Vietnam Journal of Mathematics 30:4 (2002) 395-411

Vietnam Jourmnal
of
MATHEMATICS

© NCST 2002

Refinable Functions from Their Values
at Integers

Charles A. Micchelli! and Qiyu Sun?
I Department of Mathematics and Statistics, State University of New York,
The University at Albany, Albany, N. Y. 12222, USA

2Department of Mathematics, National University of Singapore,
10 Kent Ridge Crescent, Singapore 119260, Singapore

Dedicated to Mike Powell with friendship and esteem on the occasion of
his 65th birthday

Received October 5, 2001

Abstract. Any positive sequence of finite numbers such that the sum of the even
indexed and odd indexed terms are one determines a refinable function which is positive
in its support and whose integer translates form a partition of unity. Using this fact
we introduce a recursive method to generate new refinable functions from their values
at integers. This recursion is analyzed and its convergence is established.

1. Introduction

A real-valued continuous function ¢ supported on the interval [0, N + 1], where
N is a positive integer, is said to be refinable provided that
¢$=> a;¢(2-—j) (1.1)
jez
for some sequence of real numbers {a; : j € Z} such that a; = 0 for j ¢
Zn+2:={0,1,...,N 4+ 1}. A necessary condition for the existence of ¢ is that
the polynomial
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a(z) :== Zajzj, zeC (1.2)

has the property that

and in this case
> (-4 =1, (14)
JEZ
see [1]. If, in addition to (1.3),
aj >0, j€ZLNia, (1.5)

then there exists a unique continuous ¢ satisfying the refinement equation (1.1)
and the partition of unity condition (1.4). Moreover, in this case,

¢>(x)={>0’ xe€(0,N+1)

: (1.6)
0, otherwise,
see [9] and also [4, 8]. In fact, ¢ is Holder continuous, see [8].
Following discussion in [7] and also recently in [3], we use the values of ¢
on Zn41 to generate another polynomial of degree N + 1 satisfying (1.3) with

positive coefficients on Zy 9. For example, the polynomial

(1 j
al(z) = +Z g o(j+ 1), zeC (1.7)
JELZN

determines a refinable function ¢! satisfying all the same conditions as ¢ itself.
We continue this process and form polynomials a”,n € Z, (each of degree N+1)
and corresponding refinable functions ¢™,n € Z; and ask about their limit as
n — oo.

This iteration is in fact a special case of the one studied in this paper. Before
getting to the specifics of the iteration, let us briefly mention in passing an
illustrative example of the above iteration. The cases N = 1 and N =
converge in at most two steps. For N = 3, we start with a symmetric quartic
polynomial

1 1 -
a(z) = (1+z)[§ —t+tz+t22+ (5 —t)zs}, zeC,
where ¢t € (0,1/2) and note for n € Z4 that

a"(z):(l—i—z)[%—t +tnz + tn2? +(§—t) }, z € C,

where

— tn
3 —4t,
tQI:t.

tn+1Z:? , nE Z*w
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The sequence {t,, : n € Z} is strictly increasing, lies in (0,1/2) and converges
to 1/2 as n — oo. In particular,

t+(1—2t)n
ty = —————| IS/
" 142(1-2t)n +
Hence, we conclude that
lim a" = a*°,
where
1 2
a™(z) = 21+2) , z€C,
2
which implies that
lim ¢" = ¢,
n—oo
where for x € R,
0, z & (1,3),

¢m@%{1pﬂ,xeu3y

The convergence is uniform on compact subsets of C, R respectively. The func-
tion ¢ is uniquely determined by the refinement equation

¢ = ae™(2-—j)
JEZ
and the condition that
D 0% -4 =1
JEL

This example prepares us for the general case which we now describe.

