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Abstract. Let V and ltrl be vector spaces over a division ring R and L+(V,I/) de-
note the set of all linear transformations a : V -'+ W. For 0 e L p(W,V), (LR(V,W),

*,d) denotes the ring L7(V,W) under usual addition and the multiplication * de
fined by a', P - a?B for all a,B € L7(V,W). ln this paper, we prove that
(Ln(V,W),*,d) has the intersection property of quasi-ideals if and only if d : 0, or
0 is a monomorphism, or d is an epimorphism. Consequently, if M^,^(R) is the set
of all rn x rz matrices over.R and (M*,^(R),+,P) where P €. M^,^(R) is defined
similarly, tlnen (M*,n(R),*,P) has the intersection property of quasiideals if and
only if either P : 0 or rankP : min{rn, n}.

1. Introduction and Preliminaries

Asub r i ng  Qo f  a r i ng ,R i ssa id tobea  quas i - ' i dea l  o f  .R i f  RQnQR e  Qwhere
for nonempty subsets A, B of R, AB denotes the set of all finite sums of the form

Doobn where a.i € A and b; € B. Then quasi-ideals are a generalization of left
ideals and right ideals. The notion of quasi-ideal for rings was first introduced
by Steinfeld in [ ]. It is known that the intersection of a left ideal and a right
ideal of a ring R is a quasi-ideal [5,p.7]. However, a quasi-ideal of R need not
be obtained in this way. Examples can be found in [2,3], [5, p.8]. We say that a
quasi-ideal Q of R has the intersection propertg if Q is the intersection of a left
ideal and a right ideal of R, and -R is said to haue the'intersection property of
quasi-'ideals if every quasi-ideal of R has the intersection property. It is clearly
seen that every commutative ring has the intersection property of quasi-ideals.
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In particular, every zero ring has this property. The following fact will be quoted
later.

Proposition 1.1. [5, p. 9] If a ri.ng R has a one-s'ided identitg, then R has th.e
intersection property of quasi,-ideals,

Moreover, every (von Neumann) regular ring has the intersection property of
quasi-ideals [5, p. 73]. Weinert has characterized quasi-ideals of a ring which have
the intersection property in [6]. In [3], Moucheng, Yuqun and Yonghau have
given a characterization of rings having the intersection property of quasi-ideals
as follows: Let Z denote the set of integers. For a nonempty subset X of. R, ZX
denotes the set of all finite sums of the form Dkrn where ki € Z and r; € X.

Proposition I.2. (Moucheng et al. [3]) A ring R has the'intersection proper-ty
ol quasi-ideals if and only if for any finite nonempty subset X of R,

RX n(v,X + XR) e z,X + (RX o XR).
This known fact will be used. We note here that for any nonempty subset X of
R, V,X + (R4 n X R) : (X)q, the quasi-ideal of R generated by X (Weinert [6]),
that is, (X)n is the intersection of all quasi-ideals of .R, containing X [5,p.10].

In the remainder, let V and I4l be vector spaces over a division ring R
and Lp(V,lIz) denote the set of all linear transformations a : V --+ W. For
0 e Lp(W,V), we denote by (L7(V,W),*,0) the fing Lp(V,W) under usual
addition and the multiplication * defined by ar, p : a00 for aII a, B e LI(V,W)
(functions in this paper are written on the right). The aim of this paper is
to give a characterization for the ring (Ip(y,W),1,d) to have the intersection
property of quasi-ideals.

Let M^,n(R) be the set of all rn x n matrices over .R. For P € Mn,^(R), let
(M^,^(R),*,P) denote the ring M^,"(R) under usual addition and the multi-
plication *, defined by A* B: APB for all A,B e M^,^(R).As a consequence
of the main result, the rings (M*,^(R),*,P) with the intersection property of
quasiideals are characterized.

The following background on vector spaces, linear transformations and ma-
trices will be used.

