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Abstract. A new approach for solving of the optimal synthesis problem is suggested.
This approach, based on principles of the adaptive method of linear programming [10]
and constructive methods of optimization, has been developed in Minsk since 90s. In
the framework of this approach in the paper we suggest algorithms of optimization
of linear control systems with intermediate state constraints, piecewise linear control
systems, and a nonlinear control system. Problems of constructing open-loop and
closed-loop solutions are under consideration. Results are illustrated by two examples
of control for piecewise linear and nonlinear oscillating systems.

1. Introduction

The first papers dealing with the statement and solutions of the optimal syn-
thesis problem appeared fifty years ago. The problem was solved by engineers,
experts in automatic control [5,18]. Optimal controls obtained by engineers
were discontinuous and took only boundary values. That differed them from
the known solutions of classical calculus of variations problems solved in other
applications in 30-40s. The solutions of the latter problems allowed one to
show potential possibilities of static and dynamic systems. The optimal synthe-
sis problem differs fundamentally from calculus of variations problems. In the
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terms of control theory, the solutions of calculus of variations problems are called
optimal open-loop solutions. Such kind of optimal (open-loop) solutions are not
possible to use in real control processes. Real control systems are designed, as a
rule, according to a feedback principle. Constructing optimal feedback controls
is generally considered as the synthesis of optimal systems. Open-loop controls
are functions of time, whereas optimal feedback controls (closed-loop controls)
are functions of phase states of control systems, they also are called positional
controls.

In 50s, by analogy with calculus of variations mathematicians formulated
problems of optimal open - loop control. Further development of the theory
of optimal control proceeded according to the way of calculus of variations.
A basic result of this development is the Pontryagin maximum principle [22].
The second basic result in mathematical theory of optimal control represents
the Bellman dynamic programming [2]. Unlike the maximum principle dealing
with optimal open-loop controls, dynamic programming gives a solution to an
optimal control problem in the form of optimal feedback. Therefore it does
not make sense to compare these two fundamental results. For a long time
mathematicians considered dynamic programming having no sufficient basis due
to its heuristic nature. Recently strong definitions of the Bellman equations
and its solutions have been found by methods of nonsmooth analysis. It means
that one can believe that dynamic programming has become rigorously justified
theory. But it offers a little help to engineers in effective implementation of
dynamic programming for the synthesis of optimal systems because its principal
difficulty, known as “curse of dimension”, had not been overcome and evidently
can not be overcome in principle. To sum up the analysis of contemporary state
of the theory of optimal control one can assume that the problem of optimal
synthesis stated 50 years ago remains unsolved although outstanding results in
very different fields of the theory have been obtained.

The purpose of the paper is to present results on the solution of optimal
synthesis problem obtained in Minsk (Belarus) during the last years. These re-
sults are based on constructive methods of optimization [7,11,12,20,21] and a
new concept of the solution of the optimal synthesis problem [14- 16]. The cov-
ered areas are: optimal open-loop and closed-loop controls for linear dynamical
systems with intermediate state constraints, for piecewise linear and nionlinear
dynamical systems. For optimization of nonlinear control systems, a procedure
of asymptotic correction is suggested. Very important problems such as optimal
observation, identification, output feedback control, dual optimization, robust-
ness will be considered in a separate paper.

2. Problem Statement

Let X be a bounded set of R*, T = [0,t*] be a control interval, h = t*/N
be a quantization period, N be an integer, T, = {0, A, ...,t* — h}. A function
u(t), t € T, is said to be a discrete control if u(t) = u(kh), t € [kh, (k + 1)h],
k=0,..,N—-1.

On the set X in the class of discrete controls we consider the following
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problem

dz(t*) — max, &= f(z)+ by, z(0) = o, (1)

r(t*)e X*={re R*: Hx =g}, [|u(t))<1,teT.

Here ¢c,be R*, g € R™, H € R™*™, rank H = m < n, z = z(t) is an n-vector
of the state of the system at an instant ¢; u = u(t) is a value of a scalar control,
f(z), z € X, is an n-vector-function infinitely differentiable in intX.

An accessible control u(t), t € T, is said to be an admissible (open-loop)
control if |u(t)] < 1, ¢t € T, and the corresponding trajectory of system (1)
satisfies the endpoint constraint z(t*) € X*. An admissible control u®(t), t € T,
is said to be an open-loop solution (optimal open-loop control) of problem (1)
if it gives the maximal value to the performance index: ¢/z°(t*) = maxc/z(t*).
Here the maximum is calculated on all the admissible controls, z°(t), ¢t € T, and
is an optimal trajectory.

To introduce the concept of the positional solution (optimal feedback) of
problem (1) we assume that the state of the control system is known not only
at the initial instant t = 0 but also at each current instant 7 € T, of the
control process. Under this assumption we imbed problem (1) into the family of
problems

dz(t*) — max, = f(z)+ by, z(r) =z, (2)

z(t*) e X*={z€R": Hx =g}, [u(@®) <1, teT" =t

depending on a scalar 7 € T}, and an n-vector z.

Let u°(t|r,2), t € T7, be an optimal open-loop control of problem (2), X
be a set of all z € X for which there exists an open-loop solution to (2) at a
fixed 7.

Definition 1. A function
w0(r,2) =u0(r|7,2), 2€ X;, T€Th, 3)
is said to be an optimal (discrete) feedback.

According to the introduced definitions, open-loop u°(t), t € T', and closed-
loop u°(t,z), = € X, t € Th, controls are determined by a priori information on
problem (1). So “theoretically” they might be constructed before the beginning
of the actual control process. Calculating these solutions analytically (in the
explicit and closed, formula form) for problem (1), as a rule, is impossible.
Numerical constructing open-loop and closed-loop solutions is based on their
tabulation. This operation does not cause any problems when one constructs
open-loop solutions even to dynamical system (1) of high order, but tabulation
of positional solutions for solving problem (1) with quite high accuracy leads
to “the curse of dimension” [2], which seems not to be overcome in the nearest
future.
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In [15] a detour of overcoming “the curse of dimension” has been suggested.
Its essence consists in the following. When solving applied problems, optimal
feedback (3) is constructed on the base of mathematical models (1) but is used
for controlling actual systems. The latters differ from “ideal” models (1) by
inaccuracies of mathematical modelling and during functioning they are affected
by disturbances which could not be taken into account in advance (before the
beginning of control process). Let the behaviour of an actual system closed by
feedback (3) be described by the equation

i = f(z) + ul(t,z) +w, z(0) = zo, 4)

where w = w(t,z), z € X, t € T, is an unknown but bounded disturbance which
is a piecewise continuous n-vector function w(t) = w(t,z(t)), t € T, along each
continuous function z = z(t), t € T'.

Under classical definition of a positional solution (with the use of piece-
wise continuous and measurable admissible controls) there arises a mathematical
problem to understand a solution to differential equation (4) the right side of
which is, as a rule, discontinuous. Because of this, the classical solution to the
equation may not exist, the use of the generalized Filippov solutions does not
eliminate the problem completely.

In the paper we consider a trajectory of system (4) as a trajectory of the
equation

& = f(z) + bu*(t) + w(t), z(0) = zo, (5)
under the discrete control
u*(t) = u®(kh,z(kh)), t€[kh,(k+1)h[, k=0,..,N—1. (6)

It is clear that now the problem of existence of the classical solution does not
arise.

From (5) it is seen that in any particular control process corresponding to
an initial state zg and realizing disturbance w(t), t € T', the feedback (2) is not
used as a whole. All one needs to know is values of its realization (6) along the
continuous curve z(t), t € T

If at each current instant 7 € T} the time of calculating the value w*(r) does
not exceed h, we sdy that the realization of the optimal feedback is constructed
in real time.

Definition 2. Any device able to perform this work is said to be an optimal
controller for problem (1).

Thus the problem of the synthesis of optimal feedbacks is reduced to con-
structing an algorithm for operating an optimal controller.

Below, an approach to constructing optimal open-loop and closed-loop so-
lutions to problem (1) is described. We begin with general scheme of solving
problem (1) and with presentation of results concerning linear control systems
with intermediate state constraints to use them in the following constructions.
More details for the case of linear control systems can be found in {13].
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3. General Scheme of Solving the Problem

When elaborating approximate methods of solving OC problems the method of
linearization [4] is often used. However, linear approximations only give satisfac-
tory descriptions of local behaviour of nonlinear systems in a vicinity of certain
trajectories, so the field of their use is limited.

One of the natural ways of expanding the field of application of linear opti-
mization methods is the use of piecewise linear approximations. Although after
this approximation the problem remains nonlinear, it allows to elaborate effec-
tive optimization methods by taking into account the specific character of a
piecewise linear model.

Assume that the closure of the set X may be represented as a unification of
polyhedral sets X1, Xa, ..., Xp, such that intX; NintX; = @, 4 # j. The function
f(z), z € X, in system (1) is replaced by the function f(z), z € X, linear on
each set X;, j = 1,...,p. The number § = max,¢x || f(z) - F@/11f (@) is said
to be an accuracy of approximation. Then system (1) can be written in the form

i = f(z) + 8g(z) + bu, (7)

where g(z) = (f(z) — f(2))/d, = € X, and the problem (1) can be solved in two
stages:
1) solving the problem of optimization of the piecewise linear system

&= f(z)+bu, z(0) =azo;

2) correcting of the solution to the piecewise linear problem by asymptotic
methods.

The accuracy of the solution to problem (1) is determined by both the ac-
curacy of approximation § and the order of the asymptotic approximation.

The simplest case is when we have quite a small § for p = 1, i.e., on the set X
the function f(z) is linear and the stage 1 is solving the endpoint OC problem.
An effective method of constructing open-loop and closed-loop solutions to this
problem has been suggested in [13]. The correction of the solution to the linear
problem is performed by an asymptotic method of optimization of quasilinear
systems. A method of constructing an asymptotically optimal open-loop control
was proposed in [8,19]. On its base a realization of asymptotically optimal
feedback for a quasilinear system with a special nonlinearity was constructed in
[9].

A generalization of these methods to the case of piecewise linear and piece-
wise quasilinear systems allows to construct open-loop and closed-loop solutions
to problem (1) with nonlinearities f(z) of a quite general form.

In elaborating details of the suggested approach, the authors proceeded along
the path of successive complication of studied problems: at first, the algorithm
of solving a linear endpoint OC problem was generalized to the OC problem for
a linear system with intermediate state constraints; then it was supplemented
with the scheme of storing and transforming an auxiliary information and with
the procedure of optimization in parameters for solving the OC problem of a
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piecewise linear system; and at last, the asymptotic method of optimization of
quasilinear systems was generalized to piecewise quasilinear control systems.

4. Optimization of Linear Control Systems with Intermediate State
Constraints

OC problems with intermediate state constraints are often used [4] for solving
problems with state constraints on the whole control interval. On the other
hand, they also arise as auxiliary problems in nonlinear OC problems without
state constraints [3]. So effective algorithms of constructing their open-loop
and closed-loop solutions are of great practical importance. In this section the
approach to solving linear endpoint OC problems suggested in [13] is generalized
to the new, more complicated class of OC problems.

