performance index of the
problem dual to (8) is a piecewise constant function of o. In a small right-side
neighborhood of the point o : 0 this rate equals qr : -lw(to) - z(to)l < 0.
Thisvalueremainswhen increasingo f romo:0 to o:or  )  0 ,  unt i l  e i ther  a
new zero ofthe varied cocontrol appears: A(t(or), ot) : 0, or a component ofthe
varied function of the Lagrange multipliers becomes zeroi ui@r)(s(ol),al) : g.

When o : oL, the rate of the change of the dual performance index makes a
positive jump. For changing a support, a sequence of short steps ol, I : 7, ... ,l' ,
when the rate makes jumps, is formed. We calculate a long step o* : ol' , aft,er
which the rate of the change of the dual performance index becomes nonnegative.
With the direct realization of the adaptive method [16] for detecting ot, I :

1,...,1*, it is necessary to calculate steps o(t) for each t € 7L. This requires
enormous computational resources. In the proposed realization, it is taken into
account that with increasing o a nev/ zero of the varied cocontrol can appear
only in one of the following ways:
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1 .  A t  t h e  p o i n t  t 0 * h o r  p  - h  a s a r e s u l t o f  m o v e m e n t o f  t O ( o ) ,  o  )  0 :

A ( to (o ) ,o )  : 0 ,  t o (0 )  :  t o .

2. At apoint t or t-h, as a result of movement of a point t(o), o 2 0, t € ?'o'

3. At the point s : si-r € ^9\r- Uf* as a result of arising at the left end of the

interval Ti, j € J.

4 . A t t h e p o i n t s : s j € ^ g a s a r e s u l t o f a r i s i n g a t t h e r i g h t e n d o f t h e i n t e r v a l
T i , j € J .

5. Inside any interval ?r. from a stationary point of the function a(t) : (ltL(t) -

Dses"" , " ,s>t  z ' (s)G(s, t ) )b( t ) '  t  e  T '-"Tf,tir;ff 
we omit from consideration the c-ase 5, which is studied according to

the below scheme only not for the function A(t), t € ?' but for its derivative' it

is sufficient to investigate the behaviour of the function A(t, o) not on the whole

set ?i' but onlY for cases 1-4'

Form the following information

o(to;,  r( to; ,  k0; o(t) ,  r( t ) ,  t  €Tns; o(s * 0),  s € '9 u t* \ t . ;

o ( s - 0 ) ,  s € S ;  o a ( s ) ,  i € l " ' o ( s ) '  s € ' S '

(27)

where the steps o(t), o(s t 0) correspond to cases 1-4' and the steps oi(s)'

i g /"ro(s), 
" 

i ^9, ctraracterize arising zero ofthe varied function ofthe Lagrange

*"rtipiiitt' vi(s,oi(s)): 0' The numbers r(t) show the direction of movement

of the zero of function (26) when o increases; k0 is an index of instant t0 in

T,n(jo)'
itt" elements (27) are calculated in the following way:

o(to1 : -a(ro - h)lL'Ao - I ' r),  r(t

o(to1 : -A(to + h)/Ad(ro + h), r(t
oit l  :  -a(t - h)lL6(t - h), , \ t
o(t) :  -a(t) i  ad(t), r l t

[  -A(s)/Ad(s) i f  A(s)Ad(s) < 0;
o (s *u ) :  

t  * -  i f  A (s )A6(s )  >0 ,  
"€  

^9u t * \ t . ;

[  -A(" - h)/A6(s - h) i f  A('  - h)A6(s - h) < 0;
o ( s - u ) :  

t  * *  i f  A ( s - h ) A 6 ( s  - h ) > 0 ,  s € S ;

( -vi(s)lLv;(s) i f  zi(s)Arua(s) < 0;
or(s) :  

t  *o"  i f  ru l (s)Aru; (s)  >0;  i€ l "ur (s)  se ^s" ,o '

T h e s t e p s o ( t ) , o ( s t 0 ) a r e e a s i l y c a l c u l a t e d w i t h t h e u s e o f t h e i n f o r m a t i o n
stored in computer *"*ory' C(s,t), t e Tsn, s € S; s > ti ' !"(t) '  t € T"n'

To calculate each value o 0Z) it is sufficient to integrate systems (10)' (12) on

intervals of the length no more than 3h'

Before calculating short steps we make a "zero" step fo-r transforming the

stored information *ili"h i, caused by deleting the element t0 from the set [,o'

The "zero" step

1.  t0  > s io-1,  r ( to)  :  -1 '  Set  TLo :  Tnot) to '  p t  ( " )  :  p(s)+(-1)ko?iod(s '  t0 ; '

s € , S , s ) s i o .
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To simplify no;ations we assume that all the nr_rnrbers ot 1t1, t e Tt; ol(s) , i e
{""p 

(s) , s € S",p, are different except, possibly, a pair of numbers ot (q , oi (i + h)
for certain t, t + h € T(jt).

The lth step

Calculate the lth short step

o'  :  min{o( t , ) ,  or ,  (s l ) } .  (2g)

while o : ot, the rate of the change of the dual performance index gets a
posrtive increment [16]

Aor : { 
2l\6?t)l if ot : o(tt);

I (gi (" ') - 9.n, (s'))ln u.i,Gl)l i f ot : oot(st),

and in the right-side of the point o : ot it becomes equal to aL+t - at + L,at .
If the inequality

ol+1 > o (2e)
holds, we pass to the final step. otherwise, the information 1)-6) is changed for
the next ((J + 1)th) short step.

We distinguish two possibil i t ies: a) ot : o(t,); U) ot - oo,(st1.
(a) Let tt e T(it); ,tl be an index of instant tt in f!,(it). To simplify the
notations we omit the cases si-r, si -h € ?"rp\to, j e J, for which the described
below scheme of jump of a mobile zero over a support zero is used.

The information stored in computer memory is transformed depending on
the following situations.
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A . 1 . 1 .  t t  + h e T " . e ( j t ) \ t 0 ,  r ( t t )  : 1 .  P u t  T l t t :  ( 4 0 \ t ' )  u t t  + 2 h , p t + t ( " ) :
pt(s) - 2(-l)k'-ytj,d(s,t'J), s € S, s ) sir, instead of G(s, tt), ,lt.(tt) we store
G(s,tt +2h),rh"(tt -l2h), s € S, s ) sir. Instead of the step o(tl) we calculate
o(tt +2h): -611t +zn11t't1tt+2h).
A.1.2. tt -2h e ?:,e(jr)\ i0, r(tt\: -1. set Tlt '  : (40\rt)utt -2h,pr+1(") :
p t ( s ) + z ( - t ) k ' 1 t , a ( s , t ' ) , s € S , s ) s i r , d e l e t e t h e v a l u e s G ( s , t l ) ,  r b . ( t t ) , s € , 9 ,

s ) s;r; renumerate the points of the set T"^(jt). Instead of the step o(tl) we
calculate o(tt -2h): -611t -ln11tA1tt -3h).

If situation A.1 does not realize, we analyze the location of the point tl.
A.2. i l  e Tl ,o( j t ) ,  r( t t1 :1.  Put Tl t t  :  (40\t ' )  u t ' l  + h, p ' I+t(r)  :  pt(s) -

2(- l )k ' l r ,d(s, f l ) ,  s € ^9, s )  s ir ,  instead of G(s,t t ) ,1b"f t i )  westore G(s,t l+h),
,lt.Qt -f h), s € ^9, s ) sirlr€DUrn€rate the points of the set T"^(jt). Instead of
the step o(tr) we calculate o(tt + h) : -A(tr + h)lL6Ot + D.
A.3. rt e Tl,oU'), r(tt) : -1. Put Tltt : (40\tt) utt - h, pr+r(") : pr(s) *
z(-t)k'1t,d,(", i ' - h), s € ,9, s ) sir, instead of G(s, tt),4).(t\ we store G(s,tt -

h), tlt.(tt - h), 
" 

€ .9, s ) sir. Instead of the step a(tl) we calculate o(tt - h1 :
-A(1t - 2h)lL'(tt -2h).