2. The Iteration

For any continuous function ¢° on R, positive on (0, N + 1) and zero otherwise,
which satisfies the equation

> -4 =1 (2.1)
jez
and 6 € (0, 1), we define the polynomial of degree N + 1 by the equation
a’(z) =Y L;j(¢°)2), z€C,
JEZ
where

Li(¢°):=0¢°(j — 1)+ ¢°(j) + 1 —0)¢°(j + 1), j€Z

This polynomial begins the iteration which we describe next.
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Proposition 2.1. For every 6 € (0,1) and function ¢° described above there
exists a sequence of functions {¢™ : n € Zy} such that

N >0, z€(0,N+1)
W) ¢"(x) = { 0, otherwise,
(i) >jer@"(—4) =1,
(i) @""t =375z Li(9")e" (2 ).
Proof. According to our definition of the polynomial a® and our remarks in
Sec. 1, there is a unique refinable function ¢! such that

¢t = Li(¢")6' (2 —)

JEZ

and (i) and (ii) of Proposition 2.1 hold with n = 1. The polynomial of degree
N+1

al(z) = ZLj(¢1)Zj, zeC
JEZ

has positive coefficients and satisfies (1.3). This means that it likewise deter-
mines a refinable function ¢? which satisfies (i)-(iii) of the proposition. In this
way, we define inductively for n € Z, refinable functions ¢™ and polynomials

a(z) = Lj(¢")7, z€C. (2.2)

JEZ
]

Note that in our definition of ¢™ and a™,n € Z, we only require the values
#°(j +1),7 € Zy, the fact that they are positive and sum to one. The case
6 = 1/2 of the iteration corresponds to the case described in Sec. 1. For any 0,
when N =1 all the iterates are the same and so henceforth we assume N > 2.

We now consider two special refinable functions central in our analysis of
convergence of our iteration. The first is defined by the refinement equation

Y=1(2) + P2 -1+ (1 -1)p(2--2) (2.3)

and the requirement that

> (-4 =1,

JEZ

where ¢t € (0,1). This function has support [0, 2] and is positive in (0, 2). More-
over, as a special case of general results from [9, 4] it was proved in [8] that ¢ is
strictly increasing on [0, 1]. We display its dependency on t by the notation
and observe for ¢ = 1/2 that ¢;(z) = max(0,1 — |1 —z|), z € R.

The next function we require is defined by the equation
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Ti(z) := ’ P (o)do, z € R (2.4)

rz—1

or alternatively by the requirement that

Dy =-[(1=t)0u(2) 4+ (2= (2- —1) + (L + )Ty(2- —2) + tIy(2- =3)] (2.5)

| =

and

> oTu(—j) =1 (2.6)
jez
We are now prepared to define the limit of the iteration described above.

To this end, we introduce an integer m € Zy_1 and 7 € [0,1) defined by the
equation

m+T:Zj¢)O(j+1). (2.7)
JEL
These definitions lead us to the function
vo(- — N +1), if 6€(0,1/2),
o) = T —m), i 0=172,
Vg, if e (1/2,1).

Theorem 2.2. If 6 € (0,1), then there are constants q € (0,+00) and r € (0,1)
such that for alln € Zy and x € R, either

(i) 0 1/2 and [¢"(x) — 6 (2]9)] < g™, or

(ii) 0 =1/2, 7 # 0 and |¢"(x) — ¢ (x|0)| < qr™, or

(iii) @ =1/2 and 7 =0 and |¢"(z) — ¢>°(z]0)| < q(n +1)71.

We remark that the estimate above in (iii) of Theorem 2.2 cannot be im-
proved, since for the refinable function ¢™ and ¢ in Section 1 and for any
t € (0,1/2) there is a positive constant ¢ such that for all n € Z, we have
that

[67(2) = ¢ (2/0)] = [4tn41 — 2| Z c(1+ 7).

3. Estimates

We find it convenient to introduce the sequence of polynomial of degree N — 1

b(2) = ¢"(i+ 1)z, 2€C, neZy (3.1)
JEZL

and also make use of the quadratic polynomial
Co(2) =0+2+(1—-0)z* zeC. (3.2)

From these definitions there follows the formula



400 Charles A. Micchelli and Qiyu Sun

a” =Cyb", nel,. (3.3)

Our first observation concerns an equivalent way to state the iteration described
in Sec. 2 in terms of these polynomials.

Lemma 3.1. For any n € Zy there holds
(1) =1 (3.4)

while for z € C
a"(2)b" T (2) — a™(=2)b" T (=2) = 220" (2?). (3.5)

Proof. The first claim follows immediately from (ii) of Proposition 2.1. For the
second claim we specialize (iii) of Proposition 2.1 to obtain for i,j € Z,n € Z
that dg;p1 = ¢" " 1(i + 1), where

di =Y Li(¢™)¢" (i +1—j).