4.1. Problem Statement

In the class of discrete controls we consider an OC problem with intermediate
state constraints

dz(t*) - max, &= A(t)z+ b(t)y, z(t.) = zo, (8)
9«(s) < H(s)z(s) < g*(s), s€ S [u(t)| <1, teT

Here A(t), b(t), t € T, are piecewise continuous n X n-matrix and n-vector func-
tions respectively; g.(s), g*(s) € R™®); H(s) € R™®)xn s ¢ G, H;)(s) is the
ith row of H(s), i € I(s) = {1,...,m(s)}, m =} cgm(s); S = {s1,...,85+} C
ThUt" is a set of intermediate instants: t,+h < 51 <--- < gj» =t*, |§—35| > h,
5,8€ 85, T(s) = [te,s[, s€ 8; J={1,...,5*}.

The notions of admissible u(-) = (u(t), t € T), optimal u%(-), e-optimal
u®(-) open-loop controls are introduced in standard way [16]. Each admissible
control u(-) is accompanied by a trajectory z(t), t € T, and an output signal
z(s) = H(s)z(s), s € S, of control system (8).

Let us describe a method of constructing an optimal open-loop solution to
problem (8), which is a dynamic realization of the adaptive method [16] and is
originally elaborated for static linear programming problems.

4.2. Support. Optimality Criterion

A support is the main tool of the adaptive method. To define the dynamic
analogue of the support for problem (8) we write the latter in the equivalent
functional form

Zc(t)u( ) — max, g.(s st Hu(t) < §*(s), s € S;

teTy teTy,

lu(t)| < 1, t € Th. 9)
Here
t+h t+h
ot) = t+ VLB, ds,t) = ( fi(s’t%) = { J; Glo,ORO)dd, s>,

€ I(s) 0, s <t,
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g*(s) = g*(S) m G(S,t*).’to, g*(s) = g*(s) i G(S,t*)mo,
Ye(t), t € T, is a solution to the adjoint equation

b =—A(tW (10)

with the initial condition
P(t*) =g (11)
G(s,t), t € T'(s), is an m(s)xn-matrix function being a solution to the equation
G = —GA(t), G(s,s)= H(s). (12)

For small h > 0 problem (9) is a large interval linear programming problem
with the specific dense stair matrix. To solve it, standard linear programming
methods are ineffective. The further transformations are aimed at elaborating
a “dynamic” realization of the adaptive method [16] in which the essence of the
elements of problem (9) is taken into account at most.

Following [16], for every s € S we choose a subset Igyp(s) from I(s). Denote
Seup = {5 € St Ioup(s) # 0}, Isup = {Isup(s),s € Ssup}. From the set T we
choose a subset Tyyp s0 that [Tewp| = D¢ Seup |Isup(s)]. Compose the matrix

di(s,t), te T >
Dg, ZDIsuaTu = . AL . .
P Zsup, Toup) ('L € Lsup(s), 5 € Ssup
Definition 3. A set Ksyp = {Isup, Toup} with Isyp # 0, Tsup # 0 is said to be
a support if det Dgyp # 0. In the case Koup = {Isup = 0, Tsup = 0} the set Keyp
is an empty support by definition.

A support Ky, is accompanied by the following elements:

(1) A function of the Lagrange multipliers v(s) = v(I(s)|s) = (v(s),i €
I(s)), s € S. To construct this function we set v,(s) = v(I,(s)|s) = O,
I.(s) = I(s)\Isup(s). Support components Vsyp = (Vsup(8), § € Ssup), Vsup(s) =
V(Isup(8)|s) = (vi(8), © € Lsup(s)), s € Ssup, are calculated as a solution to the
equation

{7 —
Dsustup = Csup,

where cgup = ¢(Toup) = (¢(t),t € Toup). In the case of the empty support we set
v(s)=0,s€8S.

(2) A cotrajectory ¥(t), t € T, is a solution to adjoint system (10) with
initial condition (11) and with jumps at the intermediate instants

P(s—-0) = (s +0) — H'(s)v(s), s€ S (t* +0=1t*).

(3) A cocontrol A(t) = [ 4/ (9)b(9)dB, t € Ty, (A() =0, t € Tonyp).
(4) A pseudocontrol w(t), t € T, and a pseudooutput signal ((s), s € S. To
construct them, at first, we set nonsupport values w(t), t € T, = Th\Tyyp, of

the pseudocontrol:
w(t) = signA(t) if A(t) #0; w(t) € [-1,1)if A(t)=0, te€ Ty, (13)

and support values Coup = ((i(S), © € Lsup(s), s € Ssup) of the pseudooutput
signal:
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Gi(s) = gui(s) if vi(s) < 0; Gi(s) = g7 (s) if wi(s) > 0;
Ci( )E[g*’i( )g:( )] if”‘i( ):O iEISUP( )> Sessup
In the case of the empty support we set (sup = 0. Support components Weup =
W(Tsup) = (w(t), t € Toup) of the pseudocontrol are calculated from the system

D dils, )+ Y di(s, hw(t) = Gi(s) — Glyy(s,t)T0, i € Luup(s), 5 € Saup.
t€Tsup teTy,
(14)
Nonsupport components (, = ((a(s), s € §) = ((i(s), ¢ € I.(s), s € §) of the
pseudooutput signal are calculated by the formula

Gi(s) = Gl (s, tu)mo+ Y _ dils, )w(t), i€ In(s), s€S.

teT),

(5) A pseudotrajectory (t), t € T, is a solution to primal equation (8) with
the initial state z(t.) = zo and with the control u(t) = w(t), t € T. The equality
¢(s) = H(s)=z(s), s € S, holds.

(6) A quasicontrol

- w(t) if lw(t)] < 1;

s0={ 00 o |

K signw(t) if |w(t)| > 1, t € Tp.
Definition 4. A support Ky is said to be regular if vi(s) # 0, i € Igyp(s),
8 € Seup; A(t) #0,t €T,

Denote by z(s), s € S, a pseudooutput signal corresponding to the control
u(-): z(s) = Hiy(s)z(s) = Gl (s, 80 + Doser, dils t)u(t), i € I(s), s € S.

In accordance with [16] a pair {u(-), Ksyp} of an admissible control and a
support is said to be a support control.

Definition 5. A support control {u(-), Ksup} is said to be primally nondegen-
erated if (u(t)] < 1, t € Toup; gxi(s) < 2i(s) < g} (s), i € I.(s), s € S, and dually
nondegenerated if the support K.y is reqular.

Definition 6. A number

B(u(-), Ksup) = c'ee(t*) — c'z(t*)
=Y AQWE) —u®) + D> Y(s)C(s) ~ 2(s))

teT, $€Ssup
is called a suboptimality estimate of the support control {u(-), Keup}.

The following statement holds.

4.3. Maximum Principle

For the optimality of an admissible control u(t), t € Ty, it is necessary
and sufficient that such a support Keup = {Isup, Tsup}, Whose accompanying
elements satisfy the conditions:
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(1) the maximum condition for the control:

t+h t+h
P’ (9)b(9)dY u(t) = Imlagi P (b(9)dI u, te Ty; (16)
ul<1Jy

(2) the transversality condition (the maximum condition for the output signal):
! !
V(s)z(s) = g.(s)rgz<g o) V'(8)z, s€ Ssup, (17)

exists.

A support K,up, which identifies an optimal open-loop control, is called
optimal; it is accompanied by optimal elements.

If equalities (16), (17) are satisfied with an accuracy of preassigned € > 0,
we get the e-maximum principle.

Definition 7. For given € > 0, § > 0 an accessible control u(t), t € T, is said
to be an ed-solution to problem (8), zf the inequalities
i

d20(t") — dz(t*) <&, max||§(slu()| <6,

hold, where g(s|u(-)) = (g:(sju(-)), i € I(s)), s € S; gi(slu(-)) = p(zi(s), [gxi(s),
g;"(s)]); p(C, [a’ b]) = ma'x{a’ -G C— b, 0}

In the case when a pseudocontrol and a pseudooutput signal constructed by
Kup satisfy the inequalities

lwt)| <1, t € Toup; gui(s) < Gils) < g7 (s), 1 € In(s), s€ S, (18)

the pseudocontrol w(t), t € T, is an optimal control of problem (8). If for a
given § > 0 a quasicontrol constructed by K., satisfies the inequality

max [|g(s|@(-))|| <6, (19)

then the quasicontrol w(t), t € T}, is a 04-solution to problem (8).

For constructing optimal and suboptimal open-loop controls, the primal and
dual methods have been elaborated by the authors. An iteration of the pri-
mal method [16] is a change of the “old” support control to a “new” one:
{u(-), Ksup} — {t("), Koup} so that B(a(-), Keup) < B(u(:), Ksup). In the
dual method, the information on an admissible control is not used, and in the
course of iterations, the transformation of the support is performed with the
purpose to ensure inequalities (18) or (19).

Let us dwell on the dual method of constructing an optimal (suboptimal)
open-loop control to problem (18), just as this method is used for optimizing
piecewise linear systems and for constructing positional controls.

4.4. Dual Method
Denote T'(j) = {S] 1,- ,Sj_h'}v Tsup(j) = T(j)ﬂTsup, Tn(.]) = T(j)\Tsup(j)1
s; €8, 7€ J, sop=t. To simplify the notations we assume that
A(t—h)A(t+h) <0 ifsj1 <t <sj—h, t € Teup(y); (20)
A(s+h)#0if s€Top; A(s—2h)#0if §—h € Tsyyp, se8.
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(The general case is considered in [11}).

Before performing iterations of the dual method it is necessary to prepare
the required information according to Sec. 3.

If an initial support K, is non-empty, then with the use of |Tsyp| micro-
processors, functioning in parallel, the work of one microprocessor for forming

Dyp, does not exceed one integration of the primal or adjoint system on interval
T.
To calculate the cocontrol we present it in the form

At) = /t t+h(¢;(19)- ¥ u’(s)G(s,ﬂ))b(ﬁ)dzB‘, teT,.