A.4. tt : sj,-1 * 0 (arising a new zero of function (26) at the left end of interval

Q,) .  Put Tl t '  :  T! ,su si , -1+ h, p '+r(s) :  pl(s) -  z lr ,d(s,sj , -r) ,  s € ,S,

s ) si,; l j l l : -1,,; r(tt): L; Ict+r(jt): kt(jt) * 1; renumerate the points of

A.5. { : sjr - 0 (arising a new zero of function (26) at the right end of interval

Q,).  Put f l t '  :  Tlsu sj ,  -  h,  p '+t(")  = pt(s) -  2(-gx'17)1,,a{",s i ,  -  h),

s € ^9, s )  s ir ;  r( t t1:  -7;  kt+r1i t1:  ktUt)* 1;  renumerate the points of the set
flIt U'). Calculate and store G(s,si, - h), {"(s i, - h), t €,9, s ) sir, calculate
a new step o(tt - h) : -A(tt - 2h)lL6(tt - 2lr).
B. Let the step ol in formula (28) is reached for the two points tt , tt +h e T^s(jt):
o ( t t1 :  o ( t t  +  h ) .
8.7. il : sjr-r*0 (disappearance of the zero of function (26) through the left end

of intervalQr).  Put 46t:40\" i t -1*h,p'+l(s):pI(s)-2(-I1* 'U') l r ,d,(s,si , -r) ,
s € s, s ) sir; l i lr -- -lr,; kt+r(i') : tt '(i ') - 1; renumerate the points of

the  se t  Tr^ ( j t ) .De le te  G(s ,s i , -1  *h ) , { " (sy - r  *h ) ,  s  € ,5 ,  s  )  s i r ,  f ro r , ,  the
computer memory.
8.2. tt + h : s jr - 0 (disappearance of the zero of function (26) through
the right end of interval Qr). Put {fl : 4o\ti, - h, pt+t(t): pl(s) -

2?t)k'(i ')"yt1d,(s,s7 - h), 
" 

b ,S, s ) si,; kt+r(jt): kt(jt) - 1; renumerate the
points of the set T"^( j t ) .Delete G(s,si ,  -h),( t"(s i ,  -h),  r  €,S, s )  s ir ,  f rom
the computer memory.
B.3. tt, tt + h e Tlo (sticking together and disappearance of two zeros of
function (26) at point tr). Put ffr : 4o\{tt, tt + h}; pl+l(") : pt(s) -

2(t1x'(i1rt d(s,tl), s € ,S, s ) sirl kt+'Ut): kt}t) - 2; renumerate the



216 R. Gabasoa, N. V. Balasheuich, and F. M. Kiri,lloua

points of the set T"n(jt). Delete G(s,tt), r lt.(tt), G(s,tt + h), {.Ut + h), s € ,g,
s ) sjr, from the computer memory.

The rest of the information for the (l * l)th step is not changed.
(b) oJ : o1,$t). This means that when o > ot the sign of. vu,(st,o) wil l be
changed. Put oit("') : * and pass to the (l + 1)th step without any changes in
the stored information.

The final step

The transition to the final step is performed after the lth step when the
inequalities

o l ( 0 ,  a t + r > o  ( 3 0 )

are realized. The final step is performed to form the information for the next
iteration.

In the case (a) ot : o(tt) by virtue of assumption (20) the conditions of the
transition to the final step may occur in situations A.2-A.5, B.1, 8.2.

A_.2,8.2.  Set  f " ,o  :  ? iue\ tout t , Ino :40\ t ' ,  F(s)  :  p , (s) - ( -1)k ' l i ,d , (s , t t1 ,
s  € ^9,  s  )  s i r .

A.3. Set I"up : ?",,p\tO ut, - h, I,"o : 4o\t,, F(") : p, (s) + (- 1 )ft 
' 
"rt;, d(s, tt -

h), s € ,9, s ) sir, instead of G(s, tt),4)"Q\ we store G(s,tt - h), {"(tt - h),
s € ,S, s ) sir._

A.4. Set f"up : ?".,o\tO U sir-1, Tno : T|,,0, FG) : pl(s) - lr,d,(s,sj,_r),
s  € , S ,  s  )  s l r .

A.5. Set f"up : ?".,p\t0usr, -h, I,"o = TAo, FG) pt(s)-(-1)e' {i\ 71,d,(s,s y -

h ) , s  €  ^ 9 , s  )  s y ; E ( i \ : k t ? t ) * 1 , s t o r e G ( s , s  - h ) , { t " ( s i t  - h ) , s e  , S ,
I  )  s r r .

G (s , s i , - 1  *  h ) ,  t ! " ( s i r - r  *  h ) ,  s  € ,S ,  s  )  s i r .
A new support has the form R"uo: {I"up,f"ur). The matrix D1"rp; is

obtained by the change of the column d(to) to d(tt - h) in the matrix D;",o; in
the cases A.3, A.5 and by the change of the column d(to) to d(tt) in the other
cases,

iteration remains unchanged from the previous step.

(2) Consider the situation po : pp(so). This means that the element i0 will be
included into the set .I",o(so).

To construct the variation Az(s), s € ,S, of the function of the Lagrange
multipliers we put

( I, i f (;"(so) > Ci"(so),
Azio(su)  :  {  

' .  
. "  l "  )  

"1 

-_ 
" ' " ' ;  ; .  Az, , (s)  :0 ,  s  € ,S.

L -1,  i f  8o(so)  (  9* io(s- / r



Corutructiue Methods of Optimization of Dynamical Systems

Support values A.v"u, are found from the equation

- D'"uoLz"ur: (ao" 1t;, t e T".o) L,up(so).

The variation of the control is defined by formula (25). The initial rate of the

change of the dual performance index for o ) 0 equals

at  :  -p(ero(so) ,  [9go(s0) ,s ; " ( ro) ] )  < 0.

Operations for calculating the step o* are analogous to the case (1) but the

"zero" step is not performed.

At the final step in the case (a) o* : o(tt),to form Q'o the element flor

Under certain conditions of nonsingularity the described method is finite [1 1,

part 1]. There exists a modification of the adaptive method [11, part 1] finite

for any problem (9).

5. Optimization of Piecewise Linear Control Systems

The method of optimization of linear control systems with intermediate state

constraints is generalized for piecewise linear control systems. Using these sys-

tems we can approximate nonlinear control systems with quite a high accuracy.

5.1. Problem Statement

Now in the class of discrete controls we study the OC problem of a piecewise

linear system
c'r(t*) ---+ rrr&Xr n:: i@) * bu, r(0) : rs, (31)

H r ( t * ) : g ,  l z ( t ) l  < 1 ,  1 6 7 : [ 0 , t * ] .

Here b e Rni g e Rh; H e R'i'xn,rankI/ : fr, 1n, the piecewise linear function

/(r) is defined on the set X as it was done in Sec. 3.

Deffnition 8. A discrete control u(') : (u(t), t eT) is said to be an admissible

control of problem (31) i/ it satisfies the equation lu(t)l S I, t e T, and the

correspond'ing trajectory r(t), t € T, satisfies the endpoint constraint Hr(t*1 : g

and intersects the borders of the domains et discrete 'instants from the set T1r.

An adrni,ssible controlzo(') is called an optirnal open-loop control of problem (31)

if the corresponding trajectory ro(t), t € T, prouides the maximal ualue to the

perfortnance inder of problem (31).

To introduce the notion of an optimal feedback (a positional solution to

problem (31)) we imbed problem (31) into the family of problems

2t7
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ct r(t*) -+ m&X, i : f (r) -f bu, x(r) : s,

Hr(t*) :  g, lu(t) l  S 1, t  e T" : [r,  t*],
depending on a scalar r €T6 and an n-vector z. Letuo(tlr,z),t e ?", be an
optimal operi-loop control of problem (32) for a position (r, z); X, be a set of
states z for which there exists a solution to problem (32). A function

uo( r ,z ) : ro ( r l r , " ) ,  z  €  X , ,  r  €T1, , (33)

is said to be an optimal (discrete) feedback of problem (31).
Let us describe effective algorithms of constructing an optimal open-loop

control and an optimal feedback in problem (31).

5.2. Parametrized Form of the Problem

According to the definition each admissible control u(t), t € ?, of problem
(31) generates a trajectory which successively passes through some (admissi-
ble) sequence Xi, Xir, . . . , Xin of sets from the totality Xr, . . ., Xo, crossing the
borders of neighboring sets at (admissible) instants |ir,0i",. . . ,0iu-1 € T1,.

