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Abstract. Let V and W be vector spaces over a division ring R and Lr(V, W) de-
note the set of all linear transformations @ : V. — W. For 0 € Lg(W, V), (Lr(V,W),
+,0) denotes the ring Lr(V, W) under usual addition and the multiplication * de-
fined by a * 8 = aff for all o, € Lg(V,W). In this paper, we prove that
(Lr(V, W), +, 0) has the intersection property of quasi-ideals if and only if # = 0, or
6 is a monomorphism, or # is an epimorphism. Consequently, if My, »(R) is the set
of all m x n matrices over R and (M n(R),+, P) where P € M, »(R) is defined
similarly, then (M, »(R),+, P) has the intersection property of quasi-ideals if and
only if either P = 0 or rank P = min{m, n}.

1. Introduction and Preliminaries

A subring Q of a ring R is said to be a quasi-ideal of R if RQN QR C @ where
for nonempty subsets A, B of R, AB denotes the set of all finite sums of the form
> a;b; where a; € A and b; € B. Then quasi-ideals are a generalization of left
ideals and right ideals. The notion of quasi-ideal for rings was first introduced
by Steinfeld in [4]. It is known that the intersection of a left ideal and a right
ideal of a ring R is a quasi-ideal {5, p. 7]. However, a quasi-ideal of R need not
be obtained in this way. Examples can be found in [2, 3], [5, p. 8]. We say that a
quasi-ideal @ of R has the intersection property if () is the intersection of a left
ideal and a right ideal of R, and R is said to have the intersection property of
quasi-ideals if every quasi-ideal of R has the intersection property. It is clearly
seen that every commutative ring has the intersection property of quasi-ideals.
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In particular, every zero ring has this property. The following fact will be quoted
later.

Proposition 1.1. [5,p.9] If a ring R has a one-sided identity, then R has the
intersection property of quasi-ideals.

Moreover, every (von Neumann) regular ring has the intersection property of
quasi-ideals [5, p. 73]. Weinert has characterized quasi-ideals of a ring which have
the intersection property in [6]. In [3], Moucheng, Yuqun and Yonghau have
given a characterization of rings having the intersection property of quasi-ideals
as follows: Let Z denote the set of integers. For a nonempty subset X of R, ZX
denotes the set of all finite sums of the form ) k;z; where k; € Z and z; € X.

Proposition 1.2. (Moucheng et al. [3]) A ring R has the intersection property
of quasi-ideals if and only if for any finite nonempty subset X of R,

RXN(ZX + XR) CZX + (RXN XR).

This known fact will be used. We note here that for any nonempty subset X of
R,ZX + (RXNXR) = (X)g, the quasi-ideal of R generated by X (Weinert [6]),
that is, (X), is the intersection of all quasi-ideals of R containing X [5, p. 10].

In the remainder, let V and W be vector spaces over a division ring R
and Lgr(V,W) denote the set of all linear transformations a : V. — W. For
6 € Lr(W,V), we denote by (Lr(V,W),+,8) the ring Lg(V,W) under usual
addition and the multiplication * defined by a* 8 = a6 for all o, 5 € Lg(V,W)
(functions in this paper are written on the right). The aim of this paper is
to give a characterization for the ring (Lg(V, W), +,6) to have the intersection
property of quasi-ideals.

Let My, »(R) be the set of all m x n matrices over R. For P € My »(R), let
(Mmn(R),+, P) denote the ring Mp, »(R) under usual addition and the multi-
plication * defined by A* B = APB for all A,B € M, »(R). As a consequence
of the main result, the rings (Mm »(R), +, P) with the intersection property of
quasi-ideals are characterized.

The following background on vector spaces, linear transformations and ma-
trices will be used. .

Assume that dimgV = m, dimgW =n, B = {v1,v2,... ,Un} is an ordered
basis of V and B’ = {wi,ws,...,ws} is an ordered basis of W. For a €
Lr(V,W), let {a] 5,5 denote the m x n matrices (r;;) where

VI =T11W + T12We + ..+ T1pWn

Vo = To1W) + ToWa + ...+ TopnWn

UnQ = Tm1W1 + TmaW2 + ... F TmnWn

and the matrix [o]p,p- is called the matriz of o relative to the ordered bases B
and B’ [1,p.329]. Then

(LR(V, W), =+, 9) = (Mm,n(R), +, [O]B’,B)
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by the map a — [a]s,5 ([1,pp-329,330]). Moreover, for every o € Lg(V;W),
rank a = rank [a] B, B/

(11, pp- 337, 339]). The following proposition is generally true for linear transfor-
mations and will be referred.

Proposition 1.3. Let a € Lr(V,W).
(i) If o is a monomorphism, then there exists § € L r(W,V) such that o = 1y
where 1y is the identity map on V.
(i) If o is an epimorphism, then there exists B € Lr(W,V) such that fo = 1w .

Proof.

(i) Let B be a basis of V. Since a is a monomorphism, we have Ba is a
basis of Img and ua # wa for all distinct u,u’ € B. Let B’ be a basis of W
containing Ba. Let 3 € Lr(W, V) be defined by

ﬁ_{u if v=ua forsome uc€B,
o if ve B'\ Ba.

Then uaf = u for all u € B and hence a8 = 1v.