JEZ

Recalling definition (2.2) and (3.1) we obtain from the above equation that
d = a"b"*! and hence for all z € C,

sz"H(zQ) =2 Z dopyq 22Tt
€z
=a"(2)b" T (2) — a" (—2)b" T (—2). ]

Recall for n € Z, that all the coefficients of " are positive. In view of
the first fact stated in Lemma 3.1 these polynomials are bounded on compact
subsets of C. In our next lemma we identify all possible cluster points of this
sequence of polynomials.

Lemma 3.2. If 6 € (0,1) and b is a Laurent polynomial with nonnegative
coefficients such that for all z € C\ {0}

Co(2)(b(2))* = Co(—2)(b(~2))* = 22b(2?) (3.6)

and
b(1) =1, (3.7)

then either @ = 1/2 and there exist o € [0,1) and integer k € Z such that
(i) b(z) = [a+ (1 —a)z]z*, 2z €C,
or 0 # 1/2 and there exists k € Z such that
(i) b(z) = 2*, z € C.
Moreover, any polynomial of either of these forms satisfies (3.6) and (3.7).

Proof. Certainly (3.6) and (3.7) represent the equations necessarily satisfied by
any cluster point of the sequence of {b" : n € Z4}.
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Let us begin the proof of the lemma by confirming that any polynomial of
the type described in (i) and (ii) provide a solution to (3.6) and (3.7). To this
end, we observe whenever b satisfies (3.6) and (3.7), then the Laurent polynomial
b defined by the equation b(z) := 2*b(z),z € C\ {0} for any k € Z also satisfies
these equations. Likewise, recalling the definition of the quadratic polynomial
Cp the Laurent polynomial defined by the equation b(z) := b(z~1),z € C\ {0}
satisfies (3.6) and (3.7), with 6 replaced by 1 — 6 when b itself is a solution to
these equations. Consequently, since the polynomial b = 1 clearly satisfies (3.6)
and (3.7), we see the polynomials in (ii) is also a solution. In a similar manner,
when 6 = 1/2, a direct computation confirms the polynomial in (i) satisfies (3.6)
and (3.7).

For the converse, we let b be any solution to (3.6) and (3.7) with nonnegative
coefficients. By our previous remarks, we can assume b is an algebraic polynomial
with b(0) > 0 and 0 € (0,1/2]. We make use of this additional information by
differentiating both sides of (3.6) and setting z = 0 to obtain the formula

b(0) + 200 (0) = 1.

Moreover, since

1=b(1)= Y b(j),(o) > b(0) + b'(0) > b(0) + 260’ (0) = 1,

we conclude that @) (0) = 0 for all j > 2. If # € (0,1/2) we also have that
b'(0) = 0. This proves the result. ]

Our next lemma provides useful inequalities for the coefficients of the poly-
nomial b",

b"(z) = Z b?zj, z € C,

JELZN
assumed to satisfy (3.6) and (3.7), and to have positive coefficients. For the proof
of the next result we find it convenient to say a(z) > b(z) whenever a; > b;, j € Z
for any two Laurent polynomials a and b.

Lemma 3.3. Ifn€Z;, 0 € (0,1) andl € Zny_1. Then
(1—0)ppt!

n+1 > s
e T ks .
and
< (L= p(L— bt 20— 0) 7P >+ b, (3.9)
JEZ
1—-2
where p := 1799.

Proof. We start with the inequality (3.8). Since the coefficient of b™ are nonnega-
tive we have that

+1 ntl 1 | pntl l41
b (z) 20T 2 T
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Therefore we conclude that

Co(2)b™(2)b" 1 (2) > (1= 0) (b o) + b o7 )2 243,

Combining this inequality with the equation (3.5) proves (3.8).
For the second inequality we set

= Z b?zj, zeC
JEZL

and use the convention that whenever ™ appears below it represents some poly-
nomial which does not contain a factor z%+1. Qur first step is to write

bn+1bn —_ en+1bn T enbn-i-l T (bn+1 _ en-l—l)(bn _ en) _ en-l—len
and conclude that

Co(2)b"TH(2)b™(2) < Cp(2)e™ T (2)b™(2) + Cp(2)b" T (2)e™(2)
+Co(2) (0" (2) = ") (V" (2) — €"(2)).