Denote by Xf, . . . ,X1. and d!,  . . .01.- ,  sequences of sets and instants of
intersection of the borders corresponding to the optimal trajectory no(t), t e T.

Deffnition 9. The sequence of sets X0 : {Xl, . . . , X?.} is said to be a stracture
oJ the optimal trajectory of problem (3I).

Assume that the optimal trajectory f (t), t € ?, intersects the borders of
sets Xio, Xl*t, i - 1,... ,i* -1, on hyperplanes Hir - gi where Hi e Hnixn,
g i e H n i , i : 1 , ' . ' , i ' - 1 .

On a set Xr9 th" function f1"; nur the form i@) : Air * ai where Ai €
f f * n ,  a i  €  R n ;  A i r - t a i  :  A i g 1 f i * o i * ,  i f  H i x :  g j ,  j  -  1 , . . . , j *  - I ;
r a n k ( A i - A i 1 t  - ^ ; _

H) \  ' ! '  J  
-  1 , . . . , i *  -1.  Denote r l , i t  -  h ' ;  Hi '  :  H,  g j .  -  

9 ;  set

* : D ! i : r * i .
In many problems of type (31), on the base of a priori information, the set

Xro, . . . , Xio. could be formed before solving problem (31). If the structure X0 is
known, problem (31) is reduced to the OC problem of a totality of linear systems

J(0 ,u) :  c t r (9 i ' )  -  max,

t(t) : A1r(t) -r ai * bu(t),

t  e  l ? i - r , 9 i l '  i  e  J  :  { 1 , 2 , . . . , i * ) ,  r ( 0 6 )  :  r s ,

H i r ( 0 1 ) : g j ,  j e J ,

l " ( r ) l  <  t ,  t e T ,  0 o < 0 t

( r e R n ,  u e  R ,  g i € R n i ,  j : 1 , . . . , j ' ,  r a n k f f i : m i , ' - T t , ,

(32)

(34)

(35)

(36)

(37)

0 i  €  ? 6 ,  j  :  1 , . . . ,  j *  -  L ,  0 s  : 0 ,  0 i .  -  t * ) .
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In problem (34)-(37) instants 0 : (0r, 02,. .. ,0i '-r) of transition between do-
mains of linearity are chosen together with a control u(t), t e T.

Describe an algorithm of solving problem (34)-(37) for a given set X1, . . . , X j-.

Definition LO. A uector 0 and a dtiscrete control u(.) : (u(t), t e T) are said to
be an accessible qntrol of problem (34)-(37) if theg satisfy constraints (37). An
accessible control {d,"(.)} and the correspond'ing trajectory x(t) : r(t l?,u(')),
t e T, of sgstern (35) are called admissi,ble i'f r(t), t e T, satisfi'es constraint (36).
An admissible control {0o,ro(')} is opti'rnal if it prouides the madmal ualue of
perf ornran ce index (34).

The solution to problem (34)-(37) consists of two procedures: 1) a lineariza-

tion of problem (34)-(37) along an admissible trajectory and solution to the
Iinearized problem; 2) a correction of solution to the linearized problem by the
choice of the optimal positions of instants of transition between domains of lin-

earity.

5.3. Optimal Open-Loop Solution to a Linearized Problem

A Iinearization of problem (34)-(37) consists in fixing a vector d correspond-
ing to an admissible trajectory. The linearized problem has form (34)-(37) but
now it is assumed that the vector 0 is fixed. Thus we get a linear OC problem

with intermediate state constraints

c'x(t*) --+ rnoxr i : A(t)x i a(t) -l bu, x(9s) : rs,

H ( s ) c ( s ) : 9 ( s ) ,  s € , S :  { 0 t , . . . , 0 i . } ,  l " ( t ) l  <  I ,  t e T . (38)

Here A(t )  :  A j ,  a( t )  :  a i ,  t  €  T i  :  l? i - r ,9 i l ,  i  :  I , . . . , i * ;  H(s)  :  I { t ,
g ( s )  :  g j ,  s  :  0 i ,  i  :  7 , . . . , i * .

Let us describe how it is worthwhile to present the required information for

solving problem (38) bV the algorithm ofSec. 4 taking into account the structure
of the matrix function A(t), t € ?, and the necessity of further correction of
instants 01,...,0i '-1. Instead of direct storage of matrices G(s,t), t €. Tsn,

s € S;  s  )  f ,  and vectors p; { " ( t ) , t  eTsn,  s  € ^9;  s  )  f ,  wesuggest to use
matr ices Fj (O j - t ) , t  eT". ( j ) ;  F iQl- .0 i - t ) ,  i  €  J ,where.Q'  :  

A iF i ,  F j (O):  E,

j e J ; and vectors r j : Dter^(,) [:*n Fi Q i 
- $bd,sw(t) + I:] _, Fi @ i 

- 0)d,8ai,

j e J, in the course of iterations. In this case it is easy to calculate

G(|x, t ) :  HrQr iF i (Oi  - t ) ,  tbL( t ) :  c tQpiFi (0 i  - t ) ,  k :  i , . . ' ,  j * ,  t  €T""r ( i ) ;

k

p( lx )  : \nxOx i r l  *  G(0* ,0 ) ro ,  p  -

i : L

where

oki : o61(o) :

( 'r": ' ;),

k-l

fl F'+r(d'+r
r : l

E,
0,

- 0,), if. Ir > j,

.  i  -  0 , . . . , - ? * - 1 ,  l e  : L , . . . , i *
I T  I C :  J ,

L f . k < j ,
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Operations for tranforming G(s,t), rb"(t), t e T"n, s € ,9, s > f; p in the
course of iterations of the method described in Sec.4 are naturally transferred
to \ (0 i  - t ) ,  t  eT"^( j ) ;  r i ,  j  €  J .

Thus, according to the algorithm of Sec.4, the optimal support f!."@), ;
of problem (34)-(37) would be constructed for a fixed vector d and information
corresponding to this support is formed.

5.4. Optimization of Tlansition Instants

As a result of solving the linearized problem we get an optimal support
T:"o@) and the corresponding optimal value J0(d) of the performance index for
a fixed vector 0. The aim is to construct a new vector d such that J0(0) > Jo(A).

Methods of constructing an optimal vector d0 [1] are based on calculating a
gradient of the performance index of problem (31) with respect to 0. It is not
difficult to show that

0 J !0^, u) - c, ar(t. l|:!o?.e@D _ v, (0) ( r, YWe, ), * : r, ..., i* _ r,o o r  "  o o x  - ' - ' \  j a - i  ) ' ' " -
(3e)

where 
"2.o@): 

(uo(tld), t e T:"'QD are support values of the optimal control
uo(tl?),t €.Tn; r(tl|,uf;,o(0)), t € ?, is the corresponding trajectory of system
(31).  Then a step along the direct ion grad J :  (AJ(0,u)100p, k:7,. . . ,  j*-1)
is chosen [1] and a new vector 0 is constructed.

For calculating 0r(0110,u!"o(O))100p, k :7,..., j '-7, j e J, the information
stored after solving the linearized problem is used and integrations on intervals
of length h are performed in parallel. To transform the stored information for a
new vector 0, it is necessary to perform parallel integrations on intervals which
maximal length is maxi:r , . . .3. t{0i  -0i ,0i  -0j  -Ei- t*01-}+h. Thus we
obtain data for solving a Iinearized problem for the new fixed vector g with the
initial support T""r(0_) : T!.p(0). The use of the optimal support 

"$o(d) 
as an

initial support T"uo(0) allows to construct the optimal support T|,"r(0) very fast.
The transformation T"up(0) ---+ T!.o(0), 0 -- 0, i.e., solving the linearized

problem and calculating d is called a large iteration of the method.

5.5. Optimal Controller

Following the approach [15, 16] to construct the optimal controller, let us
analyze the use ofoptimal feedback (33) in a particular control process ofsystem
(31). Assume that optimal feedback (33) has been constructed and the behaviour
of the closed system is described by the equation

t  :  f ( r )  +buo( t ,a)  +w,  r (0)  :  so, (40)

(r)As problem (31) contains intermediate constraints-equalities so a set Tsup : {t1 e T1,
I :7,...,mI such that det D"r, : det D(/, ?""o) I 0 is considered as a support.
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where w: w(t,n), r € X, t e ?, is an unknown but bounded piecewise con-
tinuous function of disturbances. The function w(t), t € ?, reflects the action
of unforeseen disturbances on the system. With the use of piecewise linear ap-
proximations for optimization of nonlinear system (1) the function w(t), t e T,
contains besides elements of external disturbances a deviation of piecewise linear
system (31) from initial nonlinear system (1).