(ii) Let B be a basis of W. Since Ima = W, for each v € B, there exists
v € V such that v'a = v. Define 8 € Lr(W,V) by

vB =1 forall veEB.

Then vBa = v for all v € B, so fa = lw. ]

2. Main Results

We first give the main theorem. Then we derive four remarkable corollaries by
the basic knowledge introduced in Sec. 1.

Theorem 2.1. For8 € Lgr(W,V), the ring (Lr(V, W), +,0) has the intersection
property of quasi-ideals if and only if 0 satisfies one of the following conditions:
(i) 6 =0.
(i) 6 is a monomorphism.
(iii) @ s an epimorphism.

Proof. If 0 = 0, then (Lg(V,W),+,0) is a zero ring, so it has the intersection
property of quasi-ideals.

Assume that 8 is a monomorphism. By Proposition 1.3 (i), 66’ = 1w for some
¢’ € Lr(V,W). 1t follows that o8¢’ = a foralla € Lgr(V,W). This implies that
@' is a right identity of the ring (Lr(V, W), +, 6). We deduce from Proposition
1.1 that (Lgr(V, W), +,6) has the intersection property of quasi-ideals.

Next, assume that 6 is an epimorphism. By Proposition 1.3 (ii), there is
¢’ € Lp(V,W) such that ¢ = ly. Then §'fa = a for all @ € Lr(V,W),
so 0 is a left identity of the ring (Lr(V,W),+,0). Hence by Proposition 1.1,
(Lr(V,W), +,0) has the intersection property of quasi-ideals.
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For the converse, assume that # # 0 and that 6 is neither a monomorphism
nor an epimorphism. It follows that

{0} #Kerf C W and {0} #Imf C V.

Let u € K~er0\{0}, w € W\ Kerf and z € V\Imé. Then wd € Im8 \ {0}.
Let B; be a basis of Im# containing wf. Since z € V \ Im#8, B;-U {2} is
linearly independent over R. Let B be a basis of V containing B; U {z}. Let
a,3,v € Lr(V,W) be defined on B as follows:
u if v=uwb,
va=< w if v=z,
0 if ve B\ {wd,z},
w if v=wb,
B = .
{ 0 if ve B\ {wd}

and

_{—w if v=ub,
Y=\ i v € B\ {wb}.

We have the following properties of o, 8 and -:
vad =0 for all v€ Imé, (1)
(wh)(a + aby) = (wh)a + (wh)aby = u,
(wh)Bba = (wh)a = u,
z{a+aby) =za+zady=w+ (W) y=w—w=0,
z(B0a) =0

and
. v(a+ afy) = 0=vf0a for all ve B~ {wb,z}.

Consequently, we have
Bla = a+ aby € Lr(V,W)ba N (Za + afLg(V,W)). (2)

Suppose that B0c € Za+ (Lr(V,W)6aNafLr(V,W)). Then there exist k € Z
and A\, n € Lg(V,W) such that

Bla = ka + Mo = ko + abn.

Thus
u= (wh)Blo = (wh)(ka + abn) = ku = (k1g)u

where 1p is the identity of R. This implies that k1g = 15 since u # 0. Therefore
ka = a and so

Bba = a+ Ma.

Hence
0 = z(f0a) = z(a + Aa) = w + (zA0)a
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and so (zA0)a = —w. It then follows from this equality and (1), that
—(wh) = (zA0)af =0
which is a contradiction since w8 # 0. This shows that
Ba ¢ Za + (Lr(V,W)0aNabLr(V,W)). (3)

The statements (2), (3) and Proposition 1.2 yield the result that the ring
(Lr(V,W),+,60) does not have the intersection property of quasi-ideals.
Hence the theorem is completely proved. =

Corollary 2.2. Assume that dimgV = m, dimgW = n and 8 € Lr(W,V).
Then the ring (Lr(V,W),+,0) has the intersection property of quasi-ideals if
and only if either @ = 0 or rankf = min{m,n}.

Proof. We clearly have that rank @ = n < m if and only if # is a monomorphism
and rank @ = m < n if and only if  is an epimorphism. From these facts and
Theorem 2.1, the Corollary is obtained. [ |

The following corollary is an immediate consequence of Corollary 2.2.

Corollary 2.3. Assume that dimgV = dimgW < oo and 8 € Lg(W, V). Then
the ring (Lr(V, W), +,0) has the intersection property of quasi-ideals if and only
if either 6 = 0 or 6 is an isomorphism.

Corollary 2.4. For P € My, m(R), the ring (Mmn(R),+, P) has the inlersec-
tion property of quasi-ideals if and only if either P = 0 or rank P = min{m,n}.

Proof. Let V and W be finite dimensional vector spaces over R such that
dimgV = m and dimgW = n. Let B and B’ be respectively ordered bases
of V and W. Then there exists § € Lgr(W, V') such that [6] g, 5 = P. Therefore

(LR(V’ W)7 +, 0) = (Mm,‘"-(R)’ +» P) by o [a]B,B’- (4)

Also, we have '
rank § = rank [f] g p = rank P. (5)
Hence the theorem holds by Corollary 2.2, (4) and (5). ™

As an immediate consequence of Corollary 2.4, we obtain

Corollary 2.5. For P € M,(R) where M,(R) denotes My, (R), the ring
(Mn(R),+, P) has the intersection property of quasi-ideals if and only if either
P =0 or P is invertible.
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