SESaup,s>t

If m < n, then using m + 1 processors we calculate the functions 9.(t), G(s, t),
teT,, s€ S, s>t, and the values A(t), t € T,,. If m > n, then for calculating
wc(t) G(s,t), t € Th, §ES,it mlght be more economical to calculate matrices

L(t), t € Ty : F~' = —F~1A(t), F~(0) = B, by n processors. In doing so
the fundamental matrix F(s), s € S:

F=A@)F, F(0)=E,

has been constructed and stored in advance, in parallel with forming the matrix
Dgyp. Then
G(s,t) = H(s)F(s)F~(t),

, 4 (21)
Ye(t) =c'F(s)F(t), t€ Ty, s€ S, s>t

Instants ¢t € T,\S for which A(t — h)A(t) < 0, are said to be ncnsuppoii
zeros of the cocontrol. A set of nonsupport zeros of the cocontrol is denoted by

nO T U_; 1 TnO(])
While analyzing the behaviour of the cocontrol at the right end of the interval

= [s;-1, s;[ we use the notation s; —0 € T}, j € J, and at the left end of T},
we use the notation $;4+0 € Tj41. Let Ten(j) = su,,(j)UTno(j)U{s_7 1,85;—0} =

{t6(3), k € K(G)UKG)+1}, K(G) = {01, .., k(i)}, Ten = Ui—, Tun(s). Denote
by Tx(4), k € K(j), the mtervals of constant sign of the cocontrol on the set

T@j):

Ti(3) = {tar(d) = te (), te () + by -, tE(F) = tesa (4) — A}
if t,(5) & Toups

Ti(5) = {tar(9) = te(F) + Ay te(F) + 2h, .., £5(5) = te41(5) — R}
if t(j) € Toup-

If s; — h € Toup(j), we set Ti;)(J) = @. Introduce the numbers
[ signA(s;j-1) if sj-1 & Tsup;
W= { signA(sj_1 +h) if sj—1 € Thup, j € J,
and the vectors

> d(s,t), k=0,..,k(5), j€ J; 55 <s, s€S,
t€Tk(7)
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k(3)
p(s) = Z Yj Z(—l)kpf;(s) + G(s,tx)z0, S € S;

jeJ:sj<s k=0

g p(s), — pi(s),
IsicliSay). i 15T, 1 € Isup(s),s €S
Then equation (14) for calculating wgyp is transformed to the form
Dsupwsup = Csup — Dsup; (22)

and the expression (15) for calculating ¢, takes the form

Gls)=pils)+ Y. di(s,thw(t), i€ In(s), s€S, (23)
t€Tsup(s)

where Tyyp(s) = Toup N T'(s).

Denote

d(t) = (‘i(se’ 2) v Disup) = (d(t), t € Toup):

Assume that besides the parameters A(t), b(t), t € T'; H(s), g«(s), g*(s), s € S;
¢ of the problem the following information are available at the beginning of an
iteration:
1) a support Kgyp; 2) a set of nonsupport zeros Tno; 3) a matrix Disyp|; 4)
matrices G(s,t), t € Ten, s € S; 8 > t, vectors Y(t), t € Tsn; 5) numbers
vj, j € J; 6) vector p; 7) support values Vsyp of the function of the Lagrange
multipliers.

Calculate wgyp, (n according to (22), (23). Set pi(s) = p(¢i(s), [g+i(8), 95 (5)]),
i€ I.(s), s € S; p(t).= p(w(t),[—1;1]), t € Tsup. Calculate

p° = max{p(t°), pio (s°)},

p(e%) = max p(t)7 (24)
po(s) = mex__pifs).

i€l,(s), sES

If p° = 0, we have the optimal control

S A { (=1)Fv;, teTk(4), k=0,..,k(), j€J,
w(t), te Tsup-

Otherwise we calculate a quasioutput signal Ci(s), i € I(s), s € S, check inequal-
ity (19). If it holds, @(-) is a 0é-solution to problem (8), otherwise we make the
change of the support Ksup — Ksup so that the suboptimality estimate of a
support [16] decreases.

A general scheme of an algorithm of constructing a new support K 5up consists
in the following;:
1. A variation Av of the function of the Lagrange multipliers is calculated;
2. A rate of the change of the dual performance index is calculated;
3. A short step o along the direction Av providing a new zero of the varied
cocontrol or zero value for a support component of the Lagrange vector is cal-
culated. This step causes a positive jump of the dual performance index;
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4. The information stored in the computer memory is transformed;
5. Repeat operations 2—4 until the value of the rate of the change of the dual
performance index reaches a nonnegative value. The corresponding value ¢* of
the step is called a long step;
6. The support T,y is changed according to the realized combination of p° and
o™ from the four possible combinations.

The main idea of the proposed realization concerns with operations 3, 4 of
the above scheme. Below we describe how to calculate the required data fast
and how to transform corresponding stored information.

Investigate each of the two possible situations: 1) p° = p(t%); 2) p° = p;o(s°).

(1) p° = p(t%). This means that instant ¢° will be eliminated from the set Tsyp.
Let t9 € T(59).

We begin constructing a new support K, sup from the forming of the variation
Av(s), s € S, of the function of the Lagrange multipliers: Av,(s) =0, s € S,
Avg,, is calculated as a solution to the equation

=D} AVsyp = Absyp

sup’
where Adsyp = (AS(t), t € Toup), AS(t0) = signii(t®), As(t) =0, t € Tsup\t°
We introduce the following functions:
Vsup(8,0) = Vsup(8) + 0Avsup(8), 8 € Ssup, 0 20,

(the varied function of the Lagrange multipliers);

Aé(t) == Z AV;upd(s’t)v teTn (25)
SE€ESsup:a>t
(variation of the cocontrol)

A(t,o) = A(t) + ocAS(t), t € Th, 0 >0 (varied cocontrol). (26)

Further we assume that

Ab(tak(5))A6(tk_1(5)) > 0 if tuk(5) € Tro(9), k=1,...,k(j), 5 € J.

According to [16], the rate of the change of the performance index of the
problem dual to (8) is a piecewise constant function of ¢. In a small right-side
neighborhood of the point ¢ = 0 this rate equals o! = —|w(t%) — @(t%)| < 0.
This value remains when increasing o from o = 0 to ¢ = ¢! > 0, until either a
new zero of the varied cocontrol appears: A(t(c!),o!) = 0, or a component of the
varied function of the Lagrange multipliers becomes zero: Vi(ax)(s(al), AW I=0!
When ¢ = ¢!, the rate of the change of the dual performance index makes a
positive jump. For changing a support, a sequence of short steps ot, l =1, ..., 1*,
when the rate makes jumps, is formed. We calculate a long step o* = o, after
which the rate of the change of the dual performance index becomes nonnegative.
With the direct realization of the adaptive method [16] for detecting o', I =
1,...,1*, it is necessary to calculate steps o(t) for each ¢t € T,,. This requires
enormous computational resources. In the proposed realization, it is taken into
account that with increasing o a new zero of the varied cocontrol can appear
only in one of the following ways:
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1. At the point t° + h or t® — h as a result of movement of t%0), 0 > O
A(t(0),0) = 0, 1°(0) = t°.

2. At a point ¢ or t — h as a result of movement of a point t(c), ¢ = 0, t € Tho.
3. At the point s = sj_1 € S\t*Ul. asa result of arising at the left end of the
interval T}, j € J.

4. At the point s=s; € Sasa result of arising at the right end of the interval
T;,j€J.

5. Inside any interval T from a stationary point of the function A(t) = (YL(t) —
Yt atmoriantt V(s)G(s,t))b(t), t€T.

Thus, if we omit from consideration the case 5, which is studied according to
the below scheme only not for the function A(t), t € T, but for its derivative, it
is sufficient to investigate the behaviour of the function A(t, o) not on the whole
set T, but only for cases 1-4.

Form the following information

o(t%), ’T(to), k% o(t), T(t), t € Tho; o(s +0), s € SUL\L; (27
o(s—0), s€S; ais), 1 € Loup(s), s€ S,

where the steps o(t), o(s & 0) correspond to cases 1-4, and the steps oi(s),

i € Isup(s), s € S, characterize arising zero of the varied function of the Lagrange

multipliers: v;(s,0:(s)) = 0. The numbers 7(t) show the direction of movement
of the zero of function (26) when ¢ increases; K is an index of instant t° in

Ten(5%)-
The elements (27) are calculated in the following way:
o(1%) = —A(t® — h)/AS(t° — k), T(t%) = -1, if (—1)¥ 10 A8(t°) > 0;
o(1°) = —A(° + h)/AS(° + h), T(°) =1, if (—1)% ;0 A6(t%) < 0;
ot) = —A(t —h)/AS(t—h), 7(t)=-1, if A(t —h)Ad(t—h) <0;
(

o(t) = —A(t)/Ad(t), Tty =1, if A(t)Ad(t) <0, t € Tho,
—A(s)/A8(s) if A(s)Ad(s) <0
B{EHOH= { +00 if A(s)A6(s) 20, s € SULNL
o(s - 0) = { —A(s — h)/AS(s — h) if A(s —h)AS(s - h) < 0;
I if A(s—h)AS(s—h)>0, s€S;
—vi(s)/Avs(s) if vi(s)Avi(s) <0
oi(s) = { +00 if vi(s)Avi(s) 2 0; @ € Lsup(s) S € Ssup-

The steps o(t), o(s £ 0) are easily calculated with the use of the information
stored in computer memory: G(s,t), t € Tsn, s € S; 8 > t; Ye(t), t € Ton.
To calculate each value o (27) it is sufficient to integrate systems (10), (12) on
intervals of the length no more than 3h.

Before calculating short steps we make a “zero” step for transforming the
stored information which is caused by deleting the element t0 from the set Tsup.
The “zero” step

1. £ > sjo_y, 7(t%) = —1. Set Tpo = T,.0Ut0, pi(s) = p(s)+(—1)* vjod(s, %),
s€S, 52> 550.
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2. % < s =k, 7(t°) = 1. Set Ty = Tpo U0 + h, pl(s) = p(s) —
(—l)ku'yjud(s, t%), s € 8, s > s;0, store G(s,t° + h), P (t°+h),s€ 88, s> 550}
if t% > sj0_y, delete the values G(s, %), 1.(t°), s€ S, s > s;0, from computer
memory. If t = s;0_;, we set Yo = —j0, k' (7°) = k(j°) + 1, and renumerate
elements of the set Ty, (5°).

3. t% = s;0 — h, 7(t°) = 1. This situation is interpreted as disappearance
of a cocontrol zero through the right end of the interval Tj. Set Tpy = Tha,
p'(s) = p(s) — (—l)kﬂ"yjud(s, t9,s€8, s> sj0, k1(5°) = k(j°) — 1.

4. t% = sjo_y, 7(t%) = —1 (disappearance of a cocontrol zero through the
left end of the interval Tjo). Set 5 = Tho, p'(s) = p(s) +y;0d(s,550_1), s € S.

Suppose that [ — 1 short steps have been performed (¢® = 0) and for the [th
step the following information has been prepared: 1) sets T, = i;l T ();
T = Us. T'(), T'G) = Tho(5) Ufsj-1 + 0,55 — 0}; 2) numbers ol(t), t €
T 04(s), i € Toyp(s), s € Seup; 3) numbers 75,3 € J; 4) vector p'; 5) values
G(s,t), ¥e(t), t € Tio(5) U sj-1, J € J; 6) the rate o of the change of the dual
performance index.

To simplify notations we assume that all the aumbers ol(t), t e T al(s),i e
Isup(s), s € Ssup, are different except, possibly, a pair of numbers o' (t), ot (t+h)
for certain ¢, t + h € T(5%).

The lth step
Calculate the Ith short step

o = min{o(t"), 0, (s")}. (28)

While 0 = o', the rate of the change of the dual performance index gets a
postitive increment [16]

A { 2|A6(tH)| if ol = o(t);
T TG = gl Ava(sh) i of = (s,
and in the right-side of the point o = o it becomes equal to a/*! = ot + Acl.

If the inequality
ot >0 (29)

holds, we pass to the final step. Otherwise, the information 1)-6) is changed for
the next ((! + 1)th) short step.