Let in any particular control process of system (40) a disturbance u.r*(t),
t €T,be realized. Under this disturbance and function (33) a certain trajectory
r* (t), t € ?, of (40) is generated. In doing so the system (a0) is fed by the values
u* (t) : uo (t, x* (t)), t e T.

At any current instant r € T1r, the controller knows a realized state r*(r)
and should calculate the signal u'(r) : uo(rlr,r-(r)).

For this purpose the controller should solve problem (32) for the position
(r,r-(r)). In formulating problem (32) in the pardmetrized form we assume
that the change of the dynamics of the system may occur not only when the
trajectory intersects the hyperplanes Hir: gi, j.: I,..., j '-1, but also when
it is in a certain e-vicinity of these hyperplanes. The inaccuracy arising because
of this assumption may be interpreted as an element of the disturbance u.r(t),
t € ?. Thus, the parametrized form of problem (32) is

c'r(0i') - 1n31,,

i ( t )  :  Air( t)  + aj  + bu(t) ,  t  e [oi-r ,oi l ,

j  e  J ( r )  :  { j ( r ) , .  . .  ,  j * ) ,  r (014- r ) :  r * ( r ) ,

lHp(01)  -  s i l  Se ,  j  e  J ( r ) \ j * , (41)

Hr (9 i . )  -  e ,  lu ( t ) l  <  I ,  t  eT ' ,

0i61-t < 9ikt

Assume that on the interval ?'transition instants |jG),...,0j*-t are located,
put 0i6y-t : r.

The signal u'(r) is calculated on the base of the optimal support K!"r(rl|o (r))
which is constructed by the proposed method. As an initial support K""oQl|(r))
the optimal support K|.r? - hl|o(r - h)) constructed at the previous moment
r - h i s u s e d .

Let at the initial instant r : 0 for the initial state r(0) : rfi an opti-
mal trajectory r0(t10, xf,), t e ?, be calculated. Let X0(0) : {Xl(O), ! :
1, . . . ,J*) ,  d0(0) :  (dt(0),  j  :  I , . . . , j " -  1) be a structure and transi t ion instants
of r0(t l0,r f i ) ,  t  e T.I f  w*(t) :0,  t  € ?, then at any instant r  €T7 the struc-
ture X0(r)  :  1Xl(r) ,  i  :  i ( r) , . . .  , i * \ ,  of  the opt imal t rajectory ao(t l r , r ' ( r)) ,
t  e T",  is a part  of  the ini t ia l  structure Xio(z) = Xr9(0),  j  :  j ( r) , . . . , j ' ,
i.e., Xo(r) c X0(0), and the set of transition instants do(r) : (01(r), i :

i ( r) ,  . . .  ,  i *- I )  on ?" is a part  of  the ini t ia l  set drQ(r) :  0l(O),  j  = j (r) ,  . . .  ,  j *- t ,
i.e. do(r) c do(O). Under the disturbance u.(t) # O, t € ?, the follow-
ing situations are possible: 1) for Xo(") c X0(0) transition instants change,
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i .e. 00(") Q 0o(0);2) the structure of the optimal trajectory changes, i.e.,
Xo(r) ( Xo(O) for a certain r €T7.

In the case 1), at an instant r € T6 the controller constructed the solution

to problem (41), i.e., found the extremal sets 0r(z) : Gtj?), i : i(r),... , i*-l),
J : 1,...,1*, providing local marcimums in problem (41), and corresponding

optimal supports. Among the sets ?t(r), I - 1,...,1*, the controller chose the
optimal set do(r) providing the global maximum. At the instant r * h, on
the base of information stored at z, the controller makes the correction of the
sets d'(r), l:1,...,1*, and the corresponding optimal supports. The controller

constructs the extremal sets dt(r + h),1- 1,...,1*, and chooses the optimal set
0o(r + h).

In the case 2), in addition to the case 1), the situations of changipg the
structure of the optimal trajectory are studied. For this purpose the behaviour
of xo(tlr,r*(")), t e T", is analyzed in the inner points of. T" f.or detecting
a new region, which the optimal trajectory will pass through, or for detecting
the increase of the number of intersected hyperplanes. The complexity of the
procedures of detecting the change of the structure depends on a problem under
consideration.

5.6. Example

Let us illustrate the results by an example of optimal control of a piecewise

Iinear system without endpoint constraints. This problem for a linear model

is trivial, because it is enough to integrate the adjoint system and put u(t) :

signt//(t)b, t € ?. For a piecewise linear model it becomes nontrivial.

Assume that an oscillating system moves along a horizontal without friction.

Two springs act on the system on two intervals (Fig. 1).

F-- - -e-- - - t

Fig. 1

We should construct a control replacing the system to the maximal distance

in a fixed time.
The mathematical model of the problem is

r ( f * )  - '  m a x ,  i - + k : c : u  i f  r )  - a \

i + k p ' f k 2 ( r * a ) : u ,  l f  t  < - d ;

I

I
I

I
l o

(42)
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, t(0) : 0, i(0) :  0, l"(t) l  < I,  t  e T: [0,t*],
where r : x(t) is a deviation from the equilibrium state c : 0 at an instant
t, 'ttr : u(t) is a control value, a is a distance from the equilibrium to the right
end of the second spring. Using the phase coordinates or : r, 12: i and
fixed values of the parameters f* : 8, o : 0.5, kr : I, kz : 2 we obtain the
parametrized form of the problem

.I(@,u): rr(8) ----+ IrI&Xr

iL  :  f i 2 ,  i z :  - r t  i  u ,  i  €  [ 0 ,  O1 [ ,

c1(0)  :  t2(0)  :  0 '  r r (Or)  -  -0.5, (43)

i r :  f i 2 ,  i z :  - 3 x t - l + u ,  t  €  [ O 1 , O 2 [ ,

r r (Oz)  :  -0 '5 ,

i r : 1 2 ,  b 2 : - x r I u ,  t €  [ O 2 , 8 [ '

l " ( t ) l  <  l ,  t e T :  [ 0 , 8 ] .
The problem was solved with h = 0.08. The optimal values of transition in-
stants are O0 : (4.4,6.16), the corresponding value of the performance index is

Jo(Oo) : 5.2665. As an initial value of O the vector O : (3.2,4.88) was chosen
with J0(O) :2.5648. To solve the problem (32) large itbrations were used. On
each iteration the vector 6 *as calculated as O : O + hAO where

Fig. 2 contains current values of O in the course of iterations and the correspond-
ing optimal support instants ?"0,"(O) {t?(O),t8(O)}. The optimal open-loop
control uo(t), t € ?, is presented'in Fi 3.a).

ro; @),e
€2

t;@)

O7

ti(e)
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1

0.5

0

-0.s
- l

1

0.5
0

Fis. 3

In [13] a method of evaluating the effectiveness of solving OC problems is
suggested. As a unit of complexity the time of integration of a primal or adjoint
system on the interval ? is considered. In doing so it is assumed that there
are enough microprocessors at our disposal to perform the integration of several
equations in parallel. Using this method of evaluation of effectiveness we obtain
the complexity of construction of the optimal open-loop control in our example
to be equal 4.03. This means that despite the large number of iterations, the
optimization of the system is performed in time required for integration of the
system on an interval of the length 8 x 4.03 :32'24.

The realization of the optimal feedback was constructed under the distur-
bance tu*(t) :0.5sin2t, f € ?, unknown to the controller

a)

b) -0,5
- 1

f i l :  1 2 '

ut(t)
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1

0.5
0

b)

Fis. 3

In [13] a method of evaluating the effectiveness of solving OC problems is
suggested. As a unit of complexity the time of integration of a primal or adjoint
system on the interval ? is considered. In doing so it is assumed that there
are enough microprocessors at our disposal to perform the integration of several
equations in parallel. Using this method of evaluation of effectiveness we obtain
the complexity of construction of the optimal open-loop control in our example
to be equal 4.03. This means that despite the large number of iterations, the
optimization of the system is performed in time required for integration of the
system on an interval of the length 8 x 4.03 :32.24.