For the last term we note that each factor has terms starting with z!. Therefore,
we obtain that it is

< [bP R+ 07 b 4 bR )]+ (2).

Our estimate for the first term is

Co(z ) "z )b"( )
< Cy(z ”'H Z 2

JELN -1
< (0e™TH(A) + e THD) + (1 — 0)e™ T (1)) 22 4+ 7 (2)
= 2" TH(1) 22 4 (2).

A similar estimate holds for the second term, and in total we get

Co(2)b" T (2)b"(2)

< (B 4+ O b b ) +2 Y (b by 4 2).
JEZL

Referring back to the equation (3.5) we obtain,
bt < b 4 O 4 bR ) 2 ) (07 b, (3.10)
JEZ

We bound the second factor on the right hand side by using the fact that b}, ; <
1 — b and upon simplification obtain the desired result. n
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In the next lemma, we use the inequality above to establish that

lim b7 =0, j€Zy_1,

n—oo

whenever § € (0,1/2) and N > 1. In fact, we shall demonstrate that the
convergence is geometrically fast.

Lemma 3.4. If0 € (0,1/2) and j € Zn_1, then there are a positive constant q
and p € (0,1) such that for all n € Z4

b < qu”. (3.11)

Proof. We first prove the result for j = 0. To this end, we specialize (3.9) to
this case, and obtain for n € Z4

b < [1— p(1 - b0 < B

that is, {0} : n € Z4 } is a nonincreasing sequence. Therefore, we conclude from
the first inequality that

b < [1—p(1 - bg)]bg,

and so, indeed (3.11) holds for this case.

The proof of the general case proceeds by induction on j € Zy_1. So, we
assume that (3.11) holds for all j € Zj, for some k € Zy_1. If k = N —1, we are
finished, otherwise, we have that 1 < k < N — 2. Again, we make use of (3.9)
and the induction hypothesis to obtain for n € Z,

b < 1 p(1— BB+ su”, (3.12)
where s := 2k(1 — 0)"!(u + 1) from which we derive that the sequence {b} +

s(1 —p)~'p™ :n € Z,} is nonincreasing. Hence there is a r € (0, 1] such that

lim by =
n—oo

Let us first demonstrate that r # 1. If, to the contrary r = 1, then for all
j € Zn—1\ {k} we obtain that

lim b7 = 0.

n—oo J

However, since k < N — 1 we can use (3.8) to conclude that, since 6 € (0,1/2),
that

bn+1 > (1 - e)bZ—H n i n

R L (1 —0)bp R T 20 M
for sufficiently large n. In other words,

by > c(26) "
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for some positive constant ¢, which is a clear contradiction as the lower bound
tends to co as n — oo.
We now know that r # 1 and therefore from (3.12) for all n € Z;

bt < eb} + sp™, (3.13)

where € :==1 — p(1 — ) and § € (0,1) is chosen so that for all n € Z., we have
that b7 < (. Using inequality (3.13) repeatedly in n gives us for n € Z, the
estimate

bt < max(s,1)(p" + p" te4 o+ €)

< max(s,1)(n + 1)[max(p, €)]" (3.14)

which advances the inductive hypothesis and proves the lemma. n

This lemma has sufficient information to prove Theorem 2.2 for § # 1/2. In
the next lemma, we use the inequalities in Lemma 3.3 to establish

lim b7 =0, j € Zn

J—00

when # = 1/2 and 7 € (0,1).

Lemma 3.5. If 6 = 1/2, m, 7 are chosen as in (2.7) with T € (0,1), then there
are constants ¢ > 0 and p € (0,1) such that for alln € Zy and j € Zn,,

b} < qu™.