We distinguish two possibilities: a) o! = o(t); b) ot = gu(st).
(a) Let t! € T(j%); k' be an index of instant ¢ in T (j*). To simplify the
notations we omit the cases s;_1, s;—h € Tyyp\t%, j € J, for which the described
below scheme of jump of a mobile zero over a support zero is used.

The information stored in computer memory is transformed depending on
the following situations.
A. Step o' = o(t!) is reached for the only point ¢ € T (Y.
Al t' 4 h € Top()\E°, 7(#") = 1 or t — 2k € Ty (GO, 7(t}) = —1.

As for a new support control {(-), Ky}, the assumption (20) remains so
while increasing ¢ > ¢! the jump of the mobile zero over the support zero will
take place in the course of the iteration.
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All tt+he Tsup(jl)\toa 7(t') = 1. Put Tvi.-(')-l = (T}lo\tl) Ut + 2h, pHi(s) =
pH(s) — 2(—1)k"y;.,d(s,t’), s € S, s > s;, instead of G(s,t!), ¥.(t)) we store
G(s,t' + 2h), Ye(t + 2h), s € S, s > s;. Instead of the step o(t!) we calculate
a(t' + 2h) = —A(t' + 2h)/AS(t! + 2h).

A1.2, 1= 2h € Toup (GO, () = —1. Set To¥1 = (TL\tHY UtF L 2R, ptHli(s) =
pH(s)+ 2(—1)kl'y;,d(s,tl), s € S, s > sji, delete the values G(s,t'), ¥.(t!), s € S,
$ > s;; renumerate the points of the set Ten(j'). Instead of the step o(t!) we
calculate o(t! — 2n) = —A(th — 3h)/AS( — 3h).

If situation A.1 does not realize, we analyze the location of the point #.
A2t e TL3GY, 7(#) = 1. Put T = T\ Ut + h, ptt1(s) = pl(s) —
2(—1)kl'y;.ld(s,tl), s €S, s>s;, instead of G(s,t!), (') we store G(s,t* +h),
Ye(t' + h), s € S, s > s;; renumerate the points of the set Tsn(5!). Instead of
the step o(t!) we calculate o (t' + h) = —A(t' + h)/AS(t + h).

A3t e TL(Gh), 7(t!) = —1. Put T = (TL\tH) Ut — h, pHt1(s) = pi(s) +
2(—1)k"yj.1d(s,tl —h), s € S, s> s;, instead of G(s, t!), 9.(t') we store G(s,t' —
h), Ye(t —h), s € S, s > s;u. Instead of the step o(t') we calculate o(t' — h) =
At — 2h)/AS(t - 2h).

A4 ¢t =s;_; +0 (arising a new zero of function (26) at the left end of interval
Tp) . Put T3 = ThoUsu_y + h, p(s) = p(s) — 29kd(s,s;0_1), 5 € S,
8 > 815 'y;.,H = —’y;.,; 7(t) = 1; kH1(5Y) = k'(5') + 1; renumerate the points of
the set Ts, (5'). Calculate and store G(s, 81—y +h), Ye(sji_1+h), s €S, 8> sy,
calculate a new step a(t') = —A(sji_y + h)/A8(sji_y + h).

A5. t' = s; — 0 (arising a new zero of function (26) at the right end of interval
Tji). Put Tie! = Tho U sy — h, p(s) & pi(s) — 2(—1)¥bid(s, ;0 — h),
S€S8, s> s 7(th) = -1 k!F1(54) = kl(j%)+1; renumerate the points of the set
TH1(5Y). Caleulate and store G(s, st — h), Yc(sjy —h), s € S, s > s;1, calculate
a new step o(t! — h) = —A(t} — 2r)/AS(t — 2h).

B. Let the step ¢! in formula (28) is reached for the two points !, t! +h € Tpo(5'):
o(t!) = o(t! + h).

B.1. t! = s;i_,+0 (disappearance of the zero of function (26) through the left end
of interval Tj1). Put T4 =Tio\sj_1 +h, p1(s) =p’(s)—2(—1)’°l(j[)’yj.,d(s, $i1-1),
s€ S, s> 55, 'y;.f'l = —'y;.l; E1(5Y) = k(5Y) — 1; renumerate the points of
the set Ty (5'). Delete G(s,sji_1 + h), Ye(sji_1 +h), s € S, s > s, fron the
computer memory.

B2 t+h = s;1 — 0 (disappearance of the zero of function (26) through
the right end of interval Tj:). Put st T,llo\sjt — h, p*i(s) = pi(s) —
2(—1)kl(j')'y;.,d(s,sjz —h), s €8, s> s;; k(') = k!(5') — 1; renumerate the
points of the set Tsn(j'). Delete G(s,s;t — h), Ye(sjy —h), s € S, s > s;1, from
the computer memory.

B3 t, tt+he€ T,llo (sticking together and disappearance of two zeros of
function (26) at point t!). Put Ti§! = Tio\{th ¢! + h}; p'ti(s) = pl(s) —

2(——1)’°l(j‘)'y;,d(s,tl), s €8, s> sp; k(Y = K'(5Y) — 2; renumerate the
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points of the set Ten(5'). Delete G(s,t'), Ye(t!), G(s,t* + k), Ye(t' + h), s € S,
$ 2 s;i, from the computer memory.

The rest of the information for the (I 4 1)th step is not changed.
(b) 0! = ou(s'). This means that when o > o' the sign of v;(s!,o) will be
changed. Put 0;:(s') = 0o and pass to the (I + 1)th step without any changes in
the stored information.
The final step

The transition to the final step is performed after the /th step when the
inequalities

ol <0, otl>0 (30)

are realized. The final step is performed to form the information for the next
iteration.

In the case (a) 0! = o(t') by virtue of assumption (20) the conditions of the
transition to the final step may occur in situations A.2-A.5, B.1, B.2.

A.2,B.2. Set Toup = Toup\t°'UE, Tno = Tao\t!, B(s) = p(s)—(~1)¥'7},d(s, 1),
SES,s2>s;.

A.3. Set Toup = Toup\t°Ut! —h, Tno = Tio\t', B(s) = p!(s)+(—1)¥ vhd(s, t' -
h), s € S, s > s;, instead of G(s,t!), Yc(t') we store G(s,t' — h), Pe(th — h),
SES, s>s;. B

A4, Set Tsup = sup\to U sji_1, Tho = T'rlea p(s) = pl(s) - ’Y_-l,'ld(svsj’—l),
s€eS, s> S;t.

A.5. Set Toup = Toup\t®Usju—h, Tro = T, B(s) = pl(s)—(—l)kl(j')'y;.,d(s,sjz—
k), s € S, s > su; k(j') = k(j') + 1, store G(s,s;0 — h), ¢e(sjy —h), s € S,
8 2 8.

Bil;. Seb Toup = Taupt® U'sp iy Thio = Tho\sji1 + h, p(s) = p'(s) —
Yad(s,s51_1), 5 € S, 8 = sp; Y = 'y;, k() = K'(5'); delete the values
G(S,Sjl_1+h),¢C(Sjl_1+h),Seév, 323-7-1. 1 .

A new support has the form Kgup = {Isup, Tsup}. The matrix Dygup) is
obtained by the change of the column d(t°) to d(t' — h) in the matrix Dgup| in
the cases A.3, A.5 and by the change of the column d(t°) to d(t!) in the other
cases.

In the case (b) ¢! = 0u(s') we form the new support Kyyp = o, Lo ks
Isu;_;(s) = Isup(s)g 5 E_ Ssup\slr Isu;_:(sl) = Isup(sl)\il; Ssup = Dsup, if Isup(sl) ?’—'
0, Ssup = Ssup\s, if Toup(s') = 0, Toup = Toup\t°. The matrix Dy, is obtained
by deleting the column d(t%) from Djgyp . The rest of information for the new
iteration remains unchanged from the previous step.

(2) Consider the situation p® = p;o(s°). This means that the element i will be
included into the set Iyyp(s°).

To construct the variation Av(s), s € S, of the function of the Lagrange
multipliers we put

AV-L-O(SO) L { ik if Co(s%) > gi*o(so),

Avp(s) =0, s€ S.
s gtk goy 220 =08
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Support values Avg,, are found from the equation
LD Avpy = (d,.o (t), te Tsup)Az/io (s9).

The variation of the control is defined by formula (25). The initial rate of the
change of the dual performance index for o > 0 equals

= _p(C'i" (30)1 [g*io (30)’9;0 (SO)]) <0

Operations for calculating the step o* are analogous to the case (1) but the
“zero” step is not performed.

At the final step in the case (a) 0* = o(t'), to form Tsyp the element ¢ or
t! — h includes in Tyyup, as in the case (1), but the element 19 is not deleted;
Toup(s') = Lsup(s)U°. The column d(t!) or d(t' —h) is introduced in the matrix
D)|sup|, as in the case (1), but the column d(t°) is not deleted. In the case (b)
o* = ou(s') we put Loup(s) = Loup(s')\i's Lup(3%) = Lsup(s®) U %5 Soup =
Ssup U 30, if Isup(si) 7£ fﬂ; Ssup = Ssup U SO\SI: if Isup(st) = @; Disup| = D|sup|-
The other operations of the final step are performed as in the case (1).

Under certain conditions of nonsingularity the described method is finite [11,
part 1]. There exists a modification of the adaptive method (11, part 1] finite
for any problem (9).

5. Optimization of Piecewise Linear Control Systems

The method of optimization of linear control systems with intermediate state
constraints is generalized for piecewise linear control systems. Using these sys-
tems we can approximate nonlinear control systems with quite a high accuracy.

5.1. Problem Statement

Now in the class of discrete controls we study the OC problem of a piecewise
linear system R
dz(t*) - max, = f(z)+ bu, z(0) = zo, (31)

Hz(t) =g, ()| <1, teT=[0,t].

Herebe R"; g € R™: H € R™*" rankH = 17 < n, the piecewise linear function
f(z) is defined on the set X as it was done in Sec. 3.

Definition 8. A discrete control u(-) = (u(t), t € T) is said to be an admissible
control of problem (31) if it satisfies the equation |u(t)] < 1, t € T, and the
corresponding trajectory z(t), t € T, satisfies the endpoint constraint Hz(t*) = g
and intersects the borders of the domains at discrete instants from the set Th.
An admissible control u®(-) is called an optimal open-loop control of problem (31)
if the corresponding trajectory z0%(t), t € T, provides the mazimal value to the
performance indez of problem (31).

To introduce the notion of an optimal feedback (a positional solution to
problem (31)) we imbed problem (31) into the family of problems
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cz(t*) - max, &= f(z)+bu, z(r)=z, (32)
Hz(t*)=g, [u@®)<l, teT” =1t
depending on a scalar 7 € T, and an n-vector z. Let u®(t|r,z), t € T7, be an

optimal open-loop control of problem (32) for a position (7,2); X, be a set of
states z for which there exists a solution to problem (32). A function

wO(r,2) =uO(7|7,2), 2€ X,, T€Th, (33)

is said to be an optimal (discrete) feedback of problem (31).
Let us describe effective algorithms of constructing an optimal open-loop
control and an optimal feedback in problem (31).