The realization of the optimal feedback was constructed under the distur-
bance tr. '*(t):0.5sin2f, f € ?, unknown to the controller

i t  =  t2 t

&#G)
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The realization tl,*(t), t e T, of the optimal feedback is presented in Fig.3.b).
Fig. 4 contains the phase trajectories of systems (43) and (44) (curve 1 is the

optimal open-loop trajectory of (43), curve 2 is the trajectory of (44) generated

by u. ( t ) ,  t  €  ?,  and w*( t ) ,  t  eT) .
The complexity of operations of calculating current values of the optimal

feedback does not exceed 0.15 at any instant t € ?7. This means that for

realizing the algorithm it is enough to use microprocessors able to integrate

systern laS; o" ihe interval of Iength 8 in time r0 such that 0.1520 ( h : 0.08,

i.e., in r0 : 0.b3 units of time in which problem (43) is formulated. If the time

in problem (42) is measured in seconds, 0.53 second is more than enough time

for modern microprocessor to integrate system (42) on the interval [0,8]'

6. Asymptotic Conection
Problem2

6.1. General Definit ions

Imbed problem (1) into the family of problems depending on a small param-

eter pl -r Q

c'r(t*) ----r rrr&Xr t : f (r) + pg(r) * bu, r(0) -- rs,

r ( t * ) e X * ,  l u ( t ) l  < 1 ,  t e T ,

where e(r )  :  ( / ( r )  -  i@Dlt ,  r  €  X.
For a fixed parameter p a piecewise continuous function u(t,tt), t € ?, sat-

isfying the inequality lu(t,p)l < 1, t e T, is called an accessible control. An

accessible control is called an admissible open-loop control if the corresponding

trajectory r(t, l.r), t € T, of system (45) satisfies the constraint r(t",p) e X*.

An admissible control uo(t,t-i, t € T, which maximizes the performance index

of problem (45), is called an optimal open-loop control. For a chosen inte-

ger s a family u"(t) : {ui(t), p - '0}, t € T, of accessible controls is said

to be an asymptotically s-optimal open-loop control of a piecewise quasilinear

problem (45) if for trajectories ri(t), t e T, P-* 0, generated by controls

u i , f t ) , t eT ,p -+0 , theasympto t i cequa l i t i es  c ' r o ( t * , p ' ) - c ' r " * ( t * )  :O (p "+ r ) ,

rtri(t.) - g: O(p"+l) frold. Hereao(t,p), t eT, is a trajectory of system (45)

gen'erated by the optimal control uo (t, 1.t) , t e T '

Taking into account the form of the functiott f 1";, r € X, and assuming the

structure X0 of the optimal trajectory to be known, we write problem (45) in

parametrized form as an OC problem of a stair quasilinear system

J(0,u): c'r(0j.) .-.-.-+ max, (46)

i :  A j r +  a j  +  p s j @ ) * b u ,  t  e l | i t , | i l ,  i : ! ' 2 , . " , i * ;  t ( 9 s )  -  r s ,  ( 4 7 )

of the Solution to Piecewise Linear

(45)

2Results of this section have been obtained jointly with Prof' A I' Kalinin'
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(48)

l " ( t ) l  <  7 ,  teT .

Here gi(r) : (f(") - Air - oi)16, r e X?, j € J. It is obvious that functions
gi@) are infinitelv differentiable in intxii I € J, and gi@) : 9i+r(r) if Hir :
g j r i : I , 2 , . . . , j * - 7 .

A vector 0(p) :  (0i0"),  j  :  I ,2, . . . , i*  -  1) and a piecewise cont inuous
function u(t,tt), t e T, are said to be an accessible control if. lu(t,p)l < l,
t € T. An accessible control {0(p,);u(t,u),t e ?} is cailed admissible if the
corresponding continuous trajectory r(t,tr), t e T, of @T) satisfies conditions
(48). Admissible control providing a maximal value to performance index (46)
is called optimal.

Definition LL. A fami,ly of access'ible contrors {ei";uiT),teT; p--+0} i,s sai.d,
to be an asgmptotically s-optirnal control (s : 0, r,'.. .) i,f for the trajectories
ri(t), t =T, lt 

-,0, of ssstem (lT) generated bs controts {0i,;uie),t eT},
p ---+ 0, the following cond'itions hold

c'ro(0i . ,1r)  -  c ' r"r(0i . ) :  o(p"+L),  Hlr i (e 'r)-  gj  -  oiQ-r+L),  i  e J.

Below we suggest an algorithm of constructing an asymptotically s-optimal
control in problem (46)-(48). Conceptually, it is very close to the algorithm of
asymptotic solution of a quasilinear oC problem proposed in [g, 1g]. It is based
on const^ructing asymptotic expansions of the vector 00(p) and switching points
of OC uo(t ,1"), t  €T,by powers of the smal l  paramete..  

'

6.2. structure and Asymptotic Properties of the solution to problem (a6)-(ag)
L e t  t t r . . . r t p r r  0 1 ,  t p  L , . . . , t k 2 r  0 2 , . . . r | i . - t ,  t * r . _ r * 1 r . . .  , t k "  ( k i .  : 1 g r )

be distinct points in the i erval ]de, di. I arranged in increasing order. Introduce
i n t o  c o n s i d e r a t i o n  v e c t o r s  0 :  ( 0 t , . . . , | j . _ t ) , T i :  ( t n ,  i :  l c i _ t  *  1 , . . . , , k 7 ) ,
j  e  J ,  and denote by r ( t ,Tt , . . . ,T i . ,0 ,p) ,  t  e  T,  a t ra jectory of  system (aZ)
generated by an accessible control {0;u(t,TL,. . . ,Ti.,0),t e T} where

'Yt,

(-1) 'rr,
( -1)k '7r ,

t € l?s,ti,
t  €  l t i , t+r l ,  i  :  ! ,2 , . . . ,  k rL i
t  e  [ t 6 r , 01 [ ,

7i ' ,  t  € l?i . -r , t r" i . - r+1,,
( - ! ) i -k i - - r r r . ,  t  € [ t i , t+ r [ ,  i :  h j ._ r  *  1 , . . . , k * -11
(-t)or.  -k i .  - t7i . ,  t  e [ tk. ,0j .1.

Problem (34)-(37) formally arises from problem (46)-(48) when p : 0. Further
it is called a base problem.

- Let u(t ,Tf , . . . ,Tjo, ,do) :  uo(t) , t  € ?, be an OC of the base problem in the
class of piecewise continuous functions. Let u1,...,uj. be vectors of dimensions
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T f l 1 , . . . , n ? i .  r e s p e c t i v e l y .  D e n o t e b y  { ( t , T r , . . . , T i " , 0 , u : t . ' . t u i ' , F ) ,  t  €  T ,  a

piecewise smooth vector-function being a solution to the adjoint system

,1,: -(Ai * rW)'{, t €loi-1,oil, (50)

j  :  7 , 2 , . .  . ,  j * ,  , l t ( ? i ' )  :  c  -  H l , v j . ,

with jumps at instants 0r,  . . .  ,0 i . -r

, t t ( 0 i  - O ) : 4 ) @ j ) -  H ' i r i ,  i : I , 2 , . . . , i *  - 1 .  ( 5 1 )

one can show that under rather general conditions [8,19] in problem (46)-
(48) with a quite small (in absolute value) p there exists the unique optimal

control {0(p,); uo (t, ti), t e ?} where

uo (t ,  t t )  :  u(t ,  Tt(p),  . '  . '  Tj '  (1t) ,  0 Qt)) ,  t  e 7' (52)

Therewith the vectors Tr(tD,. . .,Tj.(t"), 0(tt) are infinitely differentiable func-

tions of the small parameter, and together with ui1t)' i  
- 1,.", j*, they satisfy

the equations
H i t ( | i , T r ,  "  ' , T i " , 0 ,  t " )  -  9 i  : 0 ,  i  :  ! , 2 ,  " '  , i * ,

, b ' ( t t , T t , - ' . , T j ' , 0 , u ! , ' . ' , u i ' , p ) b : 0 ,  i : 1 , 2 , " ' , k * ,  ( 5 3 )

v!  H 1 (A i  r (0 i ,  Tr ,  . . . ,  Ty,  0,  p)  + a i  + pg i  ( r (0 i ,Tt ,  . . . ,  T i '  d ,  p)  )  + ( -1 )k '  
-  t "  i  -  t  