Assume that dimn7 : rn, dim1w : nt B : {ur, 'u2,.. . ,u-} is an ordered
basis of V and B' : {wt, 't!2t...,u,} is an ordered basis of Vtrl. For o €
L7(V,W),Let [aJe,a'denote the rn, x n matrices (ri i) where

'u1Q. :  r11u1 *  rnwZ 1, . .  *  Ttnwn

U2Q. : rZtwt I r22w2 * .. . * T2nwn

:
'unOt : Tmlll'L * f^2W2 + . . . + Tnn'ltn

and the matrix fala,a, is called the matris of a relatiue to the ordered bases B
and Bt [1,  p.329].  Then

(Ln(V,W),-r,e) = (M*,.(R), +, [d]8,,8)
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by the map st ,- laln,a, ([1, pp'329,330])' Moreover, for every a e Lp(V;W)'

ranko: rankfofa,n,

([1, pp. 337,339]). The following proposition is generally true for,linear transfor-

mations and will be referred'

Proposit ion 1.3. Let a € LR(V,W).
(i) If a is a monomorphism, then there etists B e Lp(W,V) such that aB : 1u

where Ly i,s the identitY maP on V '
(ii) f o is an epimotphism, then there edsts 0 e Ln(w,v) such that Ba - |ry.

Proof.
(i; Let B be a basis of v. since a is a monomorphism, we have Ba is a

basis'of Imp and ua f uta for all distinct u,u,' e B. Let Bt be a basis of w

containing Bou Let B e L7(W,V) be defined by

(  u  i f  u : u a  f o r s o m e  u € 8 ,

" a :  \ o  i f  u  e  B ' \  B o '

Then uaB : u for all u e B and hence aB : lv'

(ii) Let B be a basis of I4l. since Imo: w,fot each u € B, there exists

u' e'V such that 'u'cr:'t). Define p e Lp(W'V) by

a 0 : u ' f o r a l l  u € 8 .

Then upa : r.r for all 'u e B, so Ba - !ry ' r

2. Main Results

we first give the main theorem. Then we derive four remarkable corollaries by

the basic knowledge introduced in Sec' 1'

Theorem 2.L. For 0 e L p(W,V), the nng (L p(V,W), *, 0) has the intersection

propertg of quasi,-ideals if and, only if 0 sati,sfi.es one of the follotui,ng cond'itions:

( i )  0 : 0 .
(ii) d is amonomorPhism.
(iii) d is an ep'imorPh'ism'

Proof. lf.0:0, then (Ia(V,W),+,9) is a zero ring, so it has the intersection

property of quasi-ideals.- 
Assume that g is a monomorphism. By Proposition 1.3 (i)' 00' : lw for some

0, e Lp(v,w). kfollows that qeet: d for all a € Ln(v,w)' This implies that

d, is a right iientity of the ring (.Lp(V,W),+,d). We deduce from Proposition

1.1 that \t'*(V,W),+,9) has the intersection property of quasi-ideals'

Next, assum" ihut g is an epimorphism. By Proposition 1.3 (ii), there is

0, e rnlv,w) such that 0t0 - !v. Then 0'0a: a for all a € Lp(v,w)'

so 0, is a teft identity of the rins (In(%w),*,0). Hence by Proposition 1'1,

(La(V,W),*,0) has the intersection property of quasi-ideals'
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For the converse, assume that 0 I 0 and that d-is neither a monomorphism
nor an epimorphism. It follows that

{0 }  I  Ke r0  lW and  {0 }  l 1m0 lv .

Let  u  € Kerd\ {0 i , tu  € W\Ker0 and z €V \ fme.  Then rpd € Im0\  {0} .
Let Br be a basis of Im0 containing tud. Since z € y \ Im0, B1"U {z} is
liuearly independent over J?. Let B be a basis of V containing .B1 U {z}. Let
d,0,^t e Lp(V,W) be defined on B as follows:

( u  i f  u  u 0 ,
I

u a : t u  i f  u  z ,

t 0  i f  u  B \ { w 0 , 2 ) ,

and
( - w  i f  u  w 0 ,

' r : t o  
i f  u  B \ { t u o i .

We have the following properties of a, p and 7:

ua0:0  fo r  a l l  u  €  Im9,  (1 )

(w?)(a + a01) : (w?)a * (w0)a01 : v,

( w 0 ) P 0 a : ( w ? ) a = u ,

z(a * a01) : za * za01 - w + (w0)1 : 1!) - 1r : 0,

z(B|a) : g

and
u(o * a07):0: a00a for al l  u e 8..{w0,2}.