5.2. Parametrized Form of the Problem

According to the definition each admissible control u(t), ¢t € T, of problem
(31) generates a trajectory which successively passes through some (admissi-
ble) sequence X, , X;,,..., X, of sets from the totality X;,..., X, crossing the
borders of neighboring sets at (admissible) instants 6;,,0;,,...,0;,—1 € Th.

Denote by X{’,...,XJ. and 69,.. 9_7 -_1 Sequences of sets and instants of
intersection of the borders corresponding to the optimal trajectory z°(t), t € T.

Definition 9. The sequence of sets X° = {X?,..., X} is said to be a structure
of the optimal trajectory of problem (31).

Assume that the optimal trajectory z°(t), ¢t € T, intersects the borders of

sets X G i+10 J =1,..,7* — 1, on hyperplanes H;z = g; where H; € R™*",
RmJ j—l L] —1. !

On a set X]‘-) the function f(r) has the form f(z) = Ajz + a; where A; €
Rnxm a; € R% Ajz+a; = Ajpiz + aj4 if Hix =g;,j=1,..,5" - 1;
rank(:}l{-)AHl <n,j=1,..,5" — 1. Denote mj = m; H;» = H, g;» = g; set
s Z =1My-

In many problems of type (31), on the base of a priori information, the set

X0,...,X ;-). could be formed before solving problem (31). If the structure X0 is
known, problem (31) is reduced to the OC problem of a totality of linear systems

J(0,u) = 'z(8;+) — max, (34)

E(t) = Ajz(t) + a; + bu(t),
te {0]'_1,0]'[, j€J={1,2,...,j*}, .’17(00)=£L‘0, (35)
H;z(0;) = gj» j€J, (36)
u() <1, teT, O <6< <Bj_q<be, (37)

(xER”, u€R, g; € R™, j=1,..,5% rankH; =m; <n,
0jeTh,j=1,...,j*-—1, 0o =0, 0,-.=t*).
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In problem (34)-(37) instants § = (61, 62,...,0;-_1) of transition between do-
mains of linearity are chosen together with a control u(t), t € T'.
Describe an algorithm of solving problem (34)—(37) for a given set X1, ..., Xj-.

Definition 10. A vector 8 and a discrete control u(-) = (u(t), t € T) are said to
be an accessible control of problem (34)-(37) if they satisfy constraints (37). An
accessible control {0,u(-)} and the corresponding trajectory z(t) = (|6, u(-)),
t € T, of system (35) are called admissible if x(t), t € T, satisfies constraint (36).
An admissible control {6°,u°(:)} is optimal if it provides the mazimal value of
performance index (34).

The solution to problem (34)-(37) consists of two procedures: 1) a lineariza-
tion of problem (34)-(37) along an admissible trajectory and solution to the
linearized problem; 2) a correction of solution to the linearized problem by the
choice of the optimal positions of instants of transition between domains of lin-
earity.

5.3. Optimal Open-Loop Solution to a Linearized Problem

A linearization of problem (34)—(37) consists in fixing a vector § correspond-
ing to an admissible trajectory. The linearized problem has form (34)—(37) but
now it is assumed that the vector 8 is fixed. Thus we get a linear OC problem
with intermediate state constraints

dz(t*) - max, = A(t)z+a(t)+bu, z(f)= o,
H(s)z(s) = g(s), s€ S={01,...,0;-}, |u(t)| <1, teT. (38)

Here A(t) = Aj, a(t) = aj, t € T; = [0;-1,0;{, j = 1,...,5% H(s) = Hj,
g(s)=g;,8s=0;,73=1,...,5"

Let us describe how it is worthwhile to present the required information for
solving problem (38) by the algorithm of Sec. 4 taking into account the structure
of the matrix function A(t), t € T, and the necessity of further correction of
instants 61,...,0;-_1. Instead of direct storage of matrices G(s,t), t € Tep,
s € S; s > t, and vectors p; Ye(t), t € Tsn, s € S; s > t, we suggest to use
matrices F;(0;—t), t € Ten(j); F5(0;—0-1),7 € J, whereF = A; F,,F (0) =
j € J; and vectors 1 = Yyer iy Jo T F3 (85 —9)bddw(t) + fy7 )dﬂa,,
7 € J, in the course of iterations. In this case it is easy to calculate

G(0k,t) = Hi®r; F;(9; — t), ¥u(t) = '@ F3(0; —t), k= j,...,5*, t € Tsup(4);

k
Ox),
p(Ok) = Y Hi®xjr; + G(6k,0)z0, p= (i};?,) g

i=1
where
k-1
H‘ Fr+1(0r+l 2 01‘)’ if k> j’
r=j . - i
q’kj—cblcj(o)— E, Trlo=xit i=0,..,5"-1,k=1,...7
0, ifk<j,
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Operations for tranforming G(s,t), ¥c(t), t € Ten, s € S, s > t; p in the
course of iterations of the method described in Sec. 4 are naturally transferred
to Fj(gj —t),te Tan{9); Ty, J € J.

Thus, according to the algorithm of Sec. 4, the optimal support T3, (6)? ;
of problem (34)—(37) would be constructed for a fixed vector 8 and information

corresponding to this support is formed.

5.4. Optimization of Transition Instants

As a result of solving the linearized problem we get an optimal support
T,pup'(O) and the corresponding optimal value J°(8) of the performance index for
a fixed vector 6. The aim is to construct a new vector 8 such that J°(8) > J°(6).

Methods of constructing an optimal vector ° [1] are based on calculating a
gradient of the performance index of problem (31) with respect to 6. It is not
difficult to show that

Oz (t*|0,ul, (6 0x(6;16,u3,,,(6))
6J(0,u) = -'17( I usup( )) . 1/(0) (Hj*aekl’_’> k= 1,...,j*—1,
30, 865, jed
(39)

where u3,,(0) = (u°(t|6), ¢ € T,,()) are support values of the optimal control
ul(t)), t € Th; z(t)9, u2,,(0)), t € T, is the corresponding trajectory of system
(31). Then a step along the direction grad J = (8J(6,u)/00k, k = 1,...,5*~1)
is chosen [1] and a new vector 6 is constructed.

For calculating 8z(0;4, ugup(O))/BGk, k=1,..,75*-1, j € J, the information
stored after solving the linearized problem is used and integrations on intervals
of length h are performed in parallel. To transform the stored information for a
new vector 8, it is necessary to perform parallel integrations on intervals which
maximal length is maxj—i,...jo-1{0; — 6;,0; — 6; — 8;_1 + 0;_1} + h. Thus we
obtain data for solving a linearized problem for the new fixed vector 6 with the
initial support Tsy,(8) = T3,,(8). The use of the optimal support T,,,(0) as an
initial support Tsup(b_?) allows to construct the optimal support Tfup (6) very fast.

The transformation Tey,(8) — T9,,(0), 8 — 0, i.e., solving the linearized
problem and calculating 8 is called a large iteration of the method.

5.5. Optimal Controller

Following the approach [15,16] to construct the optimal controller, let us
analyze the use of optimal feedback (33) in a particular control process of system
(31). Assume that optimal feedback (33) has been constructed and the behaviour
of the closed system is described by the equation

& = f(z) + bu’(t,z) + w, =z(0) = =0, (40)

(1} As problem (31) contains intermediate constraints-equalities so a set Toup = {t1 € T, :
l=1,...,m} such that det Dsyp = det D(I, Toup) # O is considered as a support.
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where w = w(t,z), £ € X, ¢t € T, is an unknown but bounded piecewise con-
tinuous function of disturbances. The function w(t), t € T, reflects the action
of unforeseen disturbances on the system. With the use of piecewise linear ap-
proximations for optimization of nonlinear system (1) the function w(t), t € T,
contains besides elements of external disturbances a deviation of piecewise linear
system (31) from initial nonlinear system (1).

Let in any particular control process of system (40) a disturbance w*(t),
t € T, be realized. Under this disturbance and function (33) a certain trajectory
z*(t), t € T, of (40) is generated. In doing so the system (40) is fed by the values
u*(t) = u(t,z*(t)), t € T.

At any current instant 7 € T}, the controller knows a realized state z*(7)
and should calculate the signal u*(7) = u0(7|r, z* (7).

For this purpose the controller should solve problem (32) for the position
(r,z*(7)). In formulating problem (32) in the parametrized form we assume
that the change of the dynamics of the system may occur not only when the
trajectory intersects the hyperplanes H;z = g;, 5= 1,...,5*-1, but also when
it is in a certain e-vicinity of these hyperplanes. The inaccuracy arising because
of this assumption may be interpreted as an element of the disturbance w(t),
t € T. Thus, the parametrized form of problem (32) is

c'z(6;.) — max,
I(t) = A;z(t) + a; + bu(t), t € [0;_1,0],
jeJr)={i@),....5",  3(0j(r)-1) = z*(7),
|Hjz(6;) — g;|l <e, j € J(T)\j*, (41)
Hz(0-) =g, [u(t)|<1,teT",
Oi(ry-1 <Bj(r) <+ <51 < ;e

Assume that on the interval T'" transition instants 0j(zys---,05~_1 are located,
put 0r)-1 =T.

The signal u*() is calculated on the base of the optimal support K7, (7|6%(r))
which is constructed by the proposed method. As an initial support Ky, (7|6(7))
the optimal support K2,,(7 — h|6°(7 — h)) constructed at the previous moment
7 — h is used.

Let at the initial instant 7 = 0 for the initial state z(0) = z} an opti-
mal trajectory z°(t|0,z3), t € T, be calculated. Let X°(0) = {X2%(0), j =
1,...,5*}, 6°(0) = (89(0), j =1,...,5*~1) be a structure and transition instants
of z0(t[0,z3), t € T. If w*(t) = 0, t € T, then at any instant 7 € T}, the struc-
ture X°(7) = {XJ(7), j = j(r),...,3*}, of the optimal trajectory z°(t|r, z*(7)),
t € T7, is a part of the initial structure XJ(-J(T) = XJ(-’(O), j = jlr), ..., 5%,
ie, X°(r) C X°(0), and the set of transition instants §°(r) = (09(r), j =
J(7)y...,3*=1) on T7 is a part of the initial set 0?(7') = 0?(0), F=3(1), 0,51,
ie. 6°(r) c 6°0). Under the disturbance w*(t) Z 0, t € T, the follow-
ing situations are possible: 1) for X°(r) C X°(0) transition instants change,
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ie. 69(1) ¢ 6°(0); 2) the structure of the optimal trajectory changes, i.e.,
XO(1) ¢ X°(0) for a certain 7 € Th.

In the case 1), at an instant 7 € T} the controller constructed the solution
to problem (41), i.e., found the extremal sets 6'(r) = (67;(7'), j=4(1),..,3*-1),
!l = 1,...,1*, providing local maximums in problem (41), and corresponding
optimal supports. Among the sets él(r), [ =1,...,1* the controller chose the
optimal set §°(7) providing the global maximum. At the instant 7 + k, on
the base of information stored at 7, the controller makes the correction of the
sets 6'(7), I = 1, ...,1*, and the corresponding optimal supports. The controller
constructs the extremal sets 6'(r + h), | = 1,...,1*, and chooses the optimal set
6°(T + h).