1  ib)  
- f

( l i + t - ( - 1 1 t c i - t c i - t . r . ) r h ' @ i , T t , . . . , T i . , 0 , u r , . . . , u i , , t - t ) b : 0 ,  j : 1 , 2 , . - . , i * - 1 ,

and 
"r(0) 

: Tf , i e J, 0(0) : 0o '

6.3. Construction of AsYmPtotics

Let us introduce into consideration the vectors z : (Tr,. . ' ,Ti',0,ur,' ' ' ,ui'),
zs :  (T1 , . . .  , f f . ,0o ,v1 , . . .  , v l " ) .  Denote  by  R(z ,p )  the  vec tor - func t ion  com-

posed ol l"ft rid6r of equations (ss) ana write this system in the form

R(2,11,)  :  g . (54)

As the vector-functions 0(p), Ti1t), ui}"), i ! J, are infinitely differentiable,
the asymptotic expansions g(p) : eo +t]=rpoer,TiQi:T! +lf: tpkf!,
,i!t) : ,l + D,f--, prr!, i € J, take pler,ce,- ' 

Let 
" 

[" u gi""" integer. It is not difficult to prove that the family of controls

{ d " ( p ) ;  u " ( t , u ) , t € T ;  p ,  *  0 }  w h e r e

u" ( t ,p )  :  u ( t ,T i1" ) , . ' . ,7 ; - (p ' ) ,0 " (p ' ) ) ,  t  eT ,  (55)
g S

0 " ( p ) : B o * I  p n e k ,  T f  ( u ) : r l  + \ u k r ! ,  i : 7 , 2 , " ' , i * ,  ( 5 6 )
k:r k= l

is an asymptotically s-optimal control in problem. (47). To construct this control

we should calculate the coef f ic ients 0&,  Tf  , ' .  ' ,T1. ,  k :7,2, . . . ,s ,  o f  the Taylor

polynomials (56). Now we describe an algorithm of their calculation. First of all,

let us expand the left sides of equations (53) in powers of the small parameter.
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The vector- funct ions n( t ,71, .  .  .  ,T j .  r0,  p) ,  , l r ( t ,Tt , .  .  .  ,T i .  ,0 , t /L t .  .  . tv i . ,  F) ,
t € T , are infinitely differentiable with respect Lo p, at any point of their domains
of definition and therefore admit asymptotic expansions

x ( t ,T1 , . . . ,T i . , 0 , t t )  : i r r ro1 r , r r , . . . ,T i * ,0 ) ,  (57 )
e#

{ ( t , T r , . . . , T j . , 0 , u r , . . . , v j . , t t ) : D H k t | . , r ( t , T r , . . . , T j . , 0 , u 1 , . . . , u i ^ ) .
k:0

Using the Poincare formalism we set up differential equations for the func-
t i o n s  r p ( t )  :  r k ( t , T r , . . . , T i - , 0 ) ,  r b n ( t ) :  r b r ( t , T r , . . . , T i , , 0 , u 1 , . . . , u i . ) ,  k :
0 , 1 , . . . , s :

is :  Aixs + a. j  + bu(t ,71,. . . ,Tj . ,e),  t  e l0i-1,0i [ ,  j  :  1,2,. . . ,  j* ,  rs(f ls)  :  rs;

t l ro  :  -A ' i r l t s ,  t  € l l i - t , l i l ,  j  :  ! ,2 , . . . , j * ,  r l to (T i . )  :  
" -  

H ! . r i . ,
,ho(0 i  -  0 )  :  $o(9 j )  -  H ' i r i ,  j  :  t ,2 , . . . , j *  -  l ;

i 1 :  A i r l +  g j ( r o ( t ) ) ,  t e  [ | i - t , 0 i l ,  j : r , 2 , . . . , j ' ,  1 1 ( d e )  :  g ;

i r ,  :  -A' i r l , t  -  0Hi@o9)'{o(t))  
,  t  €10i-r ,0i l ,  j  :  ! ,2, . .  . ,  j *  ,

,/tt(9i. - 0; (b8)

i2:  Aix2.  awrr | ) ,  t  e l ,0 i  , ,0 i1,  i  :  1,2, .  .  . , i * ,  r2(0s) :  g;

iz: -A,irh, - 0Ui@o9),4tt(t)) - a2ni@B?),,!o@) 
x1(t), t €l0i_t,0i),

j  :  1 , 2 , .  .  . , i *  ,  , l t z ( f l i - )  : 0 ;

where  H i@, t )  :  4 ) '  g i (n ) ,  j  :  L ,2 , . . . , j * .
By virtue of (57), the asymptotic expansion

^ , , sR(", tt) : y uk Rx(z)
k=0

takes place,

R s ( z ) :

R 1 ( z ) :

where

r l

I
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R 2 ( z ) :

H i r 2 ( ? i , T t , . . . , T j . , 0 ) ,  i  :  I , 2 , .  " ,  i *
, l r L ( t t , T r , .  .  . , T j " , 0 , u r , . , . . , u j . ) b ,  i  :  7 , 2 , . . . , k *

v ' rH1(A1r2(0 i ,T r , .  .  .  ,T i - ,0 )

*  
0 g i @ o ( 0 i , T t , . . . , T i . , 0 ) )  

r 1 ( 0 i , T t , . . . , T i . , 0 ) )' 0 n

r  ( l i+ r -  ( - t ; r ' - t '  - " t j )$L@j ,Tr , .  .  . ,T i * ,0 ,4 , . '  . ,  u i ' )b ,

j : r , 2 , , . . , i * - 1

229

The defining elements zs : (Tl, T:f., 0o, ul, ... , 4) of OC
u(t,f!,...,t?.,00), t € T, of the base problem are constructed by solving the
equatlon

fto(z) : 0. (5e)

Definition L2. The procedure of soluing equation (59) is called a finishi,ng one
with respect to the solution to problern (31) [11, part 2].

To solve equation (59), the Newton method is used. An approximation z[ of
the elements zs is calculated as ,L : 

"to 
| - /tl("6-r)fto (t\, I : l, ... ,Io,

where /s(z) is the.Jacobi matrix of system (59).
W9 nut zo : z'o' where zfio is an approximation which satisfies the condition

llno(rf)ll ( e for a given e ) 0.
As an ini t ia l  approximation z$ :  (?r0(0), . . ' ,49iol ,Bo(o),  r0(0), ' .  . ,  4o')  *"

take elements 
"&e(jldo(o))uT*s(jllo(o)),,r 

€ J, the set d0(0) and values of the

Lagrange multipliers u9(o) - ro(B?(o)), i e J, obtained after solving problem
(34)-(37) in the class o? discrete controls.

on the base of the known values \p9(o) - tl(O)), tl(O) € T" (i); \p9(o) -

Br9loi), ri, j € J, we form n4Q$), ts(28). O" each iteration of the Newton method
the integration of functions,Q(t), i e J, is performed on intervals of the length
pl{t) -goa-r) * rott-t1-rl(r)1, k - Iei-r,...,kr, l loia) _r|!)r-e9{t-t l + Br9lr t)l

When these integrations are performed in parallel, the total complexity of the
finishing procedure equals

lo

Ayn :D +ry{ f aio - rliY\ - st(t-r) + d;!, 1) l,-  
- j e -
I : L

x:n1?I..,n,109o 
- 6l?-rt + tl(t-tl - tor<tt1j p.

Le t  zp :  (T f  , . . . , r f " , 0k , r f  , . . . , u f . ) ,  k :  1 ,2 , . . . , s i  z " ( t r ) :D i x :o t t k " t " .
By using the Taylor formula we expand the vector-function Di:o tto Rt"(r"jt))

by powers of p up to s and equate the coefficients of the expansion to zero. As
a result, we obtain nondegenerate systems of linear equations for successive cal-
c u l a t i o n  o f  t h e  v e c t o r s  f f ,  .  . . ,  T f . ,  0 k ,  u f ,  . . . ,  u l . ,  k  :  I , 2 , . . . , s :
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16z1 : -Rt(zo)'

Isz2: -ff{ro)"' -?r#rzo)zr - Rz(zo),

The Jacobi matrix Io: Io(zo) is calculated on the last iteration of the finishing

procedure. Right sides of system (60) are formed by integrating equations (58)

and differential equations for partial derivatives of the vector-functions r*, tbx

w i t h r e s p e c t t o t h e c o m p o n e n t s o f  t h e v e c t o r s ? r , . . ' , T j . , 0 , u r , . . . , r u i .  ( s e e , f o r

e*ample,  [17]) .  In  doing so,  i t  is  taken into account  that  u(r ,?1,  . . . ,Tf - ,do) :

u o ( t ) , r s ( t , ? r o , . . . , T i o , , g \ : c o ( t ) ,  r h Q , T | - , . . . , T i o . , 0 o , v l , . - . , r ? - ) : + o ( t ) , t e
T.