Proof. Since 6 = 1/2, we see that the constant p appearing in the bound (3.9) is
one. This is a barrier to obtaining our goal to establish exponential decay of the
first m coefficients of the polynomial b”. To circumvent this problem we return
to use the proof of (3.9) and see that an exponential bound would be available
provided that we can find a n € (0, 1) such that for all [ € Z,,, and n € Z

by +01" <. (3.15)

Indeed, if this were the case then inequality (3.10) in the proof of Lemma 3.3
yields for all | € Z,, and n € Z the inequality

4
bt < (5 oy S (b7 + 6. 1
l — 2 ,'7 l+3—277j€Z(J+j ) (3 6)

1

We now follow the argument in Lemma 3.4 and use (3.16) to prove the lemma.
Hence, there remains the proof of (3.15). The first step is to observe that for all

ne Z+
D gbp =" bl (3.17)

jez JEZ

To this end, we differentiate both sides of (3.5) and evaluate the resulting ex-
pression at z = 1 upon simplification there follows equation (3.17). Hence, for
any ! € Z,, we conclude that
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N—-1 1 N—-1
Z bj = N —1 Z 7§
g=ire =itz (3.18)
1 N-1 I+1 1
zN_l( jb?f(lJrl)Zb?)ZN_l(erTflfl).
§=0 3=0

Consequently, recalling the fact that | < m — 1 and m < N — 2, we obtain the
desired inequality

N-1
m+7—1—1 N-1—-71
by <1 — "<l — <
T b <1 'Zb]_l N1~ v <!
j=1+2
and hence completes the proof. n

This lemma has sufficient information to prove Theorem 2.2, for § = 1/2 and
7 € (0,1). In the next lemma, we use the inequalities in Lemma 3.3 to study
the remaining case § = 1/2 and 7 = 0.

Lemma 3.6. If 0 = 1/2, m, T are chosen as in (2.7) with 7 = 0, then there are
a positive constant ¢ and a p € (0,1) such that for alln € Zy and j € Zy—1,

by < qu",
and lim,, oo b7, _ | exists.

Proof. For | € Zy,—1 and m < N — 2, we obtain from (3.18) that

N-1
m—1—1 N -2

” m<1— <1 — < 1.

by + b < j_§l+2b] < N1 SN_1 <

This leads to (3.15) for all [ € Z,,—_;. We now follow the argument in Lemma
3.4 to obtain the first claim.
For [ = m — 1, we have from (3.9) that

bt <bp 4 (p + 0.
JE€Lm -1

Using this fact and the estimate of b7 for j € Z,—1 we proceed again as in the

proof of Lemma 3.3 and conclude that lim,, . b]},_; exists. n

4. Perturbation of Refinable Functions

The previous results concentrate on the asymptotic behavior of the coefficient
polynomials {b"™ : n € Z } as they generate and reflect properties of the refinable
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functions {¢™ : n € Z1}. We now need to make an observation on the depen-
dency of the refinable function ¢ in (1.1) on the polynomial a. For this purpose,
we amplify our notation for ¢ to ¢, as a means to display its dependency on
a. Our goal is to estimate the difference ¢, — ¢5. The bound we present comes
from delving into the proof of the existence of ¢, (and ¢g) as presented in [§],
see also [1], and making appropriate additional observation. The polynomial a
is our “target” and a is meant to be “close” to a. With this distinction in mind
we prepare for the next fact.

For any biinfinite sequence ¢ = {c; : j € Z} we let ||¢||oc = sup{|c;|: j € Z}.
Likewise we use ||¢||oo for the suprenorm of any function ¢ defined on R.

Proposition 4.1. If 6 € (0,1), a = Cgb and a = C’gl;, where b and b are
polynomials of degree at most N — 1, have nonnegative coefficients, and satisfy
b(1) =b(1) =1, ¢, Pa are the corresponding refinable functions satisfying (1.1)
and (1.4), then

bl < _ NP 7 Olle
190 = dalloo < 2Nmin(é’7 1-6)

(4.1)

Proof. Central to our proof of the inequality (4.1) is the subdivision operator
S, defined as a bounded map on £°°(Z) by the formula

(Sac)i = Zai_gjcj, i1 €7,

JEZ

where ¢ := {¢; : j € Z}. Clearly, a,a are polynomials of degree at most N + 1
having nonnegative coefficients and satisfying (1.3). Hence, we obtain that