In the case 2), in addition to the case 1), the situations of changing the
structure of the optimal trajectory are studied. For this purpose the behaviour
of z0(t|r,z*(7)), t € T7, is analyzed in the inner points of T7 for detecting
a new region, which the optimal trajectory will pass through, or for detecting
the increase of the number of intersected hyperplanes. The complexity of the
procedures of detecting the change of the structure depends on a problem under
consideration.

5.6. Example

Let us illustrate the results by an example of optimal control of a piecewise
linear system without endpoint constraints. This problem for a linear model
is trivial, because it is enough to integrate the adjoint system and put u(t) =
signi)’(t)b, t € T. For a piecewise linear model it becomes nontrivial.

Assume that an oscillating system moves along a horizontal without friction.
Two springs act on the system on two intervals (Fig. 1).

o

/]

o N

777777 AT T 77777

= Fa 1

Fig. 1

We should construct a control replacing the system to the maximal distance
in a fixed time.
The mathematical model of the problem is

z(t*) — max, I+ kiz=uif z> —q; (42)

it+tkirt+k(z+a)=u, if z<—a;
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2(0) =0, #(0)=0, |u(t)|<1,teT=[0,t*],

where £ = z(t) is a deviation from the equilibrium state z = 0 at an instant
t, u = u(t) is a control value, a is a distance from the equilibrium to the right
end of the second spring. Using the phase coordinates z; = z, 22 = £ and
fixed values of the parameters t* = 8, @ = 0.5, k1 = 1, k2 = 2 we obtain the
parametrized form of the problem

J(©,u) = z1(8) — max,

1 =1x9, IT2=-I1+u, t€ [0,@1[,

z1(0) = z2(0) =0, =z1(01) =-0.5, (43)
31 =2%2, Zo=-311—1+4+u, t€(0;,0,
z1(07) = -0.5,
Ty =9, To=-T1+u, tEI[O8]

lu(t)] < 1, t € T =0,8].

The problem was solved with A = 0.08. The optimal values of transition in-
stants are ©° = (4.4,6.16), the corresponding value of the performance index is
JO(@%) = 5.2665. As an initial value of © the vector © = (3.2,4.88) was chosen
with J%(@) = 2.5648. To solve the problem (32) large iterations were used. On
each iteration the vector © was calculated as © = © + hA© where

.. 8J7(8)
((S‘guoaox ) if |8J9(©)/00,| > |87°(8)/804|,
A®

0
(mgnm) if |8J°(0)/80,| < |8J°(0)/004).

Fig. 2 contains current values of © in the course of iterations and the correspond-
ing optimal support instants T3,,(©) = {t)(©),t3(6)}. The optimal open-loop
control u%(t), t € T, is presented in Fig. 3.a).

7 on (@), 6

6,
4 -
5 ¢/(8)
2 -
Lt
1 e I i T 13 T 1
0 10 20 30 40
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Fig. 3

In [13] a method of evaluating the effectiveness of solving OC problems is
suggested. As a unit of complexity the time of integration of a primal or adjoint
system on the interval T is considered. In doing so it is assumed that there
are enough microprocessors at our disposal to perform the integration of several
equations in parallel. Using this method of evaluation of effectiveness we obtain
the complexity of construction of the optimal open-loop control in our example
to be equal 4.03. This means that despite the large number of iterations, the
optimization of the system is performed in time required for integration of the
system on an interval of the length 8 x 4.03 = 32.24.

The realization of the optimal feedback was constructed under the distur-
bance w*(t) = 0.5sin2t, t € T, unknown to the controller

jzl = T2,

. { —z1 +u+ w(t) if z; > —0.5;
&g.=

-3z —1+u+w*(t) if z; < —0.5.
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In [13] a method of evaluating the effectiveness of solving OC problems is
suggested. As a unit of complexity the time of integration of a primal or adjoint
system on the interval T is considered. In doing so it is assumed that there
are enough microprocessors at our disposal to perform the integration of several
equations in parallel. Using this method of evaluation of effectiveness we obtain
the complexity of construction of the optimal open-loop control in our example
to be equal 4.03. This means that despite the large number of iterations, the
optimization of the system is performed in time required for integration of the
system on an interval of the length 8 x 4.03 = 32.24.

The realization of the optimal feedback was constructed under the distur-
bance w*(t) = 0.5sin2t, t € T', unknown to the controller

i'l = T2,
] —z1 + u+ w*(t) if ; > —0.5;
Tq =
3 —3z; — 1+ u+w*(t) if z; < -0.5.
b .'xz If = -
X, 1 Xy
41 2
Z -
al (0,0)
.2 -
-4 T T T T T
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The realization u*(t), t € T, of the optimal feedback is presented in Fig. 3.b).
Fig. 4 contains the phase trajectories of systems (43) and (44) (curve 1 is the
optimal open-loop trajectory of (43), curve 2 is the trajectory of (44) generated
by u*(t), t € T, and w*(t), t € T).

The complexity of operations of calculating current values of the optimal
feedback does not exceed 0.15 at any instant ¢ € Tj. This means that for
realizing the algorithm it is enough to use microprocessors able to integrate
system (43) on the interval of length 8 in time 79 such that 0.157° < h = 0.08,
i.e., in 7° = 0.53 units of time in which problem (43) is formulated. If the time
in problem (42) is measured in seconds, 0.53 second is more than enough time
for modern microprocessor to integrate system (42) on the interval [0, 8].

6. Asymptotic Correction of the Solution to Piecewise Linear
Problem?

6.1. General Definitions

Imbed problem (1) into the family of problems depending on a small param-
eter u — 0

dz(t*) — max, == f(a:) + pg(z) + bu, z(0) = xo, (45)
(t*) € X*, |ult) <1, teT,

where g(z) = (f(z) — f(2))/8, z € X.

For a fixed parameter p a piecewise continuous function u(t, p), t € T, sat-
isfying the inequality |u(t,p)| < 1, t € T, is called an accessible control. An
accessible control is called an admissible open-loop control if the corresponding
trajectory z(t, p), t € T, of system (45) satisfies the constraint z(t*, u) € X*.
An admissible control u°(t, i), t € T, which maximizes the performance index
of problem (45), is called an optimal open-loop control. For a chosen inte-
ger s a family u®(t) = {ul(t), p — 0}, t € T, of accessible controls is said
to be an asymptotically s-optimal open-loop control of a piecewise quasilinear
problem (45) if for trajectories z5(t), t € T, p — 0, generated by controls
us(t), t € T, p — 0, the asymptotic equalities c'z0(t*, ) — 'z (t*) = O(p*th),
Hzs,(t*) — g = O(p**') hold. Here z0(t, ), t € T, is a trajectory of system (45)
generated by the optimal control u°(t, u), t € T.

Taking into account the form of the function f(z), z € X, and assuming the
structure X° of the optimal trajectory to be known, we write problem (45) in
parametrized form as an OC problem of a stair quasilinear system

J(0,u) = 'z(0;+) — max, (46)

T = Aj:c+aj +ugj(x)+bu, te [9]'_1,9]'[, i=1,2,...,5% z(fo) = zo, 47)

2Results of this section have been obtained jointly with Prof. A.I. Kalinin.
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H;z(0;) =g, 1=1,2,...,5% (48)
lu@®)| <1, teT.

Here g;(z) = (f(z) — Ajz —a;)/6, x € X}, j € J. It is obvious that functions
gj(z) are infinitely differentiable in intX;, j € J, and g;(z) = gi+1(z) if Hjz =
g,i=12... -1 .

A vector 8(u) = (0;(n), j = 1,2,...,5* — 1) and a piecewise continuous
function u(t,u), t € T, are said to be an accessible control if lu(t, p)| < 1,
t € T. An accessible control {6(u);u(t,u),t € T} is called admissible if the
corresponding continuous trajectory z(t,u), t € T, of (47) satisfies conditions

(48). Admissible control providing a maximal value to performance index (46)
is called optimal.

Definition 11. A family of accessible controls {05, us(t), t € T; p— 0} is said
to be an asymptotically s-optimal control (s = 0,1,...) of for the trajectories
z;(t), t € T, p — 0, of system (47) generated by controls {05 wi(t), t € T},
1 — 0, the following conditions hold

a0+, 1) — 'z}, (05+) = O(u*™),  Hyz3(05)) — g5 = O;(us*Y), j € J.

Below we suggest an algorithm of constructing an asymptotically s-optimal
control in problem (46)—(48). Conceptually, it is very close to the algorithm of
asymptotic solution of a quasilinear OC problem proposed in [8,19]. It is based
on constructing asymptotic expansions of the vector §°(u) and switching points
of OC u°(t, u), t € T, by powers of the small parameter.

6.2. Structure and Asymptotic Properties of the Solution to Problem (46)-(48)

Let t4,. oty 004 by oty fg, . ,9]'-_1, tk].__1+1,.. e (kjt = k*)
be distinct points in the interval |6, 6;- [ arranged in increasing order. Introduce
into consideration vectors 8 = (0y,...,60,--1), Ty = (ti, i = kj_1 + L, £, 5 R,
J € J, and denote by z(¢,T1,...,7}-,0,u), t € T, a trajectory of system (47)
generated by an accessible control {0;u(¢, T1,... yTj+,0),t € T} where

( Y1, te [007t1[1
(—l)i’)’l, te [t,;,t.H.l[, 1=1,2,...,k-1;
(_1)k171) te [tknell’

u(t, T, ..., Tj»,6) = ¢
Vi t € [Bje~1,thu_y 41,

(L krayie, € [t tipa], i = ko + 1, k1
[ (CD)Rr Rt -1y, £ € [the, 00

Problem (34)—(37) formally arises from problem (46)—(48) when p = 0. Further
it is called a base problem.

Let u(t,T7,...,T,0° = u’(t), t € T, be an OC of the base problem in the
class of piecewise continuous functions. Let v, ... ,Vj+ be vectors of dimensions
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my,...,mj« respectively. Denote by o(t,T1, ..., Tj,0,v1,...,v50, 1), t €T, a
piecewise smooth vector-function being a solution to the adjoint system

. Ag;(z(t,T1,...,Tj«,0,pn
P = —-(Aj + U gJ( ( ! oz 2 )) )I’(fl, t E]Hj_l,()j], (50)
j———1,2,...,j*, ¢(9j~)=c—H]’-.uj‘,
with jumps at instants 6y, ..., 051
¢(0j—0)=¢(9j)—H;-Vj, i=12,...,5" - 1L (51)

One can show that under rather general conditions [8,19] in problem (46)-
(48) with a quite small (in absolute value) p there exists the unique optimal
control {0(u); u®(t, p), t € T} where

uo(t,p’) e u(t’Tl(“)’ coeyTye (1),0(p)), teT. (52)

Therewith the vectors Ti (i), . .-, Tj+ (1), 0(u) are infinitely differentiable func-
tions of the small parameter, and together with v;(u), j = 1,...,5*, they satisfy
the equations

HjI(Oj,Tl,. ..,T]-.,G,u) —g; = O, ] = 1,2,. ..,j*,

w'(ti,Tl,...,Tj.,0,v1,...,uj-,u)b=0, 1= 1,2,...,]6*, (53)
V.{iHj(A]'I(gjle:'--’Tj"ao’ﬂ)+a1+ﬂgj(a:(9jaTl,"'1T_7"’9’“))+(_1)kj—kj_l7jb)+
(’Yj+1 —(—l)kj_kj—l’)’j)’(pl(aj,Tl, e ,Tj.,(), Vlyeony VJW,,U.)b = 0, j=1,2, R ,j*—].,
and T;(0) =T}, j € J, 6(0) = 6°.