We calculate coefficients zp, k - 1,...,s, and find tf(d) : Di:o 6ktf , i:
r , . . . , k * ;0 ] (6 ) :D" r :o6o0 f  ,  i  : 7 , . . ' _ , i ' - 1 .  The  con t ro l  u ' ( t ) ,  t  €  ? ,  o f  t he
form (49) with tl : tf (d), i : 1,...,k*, is taken as an open-loop solution to

problem (1).
As a rule, there are no strict limitations on the time of constructing the

optimal open-loop control so here we are not discussing the ways of calculating

required values of functions.. rp(t), $p(t), t e. T, k: I,...,s, and their deriva-

tives. Let us dwell on this question when describing a method of constructing a

positional solution.

6.4. Realization of the Optimal Feedback

As shown above, in a particular control process the behaviour of a nonlinear

system is described by equation (5) and the problem is to calculate a realization

u-(r) of the optimal feedback at each current instant r € T7,. As in the case

of constructing an open-loop solution, for constructing a realization of an opti-

mal feedback one can use either a solution to a piecewise linear problem or its

asymptotic correction.
In sec. 5, the construction of the realization of the optimal feedback in a

piecewise linear problem is described. There, at each instant r € ?16, the solution

to the problem

ctx(t*)  -----+ l roxr t :  i@) *bu, r(r) :  r ' ( r) ,

x ( t * ) e X ' ,  l " ( t ) l  < 1 ,  t € T " ,

is constructed, the signal u*(r) : uo(rlr,r-(r)) is calculated and required aux-

iliary information is formed.
Below we describe a method of constructing realizations u*(r), r € fir, with

the use of asymptotic expansions.
To introduce notations concerned with the optimal feedback control we con-

sider family (45) as an element of a more general family

ctx(t*) ----+ lr&X, t: i@) + pg(r) *bu, x(r): 2, " (62)

r(t*) € X*, lu(r) l  < 1, t  e T" ,

also depending on r €T and z e X.

(60)

(61)
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Let us (tlr, z) : {ui(tlr, z), F -* 0}, t € T" , be an asymptotically s-optimal
open-loop control for a position (r,z), f)" be a set of positions (r, z), for which
there exist open-loop asymptotically s-optimal controls, u"uft,z) : u"u(rlr,z),
(r ,  z) e Q".

Deffni t ion L3. A fami. lU u"(r ,z):  {u"uQ,z),p -  0},  (r ,  z) e{1", ' is said to be
an s-optimal feedback control.

Consider the behaviour of the system closed by the s-optimal feedback under
unknown disturbances:

t :  f  ( x ) + b u " 6 ( t , r ) + w ( t ) ,  r ( 0 ) :  a o . (63)

Denote by r* (t), t e T , a trajectory of equation (63) corresponding to a realizing
disturbance w* (t), t e T.

Definition L4. A function u"*(l) : u|(t,r.(t)), t € T1', is sa'id to be a real-
ization of s-optimal feedback, and any device able to calculate its ualues in real
time is called an s-optimal controller l9).

An s-optiryal controller with a chosen value s is taken as an optimal controller
solving the problem of optimization of a nonlinear system.

Let us describe an algorithm of operating a l-optimal controller.
Before starting the controller, on the interval ? we fix N points s1, I :

1,... , N so that Ni points s,, s : 1,... , Ni (l{r. : N), are located on the interval

]0,0i[, j  < J. Then we calculate and store matrices 4(tl), I : Nj-r * 1, ... , Ni,
j e J .

Suppose that the controller has been constructed and operated on the interval

[0,r[, and at instant r €T6, the system (63) is in a state r.(r). We solve base
problem (61) for this state. The defining elements zs(r): (Tf61k), ... ,fro.(r),
0o(r), vl61(r), ... , 

"1.(r)) 
are calculated from the equation

fi6(z(r)) : g, (64)

where

Ro(z( r ) ) :

H j x o ( e j ? ) , T i 6 1 ? ) , . . . , T j - ( r ) ,  d ( r ) )  -  s j ,  i  :  i ( r ) , . . . , i *
,b'o(t(r), T i 6y (r), . . ., Ti' ft), 0 (r), v i 1"1 (r), . . ., v i. (r))b,

i : 1 , 2 r . . . , k * ( r )

v', H 1 (A 1 rs(0 1 Q), Ti 6,1?), . . ., Tj " (r), d(r))+

+ aj + 1-t1xi-ki-ryb)+
* ( l i+r -  (- l ; t i - t ' -" ' l )x

x r ! 'o(0 /r) ,  T i  61 (r) ,  .  .  . ,  T j '  ( r) ,  0 (r) ,  u i  1,1 (r) ,  .  .  . ,  v i .  ( r))b,

j : j ( r ) , ' . ' , j * - l

As above we assume that on the interval T" the transition instants 0i6), . ' . ,0i. -r
are located and put 0i61-t: r.
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A set  ^9(r )  :  { i ( r ) ;  k i ,1 i , i  :  iQ) , . . . , i * )  is  sa id to be a st ructure of
the optimal control of the base problem. If the structure ^9(r) coincides with
S(r -h), we solve equation (64) by the Newton method and take as an initial
approximation z$(r) elements 

"o(, 
- h) constructed at a previous instant r - h.

The analysis of situations of changing the structure is performed by analogy
wi th [15] .

In the course of solving the base problem we form and store information
which is used further for calculation of the coefficients of the first approxima-

+ o  t - \

t ion: f, 'of|(" ' F;'to1uao, r;Lftl(r)), i: ki-t(r)+1,..., ki?), i : i(r),..., i*;

rlel?)), F;r(eoj-L?D, Ifi,',",',nrF;'@)bds, I'ig'-;i);'.''") r;'1o1uao,

i  :  i ( r ) , . . . , i . ;  $ i_ ,<4F;L( ' , i lo1ar9,  l  :  N i - r ( r )  +  1,  . . .  , l / i ( " ) ,  i  :  i ( r ) , . . .  , i * ,
where N1(r) is a number of f ixed in advance points st, I : 1,.. .,N, located on
interval  l r ,0l(r) [ ,  j  :  i ( r) , .  .  . ,  i " .

To calculate 4(r)  :  (T]61k),  . . .  ,  r ; .Q),  0r(r) ,  
" j61?),  

. . .  , - r ] , (r))  we
solve the system

Is(zs(r))a(r)  :  -R,(zo(r)) ,  (65)

where /s(zs(r)) is the Jacobi matrix of equation (64) constructed when solving
thebaseprob lem.  Va lues  r r ( t * ) , rh ( t? ( r ) ) , i : \ , . . . , k * ( r ) , requ i red for fo rming
the right side of equation (65), are calculated from the equations

i 1 : A i r l + s 1 @ s ( t l r ) ) ,  t e  [ d x - r ( r ) , 0 i Q ) 1 ,  j :  j ( t ) , - . , j * ;  o 1 ( r )  : g ;

.i. At.t. 0H1@s(tlr),to(tlr)) + ,, h : _ A , i , h ' _ f f i , t € | 0 i _ t ( r ) , 0 i Q ) \ , j : j ( , ) , . . . , j * ;

dr( t*)  :0.  (66)

The idea of fast.calculat ion of the values ,r(?i) ,  i  :1, . . ' , i - ;  rhQ?Q)),  l :
1, ... , k*(r), is based on the use of quadratures

r1(0): D ar,
r:  j (") t :

)
F"(0")F;L (s1)s. (ro (s1lr))h; ,

z ) * 1

iv.("

t
N, - r (

i '  lv"( r )  A^ t

{'r(t!1r11 : t t *'o!,lr)T(c0(sllr))F.(sr)rF1(d,-r)
r : j * r  l :N"-1(r)*1

x Q,a,iFi(li)F, L (tr(rDnt

+ t ,t"r(r, l i$(r0(sllz)).Q(s1){1(ta(r))h1,
I :  l <N ; ( r ) ,  s1> t ! ( r )

where h7, I :1, ... , N, are coefficients defined by the chosen quadrature (in the

simplest case h1 : coDStr I : 1, ... , ly').
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Required values c0(s1l r ) ,  do(sr l r ) ,  l :7 , . . . ,N( t ) ,  are calculated wi th the
use of information formed before starting the controller and after'solving the
base problem.