Consequently we have

00o, :  a*  o l07  €  Lp(V,W) |an(ZaI  a?Lp(V,W)) .  (2 )

Suppose that B0 a € Za * (L n(V,W)0 a n a0 L R(V,W )). Then there exist k e Z
and .\, q € Ln(V,W) such that

fr|ot : ka -f A9o = Icot I onq.

Thus
y: (w0)p0a : (w?)(ka + o,?q) = k'tt': (klp)u

where lp is the identity of R. This implies that kln : lR since u + 0. Therefore
lecr: a and so

00a: a * \0o..

Hence
0:  z (F?a) :  z (a+ )0o)  :  w  I  (z \0 )a

^  ( w  i f  u  w 0 ,
' P : t o  

i f  u  B \ { t u o }
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and so (z\0)a: -1D.It then follows from this equality and (1), that

-(.e) : Q),0)a0 :0

which is a contradiction since w0 * 0. This shows that

0e" 4Za *  (Lp(V,W)1ana0L7(V,W)) . (3)

The statements (2), (3) and Proposition 1.2 yield the result that the ring
(Ln(V,W),*,d) does not have the intersection property of quasi-ideals.

Hence the theorem is completely proved. r

Corollary 2.2. Assume that dimpV : nL, dimal7 : n and 0 e Lp(W,V).
Then the ring (L7(V,W),+,0) has the intersection proper-ty of quasi-ideals if
and onlg if either 0 :0 or rank? : min{rn,n}.

Proof. We clearly have that rank0: n ( rn if and only if d is a monomorphism
and rank 0 : m < n if. and only if 0 is an epimorphism. Ftom these facts and
Theorem 2.1, the Corollary is obtained. r

The following corollary is an immediate consequence of Corollary 2.2.

Corollary 2.3. Assume that dimpV : dimnW 1q and 0 e L7(W,V). Then

the ring (Ln(V,W),+,0) has the'intersect'ion proper-tg of quasi-ideals if and onlg
if either 0 :0 or 0 is an isomorphism.

Corollary 2.4. For P € M^,^(R), the ring (M^,.(R),*,P) has the htlersec-
tion property of quasi-idealsif and onlg if ei,ther P:0 or rankP: min{rn,rz}.

Proof. Let V and W be finite dimensional vector spaces over fi such that
dimpV : rn and dimpW : n. Let B and B/ be respectively ordered bases
of V and W. Then there exists 0 e Lp(W,V) such that [0]r,,r : P. Therefore

(Ln(V,W),* ,0)  = (M^,*(R),  * ,  P)  by a , - -  la ln,a, .  (4)

Also, we have

rank d : rank l?ln,,B : rank P. (5)

Hence the theorem holds by Corollary 2.2, (4) and (5). I

As an immediate consequence of Corollary 2.4, we obtain

Corollary 2.5. For P e M^(R) where Mn(R) denotes Mn,n(R), the ring
(M^(R),*,P) has the intersection property of quasi-id,eals if and only if either
P: 0 or P 'is i,nuerti,ble.

Acknowledgement. The authors would like to thank the referee for his useful and
helpful suggestions.



288 Genemlizeil Rings of Linear Tbansformatiotts

Referenc'es

1. T.W. Hungerford, Algebra, Springer-Verlag, New York' 1984'

2. Y. Kemprasit and P. Juntarakhajorn, Quasi-ideals of rings of strictly upper tri-

angular matrices over afield, Italian J. Pure and Appl. Math. (to appear).

3. Z. Moucheng, c. Yuqun, and L. Yonghau, The intersection property of quasi-

ideals in rings and semigroup rings, sEA Bull. Math. 20 (1996) LI7-L22.

4. o. steinfeld, on ideal-quotients and prime ideals, Acta Math. Acod. sci. Hung.

4 (1953) 289-298.
5. o. Steinfe|d', Quasi-ideals in Rings and, Semigroups, Akad6miai Kiad6 , Budapest'

1978.
6. H. J. inert, On quasi-ideals in rings, Acta Math' Hung' 43 (1984) 85-99'