6.3. Construction of Asymptotics

Let us introduce into consideration the vectors z = (T1, ..., Tje,0,V1,...,¥j+),
o= (T,..., Th, 6% 17, ..., v2.). Denote by R(z, u) the vector-function com-
posed of left sides of equations (53) and write this system in the form

R(z,u) = 0. (54)

As the vector-functions 8(u), Tj (), v; (1), j € J, are infinitely differentiable,
the asymptotic expansions (i) = 6° + Yopeq p*0%, Tj(p) = T + 352, prTF,
vi(p) = v+ Ypo, p*VE, § € J, take place.

Let s be a given integer. It is not difficult to prove that the family of controls

{6°(n); u®(t, p), t € T; p — O} where

w(t,p) = ult, TH(p), - - T (), 0° (1)), tET, (55)
s 8
6°(n) = 00+ pkoF, To(w) =T5 + D TE, =l 235" (56)
k=1 k=1

is an asymptotically s-optimal control in problem (47). To construct this control
we should calculate the coefficients 6%, TF, ... ,Tf., k=1,2,...,s, of the Taylor
polynomials (56). Now we describe an algorithm of their calculation. First of all,
let us expand the left sides of equations (53) in powers of the small parameter.
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The vector-functions z(¢,T1, ..., T+, 0, ), ¥(t,T1,...,Tj-,0,v1,...,vj, ),
t € T, are infinitely differentiable with respect to u at any point of their domains
of definition and therefore admit asymptotic expansions

z(t, T1,...,Tj,0, 1) Zu zx(t,Th,...,Tj+,0), (57)

’lp(t,Tl,. ..,T_,--,B,ul,. ..,Vju,p.) = Zuk¢k(t,T1,. e ,T_.,-—,B,Vl,. . ,I/ja).
k=0
Using the Poincare formalism we set up differential equations for the func-
tions zx(t) = zx(t, T1,.--, Ty, 0), Yu(t) = Yu(t,T1,..., Tjs,0,v1, ... v5), k =
0,1,...,s:

To = Ajzo + a; + bu(t, Ty, ..., Tj+,0), t € [0;-1,6;[, 1=1,2,...,5*, z0(fo) = zo;
Yo =—Alno, t€]6;-1,0;], 1=1,2,...,5%, ¢0(o,-.) =c— Hj.v,
¢0(9j = 0) = 'lpo(gj) = H_;-Uj, ] = 1,2, o0 ,j* i 1;

&1 = Ajz1 + g;i(zo(t)), t € [0;-1,0;[, 5=1,2,...,5%, z1(6) = 0;

6H"(I°g)’¢°(t)), t €10,-1,6;], 7=1,2,...,5",
T

$1(65-) = 0; (58)
(t)7 te [6]'—110]'[’ J = 112a"'1j*1 :62(90) =0;

- 2H.(z
b= =t~ PO RO i, )

j= 1a2)-"’j*’ ¢’2(9j‘) =0

where HJ(E1¢) = ¢Igj($)v .7 =1, 27 | 1.7*
By virtue of (57), the asymptotic expansion

R(z,p) = Z 1 R (2)

Pr = —Ajy —

&3 = Ajza + @i(a’”:;’ﬂxl

takes place, where

-Hj'xo(gj!TI:"'lj}'le) _gji .? = 1}211"').:".‘
wé(t'i:Th“':Tj'vesylt-“tvj‘)bi i = 172:"‘:k*

Ro(z) = V;-Hj(AjIg(sj,Tl,. A Tj- ; 9) +a; + (—l)kj_.kj_”]fjb)

+ (7j+l 3 (_I)kj_k}_]’Yj)wf)(gjaTh- . -:Tj‘:g‘vlr- . .,Vj-}b,
_j= 1!27"':}.'_1

Hjml(gj:Tl:---rT":g)r j:1}2:--'|j‘ I
wi(ti)Tl}'"1Tj"191v11"‘1uj')bv i= 112;"'!'&‘

Ri(z) = | ¥jH;(Ajz1(6;,Th,. ., Ty, 0) + g;(20(6;, T, . . -, T+, 0)) ;
o (Tj‘i‘l o (_l)kj‘k'?_l?j)wi(gjiTl! v -|Tj'191 Viy-. -y Vj= )bv
g .
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'Hsz(ej,Tl,...,Tj.,H), j=1,2,...,]* ]
’(/)é(t,;,Tl,...,ij,e,ljl,...,l/j-)b, i=1,2,...,k*
I/I-H'(A'.’L‘z(ej,Tl,.. ,Tj*,B)

R Z)= 0 T T'* 0
2( ) ag](xo( YK 61:;: J% ))xl(ej,Tl,...’Tj—,e))
+ ('7]'+1 o (—l)k kj“'yj)wé(ﬂj,Tl, s ,Tj*,(),ul,. . .,I/ja)b,
_j=112’-"aj*_1 J
The defining elements zo = (T¢, ..., Tp, 6°, 9, ..., V?.) of OC

u(t, TP,...
equation

,t?.,@o), t € T, of the base problem are constructed by solving the

Ro(z) = 0. (59)

Definition 12. The procedure of solving equation (59) is called a finishing one
with respect to the solution to problem (31) [11, part 2].

To solve equation (59), the Newton method is used. An approximation zé of
the elements zo is calculated as z4 = 25! — I; (25" Ro(257Y), L = 1, ..., Lo,
where Ip(z) is the Jacobl matrix of system (59).

We put 2o = zo where 2z is an approximation which satisfies the condition
| Ro(2¥)|| < € for a given € > 0.

As an initial approximation zJ = (T10 @i ,TJQ(O),OO(O),V

?(0), ey V?So)) we

(718°©@) U T,0(516%(9), j € J, the set §°) and values of the
Lagrange multipliers I/;)(O) =v (0 0)) j € J, obtained after solving problem
(34)—(37) in the class of discrete controls.

On the base of the known values Fj (00(0) (0)) tz(o) ETsnlg);F; (90(0)

0(0)) ri,j € J, weform Ro(2J), Io(2§). On each iteration of the Newton method

the integration of functions Fj(t), j € J, is performed on intervals of the length
|00(z) 90(1 1) +to(z 1) to(z)l E'=F T |00(1) 90(1) 90(1 1) _l_eo(z D,

When these integrations are performed in parallel the total complexxty of the
finishing procedure equals

take elements T,

o(z) oo(z 1)+90(z 1)|’

lo

l

Apin = Zryg}{llﬁ( )
=1

e qu(z) ou DI to(z Wiey 0(')|}/t*
k:=kj_1,...,kj J :
Let z = (lea .. ,T]k*19k V{C,- --’Vf')a k=1,2,...,s; ZS(/J') = EZ:O“’ka'

By using the Taylor formula we expand the vector-function 35 _, u* Ric(2s(1))
by powers of i up to s and equate the coeflicients of the expansion to zero. As
a result, we obtain nondegenerate systems of linear equations for successive cal-
culation of the vectors TF, ..., Tk, 6%, vf, ..., vEk = 1,200 55
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Ioz1 = -—Rl (Zo),
te
2

y 92
13%(20)21 — Ra(z0), (60)

OR
Iozg = —6—;(Z0)21 0

The Jacobi matrix Iy = Ip(zo) is calculated on the last iteration of the finishing
procedure. Right sides of system (60) are formed by integrating equations (58)
and differential equations for partial derivatives of the vector-functions zk, i
with respect to the components of the vectors Ty, ... , T+, 6, v1,...,V;- (see, for
example, [17]). In doing so, it is taken into account that u(t,T7,...,T%,6%) =
;O(t), zo(t, TP, ..., T%,6°) = 2°(t), Y(t, TP, ..., T, 0%,09, ..., ) = ¥°(t), t €

We calculate coefficients zx, £ = 1,...,s, and find () = ELO éktf, Bi—=
L,..,k* 03(8) = Do 6’“9_’7-‘, j =1,...,5*-1. The control u*(t), t € T, of the
form (49) with ¢; = t{(6), ¢ = 1,...,k", is taken as an open-loop solution to
problem (1).

As a rule, there are no strict limitations on the time of constructing the
optimal open-loop contrel so here we are not discussing the ways of calculating
required values of functions z(t), ¥x(t), t € T, k = 1,..., s, and their deriva-
tives. Let us dwell on this question when describing a method of constructing a
positional solution.

6.4. Realization of the Optimal Feedback

As shown above, in a particular control process the behaviour of a nonlinear
system is described by equation (5) and the problem is to calculate a realization
u*(7) of the optimal feedback at each current instant 7 € Tp. As in the case
of constructing an open-loop solution, for constructing a realization of an opti-
mal feedback one can use either a solution to a piecewise linear problem or its
asymptotic correction.

In Sec. 5, the construction of the realization of the optimal feedback in a
piecewise linear problem is described. There, at each instant 7 € Th, the solution
to the problem

dz(t*) — max, &= f@) + by, z(r) = z*(7),

(61
z(t*) e X*, |u(t)| <1, teT7, 2Y

is constructed, the signal u*(7) = (7|7, z*(7)) is calculated and required aux-
iliary information is formed.

Below we describe a method of constructing realizations u*(7), 7 € T, with
the use of asymptotic expansions.

To introduce notations concerned with the optimal feedback control we con-
sider family (45) as an element of a more general family

dr(t*) — max, &= F(2) + pg(z) + bu, z(7) = z, . (62)
z(t*) e X*, |u(®) <1, teTl,

also depending on 7 € T and z € X.
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Let u®(t|7, 2) = {u},(t|7,2), p — 0}, t € T", be an asymptotically s-optimal
open-loop control for a position (7,z), Q5 be a set of positions (7, z), for which
there exist open-loop asymptotically s-optimal controls, uj,(7,2) = u},(7|r, 2),
(1,2) € Q.

Definition 13. A family u*(7, z) = {u;(7,2),p — 0}, (7, 2) € Qs, s said to be
an s-optimal feedback control.

Consider the behaviour of the system closed by the s-optimal feedback under
unknown disturbances: :

T = f(z) + bug(t,z) + w(t), z(0)= zo. (63)

Denote by z*(t), t € T, a trajectory of equation (63) corresponding to a realizing
disturbance w*(t), t € T

Definition 14. A function u®*(t) = uj(t,z*(t)), t € Th, is said to be a real-
ization of s-optimal feedback, and any device able to calculate its values in real
time is called an s-optimal controller [9].

An s-optimal controller with a chosen value s is taken as an optimal controller
solving the problem of optimization of a nonlinear system.

Let us describe an algorithm of operating a 1-optimal controller.