Flom equation (65) we find zy(r) and calculate tol(dlr) : t?(r) + 6t!(r),
i  :  r , . . . , k . ( ' ) ;  0 I (6n  :  e lk )  +  60 j ( r ) ,  j  :  j ( r ) , . . . , j * -1 .  I f

the structure of the control ur(t,61r,".(")), t e 7", coincides with the structure
of the optimal control uo(tlr,s-(r)), t e'I', of the base problem. In this case,
the input of system (4) is fed by the signal ur*(r) :1161Q). The violation of
condition (67) means that the number d is greater than such a number po > 0 [8]
thatfor any p, l t" l<t to thestructureof OC uo(t ,1"t l r , r . (r)) ,  teT",coincides
with the structure of the control uo(tlr, c.(r)), t e T'. In this case, we put

u1* ( ' ) :  { t i< " t? )  '  
i f  t l (d l r )  >  r '

\  /  
[  - rrr" l (")  i f  t | (dh) < r '

In doing so, we assume that the length of intervals, where the structures of
controls uL(t ,6lr ,x*(r)) ,  t  e ' I" ,  and u0(t l r ,"-(")) ,  t  eTr,  are dist inguished, is
insignificant in comparison with the duration f* of the procesF.

6.5. Example

The proposed approach to optimize nonlinear systems is illustrated by the
following problem of optimal damping of a mathematical pendulum

r10
I u(t)dt ------+ min,

J O

i r :  12 ,  i z :  -  s inc r  *  u ,  c1(0)  :  1 .5 ,  r2 (0)  :  g ,

1 1 ( 1 0 )  : r z ( 1 0 )  : 0 ,  0  <  u ( t )  <  0 . 5 ,  t  € T  : [ 0 , 1 0 ] ,

in the domain X : {(rr,*r) : lrl l < rl2}.
We use two approximations of the nonlinear element -sinc1: 1) Iinear ap

proximation - tr r, tr e X ; 2) piecewise linear approximation (l - 4 I r)r 1 + I - n f 2,
r  €  X1:  { ( r r ,  n2) :  r f  4  <  r r  <  r f2 } ;  - r1 ,  r  € .  X2:  { (o r ,  r .2 ) :  l r l l  < "14} .
Fbom the linear approximation we obtain dr : 0.570796, and by using the non-
Iinear approximation one gets 6z:0.IL0721.

Thus, in the first case, problem (68) is imbedded into the family

/^10

I u(t)dt ---* min,
J O

i r :  12,  i2 :  -s ,  *  
p(r t  - -s int r )  

I  u ,  x1 (0)  :  1 .5,  r2(0)  :  [ ,l t  '  
d r

11(10)  :  re (10)  :  0 ,  0  <  u ( t )  <0 .5 ,  t  eT ,

in the second case, we use the family

(67)

(68)

(6e)
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u( t )d t  - r  m inr  i r :  12 ,

(  ( r - f ) " t  + r -E* " ' ^ ' " -u " - t l ; * " ' ' - * ^  *u ,  r€X1 ,
i o : l  \  ^ /
-  

[ - " t+e( r : f r ! l rd+u,  r€X2,

1 1 ( 0 ) :  1 . 5 ,  o 2 ( 0 ) : 0 ,  r r ( 1 0 )  :  c z ( 1 0 ) : 0 ,  0  <  u ( t )  <  0 ' 5 ,  '  €  ? '

The parametrized form of problem (70) is

r10

Jo 
u(t)at -- min,

i L :  r z ,
-  L - t  r12 -  s inr l )

lo'o
(70)

6z
* u ,  t  €  [ 0 , 0 1 [ ,

(71)c1(0) :  1.5,  ,c2(0) :0,  , t (0)  :  n,

i t  - -  rz ,  i2 :  - r r *  p r (o r  - -s incr )  
*  u ,  t€  [01 ,10 ] ,6z

11(10)  :  rz (10)  :  0 ,  0  <u( t )  <  0 .5 ,  t  €  ? .

The base problem for problem (71) is as follows

fro
I u(t)dt ------+ minr

J O

i L  :  c2 ,  i2  :  -x . r  *  u ,  t  e  [0 ] ,  10 ] ,

z 1 ( 1 0 )  : r z ( 1 0 )  : 0 ,  0 < u ( t )  < 0 ' 5 ,  t € ? '

Table 1 contains results of open-loop solution to problem (68). Ttajectories

of system (68) have been constructed by the following controls: 1) u!(t), teT,

is the optimal control of the Iinear base problem
n 1 0

I  u$)d' t  -----+ min, i r :  x2, iz:  -nt  + u, x91(0) :  1 '5 '  r2(0) :  0,
J O

r r ( 1 0 ) : r z ( 1 0 )  : 0 ,  0 < u ( t )  ( 0 ' 5 '  t € ? ;

is valuable comparing results in illustrative examples but not for practical use.
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In each case the control has the form

(73)

Table 1 contains switching points of these controls, the values of the tran-

sition instant 91 when the piecewise linear approximation is used, the values of

the performance index and the endpoint states of system (68). The curve 1 in

Fig. 5 presents the phase trajectory of system (68) constructed by the control

u\(t),t € ?. Let us construct the positional solution to problem (68). At f irst '

we analyze the behaviour of system (68) without disturbances. We control the

system by the realization uL"(t), t e T, constructed by the l-optimal controller

(h : 0.01). Necessary values of the functions ar(t), {n(t) ' t € T" , r € T6,

have been constructed by the Fehlberg fourth-fifth order Runge-Kutta method

[6]. The control ul*(t), t e T, has the form (73) with switching points 1.06,

2.58,7.567630, 9'039940 and the transition instant 0i: l '2t ' At the instant

t* : 10 the trajectory of system (68) reaches the state (-0.000i29, -0.000455),

the value of the performance index is 1.496155.

Table 1

Control Switching
points

Instant d1 Performance
index

Endpoint
state

uor(t) ,  t  e T
0.722734
2.418858
7.005920
8.702044

1.696124 0.017095
-0.516580

u!( t ) ,  t  e  T
1.007916
2.5r7443
7.547231
9.077574

1.489935 -0 .012199
-0.055845

u9r(t), t e T
r.078442
2.593439
7.371674
8.876624

1.233553 1.509974 -0.013850
-0.111839

uIr(t), t e T
1.064668
2.573226
7.553250
9.036841

1.218658 1.496074 -0 .001177
-0.008707

uo(t ,6),  t  e T
1.064547
2.573684

7.566068
9.049386

r.496228 10-8

10 -8

235

f  0 ,  ,  €  [0 ,  t {u l t2 , t3 [u[ t4 ,10[ ,
l t l t l :  <* \ - /  

\  o . s ,  t  € l t 1 , t 2 [ u [ t 3 , t a [ .
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Table 2 contains switching points of the realizations, the corresponding 'ralues
of the performance index and the endpoint states of system (74). The curve 2 in
Fig. 5 presents the phase trajectory of system (74) under control ur* 7t1, t e T.

Table 2

Control Switching points Performance index Endpoint state

ur*1 t ) , teT
1.3
2.7

7.789350
9.287743

1.449196 0.000016
-0.001192

ul6(l), t e T
1.3
2 .7

7.717981
9.257927

L.469973 -0.003723
-0.002823

u!6(t), t e r
1 . 3
2 .7

7.778486
9.278203

1.449858 -0.000074
-0.001229

ul6o(t), t e r
1.3
2 .7

7.778420
9.278330

1.449955 10-6
-0.001202

u|50(t), r e r
1.3
2 .7

7.778403
9.278366

t.449982 0.000014
-0.001133
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