Before starting the controller, on the interval T' we fix N points s;, [ =
1,..., N so that N; points s;, s = 1,...,N; (N« = N), are located on the interval
10,6;[, 5 € J. Then we calculate and store matrices Fj(s;), l = N1 +1,..., N,
jeJ.

Suppose that the controller has been constructed and operated on the interval
[0, 7[, and at instant 7 € T}, the system (63) is in a state z*(7). We solve base

problem (61) for this state. The defining elements 20(1) = (T}(,y(7), ... , T} (7),
8°(7), v9y(7), ..., V(7)) are calculated from the equation

Ro(z2(7)) = 0, (64)
where

[ H;zo(0;(7), Tj(ry (1), - - Tj=(7),8(7)) — g5, §=3(7)s---,37]
Yolts (1), Tjry (1) - - -y T (1), 0(T), Vi) ()« - -, vj= ()0,
i=1,2,...,k*(r)

V;-H]- (A;zo(8;(7), Ty(ry (1), -+ -, Ty« (1), 0(7))+

Ro(z(1)) =
o) +a; + (1) yb)+
+ (41 — (1) TR yy)
X Yo (05(7), Tjiry (1), o s T (1), 0(T), () (), o o o, Vg (1))b,
L j=4(r),..., 5" —1 |
As above we assume that on the interval T the transition instants 0;(,y, ... ,8;-—1

are located and put 8-y = 7.
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A set S(7) = {j(7); kj,v;,j = §(7),...,3*} is said to be a structure of
the optimal control of the base problem. If the structure S(7) coincides with
S(r — h), we solve equation (64) by the Newton method and take as an initial
approximation zJ(7) elements zo(7 — h) constructed at a previous instant 7 — h.
The analysis of situations of changing the structure is performed by analogy
with [15].

In the course of solving the base problem we form and store information
which is used further for calculation of the coeflicients of the first approxima-

tion: [eA(" B (@)bad, By (t9(r), i = ko1 (r)+1, . k(1) = 40,37

F;(609(r)), F.—l(oo (o), 5 (T’(T) 1(9)bdo, feof “*’“( 7 p1(9)bas,
§=3(T) 8% Jo3 () 1(19)%6119 I=Nji(r)+1,..,N(r ),j=J(T),---,J ,
where N; (T) isa number of fixed in advance points s;, { = 1,..., N, located on
interval |7, 02(7)[, j = j(7), .-, 7"
To calculate z1(7) = (Tjy(7), . , T3 (1), 01(7), vy (7 T), . Vg (7)) we
solve the system
Io(20(7))21 (1) = —R1(20(7)), (65)

where Io(2o(7)) is the Jacobi matrix of equation (64) constructed when solving
the base problem. Values z1(¢*), ¥1(t0(7)), ¢ = 1,...,k*(7), required for forming
the right side of equation (65), are calculated from the equations

&1 = Ajz + gi(zot|7)), t € [0;-1(7), 0;(T)], J=3(7), .5 x(7) =0;
1/.)1 = —A_,i’d)l = aHj(mO(tg:Z’¢0(tlT))$ t e]ej—l (T)’oj(T)]’ Jj= j(T)a ).7*
P (t*) = 0. (66)

The idea of fast calculation of the values z1(8;), 7 = 1,...,5% ¥1(t2(7)), & =
1,...,k*(7), is based on the use of quadratures

Nr(7)

S @ Y. F0)F N s)grE (silm))

r=j(T) I=N,_1(r)+1

j* Np(7)

HE = S S el e E 0 F 0)

r=j+11=Nr_1(7)+1
X Op_ uF'( ') 7 (G (7))

+ )] %(SzIT) (IO(SzIT))F (s)Ff (ta(7))hu,

I: ISN; (1), s12t9(7)

where h;, I = 1,..., N, are coefficients defined by the chosen quadrature (in the
simplest case h; = const, | =1,...,N).
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Required values z°(s;|7), vo(sil7), [ = 1,...,N(7), are calculated with the
use of information formed before starting the controller and after solving the
base problem.

From equation (65) we find z1(7) and calculate t}(d|7) = t2(r) + dti(7),
i=1,..,k*(7); 911-(6|'r) =0%(r) +8605(7), 5 = 4§(7),...,5*-1. If

T<H|T) < - < t,lcj(f) (0jm) < 0}(T)(6|T) <
<0}_1(07) <th. 1 (O17) <o <ty (BlT) <27 (67)

the structure of the control u!(t, 8|7, z*(r)), t € T7, coincides with the structure
of the optimal control u®(t|r,z*(7)), t € T, of the base problem. In this case,
the input of system (4) is fed by the signal u'*(r) = ¥j(=)(7). The violation of
condition (67) means that the number § is greater than such a number po > 0 [8]
that for any u, || < po the structure of OC (¢, u|7,z*(7)), t € T, coincides
with the structure of the control u®(t|7,z*(7)), t € T". In this case, we put

() = { Vi () if H(8T) > 7,
=iy (1) if t}(<5|‘r) <T.
In doing so, we assume that the length of intervals, where the structures of

controls u!(t, 8|7, z*(7)), t € T7, and u(t|7,z*(7)), t € T7, are distinguished, is
insignificant in comparison with the duration ¢* of the process.

6.5. Example

The proposed approach to optimize nonlinear systems is illustrated by the
following problem of optimal damping of a mathematical pendulum

10
/ u(t)dt — min,
0

1 =1xg, Tg=—sinz;+u, 1(0) = 1.5, z2(0) =0,
z1(10) = z2(10) =0, 0<wu(t) <05, t € T =[0,10],

in the domain X = {(z1,22) : |z1| < 7/2}.

We use two approximations of the nonlinear element —sinz;: 1) linear ap-
proximation —z1, z € X; 2) piecewise linear approximation (1-4/7)z1+1—7/2,
z € X1 ={(x1,22): w/d<z1<7[2}; —z1, x € X2 = {(z1,22) : |z1| < 7/4}.
From the linear approximation we obtain d; = 0.570796, and by using the non-
linear approximation one gets §o = 0.110721.

Thus, in the first case, problem (68) is imbedded into the family

(68)

10
/ u(t)dt — min,
0

¢ O 0) = 15, 22(0) = 0,
1

1(10) = 22(10) =0, 0<u(t) <05, teT,

(69)

:f:l = Z2, .’i:z = —I

in the second case, we use the family
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10
/ u(t)dt — min, 1 = T2,
0

(1 - %)ml +1-%2+ “((4/"_1)z‘;:+"/2_5i"z’) +u, € X, (70)
—:v1+ﬂ“—_5:M+u, T € X,
z1(0) = 1.5, 72(0) = 0, z1(10) = 22(10) =0, 0 <u(t) < 0.5, t € T.

Iy =

The parametrized form of problem (70) is

10
/ " u(t)dt — min,
0

j:l = T2,
4 4/ —1 ~1 2 —si
Ty = (1__)3314-1-—2—1-#(( /i L e Ly ) +u, t € 0,601,
T 2 b2
21(0) = 1.5, 25(0) =0, z1(61) = :l—r, (71)
I1 =2Zg, T2 =—I1 + H_(-’L'l_—(s_sﬂm_l) +u, t€ [91,10],
2
£1(10) = z2(10) =0, 0 < u(t) £ 0.5, t€T.
The base problem for problem (71) is as follows
10
/ u(t)dt — min,
0
B =30, fa=1—-4/m)z1+1—-7/24u, t€[0,6]
1= T2, B2 =(1—4/m)71 / [0, 64 (72)

21(0) = 1.5, 22(0) =0, z1(61) = 7/4,
I1 = Zo, Lo = —I1 + U, t€[91,10],
z1(10) = z2(10) =0, 0<u(t) <05, teT.

Table 1 contains results of open-loop solution to problem (68). Trajectories
of system (68) have been constructed by the following controls: 1) ud(t), te T,
is the optimal control of the linear base problem

10
/ u(t)dt — min, £ = %2, T2 = —I1t+U, 1‘1(0) = 1.5, .’L‘2(O) =0,
0

£1(10) = 22(10) =0, 0<u(t) <0.5, t€T;

2) ul(t), t € T, is the realization of asymptotically 1-optimal open-loop control
of problem (69) for the fixed value p = dy; 3) ud(t), t € T, is the optimal control
of the piecewise linear base problem (72); 4) ugy(t), t € T, is the realization of
asymptotically 1-optimal open-loop control of problem (71) for the fixed value
= 6; 5) u(t,6), t € T, is the optimal open-loop control of problem (68). The
control u°(¢,d), t € T, has been constructed by iterative procedure [11, part 5]
based on the Pontryagin maximum principle. In doing so the integration of the
nonlinear system on interval T is performed on each iteration so this procedure
is valuable comparing results in illustrative examples but not for practical use.
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In each case the control has the form

o= {0 telOnbte b

0.5, &€ [t1,t2[U[ts tal. (73)

Table 1 contains switching points of these controls, the values of the tran-
sition instant #; when the piecewise linear approximation is used, the values of
the performance index and the endpoint states of system (68). The curve 1 in
Fig. 5 presents the phase trajectory of system (68) constructed by the control
ul(t), t € T. Let us construct the positional solution to problem (68). At first,
we analyze the behaviour of system (68) without disturbances. We control the
system by the realization u!*(t), t € T, constructed by the 1-optimal controller
(h = 0.01). Necessary values of the functions z1(¢), ¥1(t), t € T7, 7 € Th,
have been constructed by the Fehlberg fourth-fifth order Runge-Kutta method
[6]. The control u!*(t), t € T, has the form (73) with switching points 1.06,
2.58, 7.567630, 9.039940 and the transition instant §7 = 1.21. At the instant
#* = 10 the trajectory of system (68) reaches the state (—0.000129, —0.000455),
the value of the performance index is 1.496155.

Table 1
Control Switching | Instant 6; | Performance | Endpoint
points index state
0.722734
ud(t),te T | 2.418858 - 1.696124 0.017095
7.005920 -0.516580
8.702044
1.007916
ul(t),teT 2.517443 — 1.489935 -0.012199
7.547231 -0.055845
9.017574
1.078442
ud(t), te T 2.593439 1.233553 1.509974 -0.013850
7.371674 -0.111839
8.876624
1.064668
ul(t), teT 2.573226 1.218658 1.496074 -0.001177
7.553250 -0.008707
9.036841
1.064547
u0(t,6),t € T | 2.573684 - 1.496228 10~8
7.566068 10-8
9.049386
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19 IZ
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Table 2 contains switching points of the realizations, the corresponding values
of the performance index and the endpoint states of system (74). The curve 2 in
Fig. 5 presents the phase trajectory of system (74) under control u*(t), t € T

Table 2
Control Switching points | Performance index | Endpoint state
1.3
ul*(t),teT 2.7 1.449196 0.000016
7.789350 -0.001192
9.287743
- 1.3
uld®), teT 2.7 1.469973 -0.003723
7.717981 -0.002823
9.257927
1.3
uld(t), teT 2.7 1.449858 -0.000074
7.778486 -0.001229
9.278203
1.3
ulge(t), teT 2.7 1.449955 10-6
7.778420 -0.001202
9.278330
1.3
ulto(t), teT 2.7 1.449982 0.000014
7.778403 -0.001133
9.278366
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