HSaHoo <1, (4.2)

where
[[Salloo := sup{[|Sacllos = [lefloc < 1}

Also, we have that ||Sallcc < (N +1)]la]co-
Let d(z) := (0+(1-0)2)b(2) := > ez djz?, 2 € C,and V be the difference
operator defined by

(Ve)j =c¢j—cjr1, JEL,
where ¢ = {¢; : j € Z}. By direct computation, we obtain that
[[Salloo < max(6,1 —0) (4.3)
and
VSa = SaV. (4.4)

So, for all k € Z, we conclude that
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k—1
155 = S¥lloo < D 155(Sa = Sa)S5 ™ [lo
=0
k—1
< Y M(Sa = Sa)Ss ™ loo
=0
k—1
SN[b =Bl Y IIVSE oo (4.5)
=0
k—1
< NIb—blloo D 11557Vl
=0
k—1
<2N||b = bllos Y _(max(6, 1 — 6))F
=0
2N||b - Elloo
~ min(6,1—6)’

Let
M(z) == max{0,1 — |z|}, z €R,

and recall that the sequence of functions

Q=) (540);M (2" - —j),

JEZ
where k € Z4 and § := (0, : j € Z) is defined as
0, j#0,
5]' = { ] ?é
1, 7=0.

Furthermore we set ag(z) := (1 + 2)?/2, z € C, and conclude that
1257 = Qflloo < 1155718 — Sa0Sg 0|0

4.6
< 2N||VS%6]|o0 < 2N (max(0,1 — ))*. 46

This shows that QF converges uniformly to ¢, as k — oo and satisfies the
estimate
(max(f,1 — 0))*

k_ <
1922 = dalloe < 2N min(4,1 — 0)

ke,

Therefore, for any p € Z, we have that

[#a — Palloc < llga — Qoo + 195 — Qoo + 125 — dalloo
—_0))P _p
(wax(0,1=0) o 10—l

< .
< 4N min(f,1 — 6) min(4,1 — 0)

We now let p tend to infinity in this upper bound to finish the proof of (4.1). m
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We remark that the effect of “truncating” the coefficients in a refinement
equation (1.1) on the refinable function has been studied, [2, 5]. Although the
results in [2, 5] are of a general nature. Proposition 4.1 is directly pertinent
to the class of refinable functions of our focus here, and is not covered by the
results in [2, 5.

5. Convergence

Proof of Theorem 2.2. First, we discuss the case 6 € (0,1/2). According to (3.4)

and Lemma 3.4 there are constant ¢ > 0 and u € (0,1) such that for all n € Z4
lla" = a®(10)lloc < gqu™, (5.1)

where
a®(z)0) == 2N"1Cy(2), zeC.

In the inequality above, p has the same meaning as in Lemma 3.4 while ¢ may
be different. Similarly, for 8 € (1/2,1), (5.1) holds with

a®(z]0) :== Cy(z), zeC.

The reason for this is that in this case the polynomial b™ defined for n € Z4 by
the equation

b (2) =227, zeC
satisfies all the conditions of Lemma 3.4 with 0 replaced by 1—6 and consequently
nlggob"(z) =1, z€C
uniformly on compact subsets of C.

Now we make use of Lemma 3.5 to consider the case § =1/2 and 7 € (0,1).
Here both b™ and b” satisfy the hypothesis of the lemma. Moreover, since

2 M =N 1= D b
JELZN JEZN
we have that
m=N—-2—-m and T=1-—7.
This means for some positive constants ¢, € (0,1), n € Z4 and for all j such
that 0 <j<m—-1lorm+2<j <N —1 we have that
b} < qu”.
However, since for all n € Z,
Z b =1 (5.2)
JELN

and

> gt =m+r (5.3)
JELZN
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see (3.17), we conclude that there exists a positive constant ¢ such that for all
n e Z+

by, — (1 —=7)| < qu™, |bp 1 — 7] < qu". (5.4)
Consequently, we have proved that (5.1) holds for § = 1/2 and 7 € (0, 1), where

a>*(z|0) :=2z"((1—71)+72), zeC.

The final case § = 1/2 and 7 = 0 requires the use of Lemma 3.6. As in the
proof above, using Lemma 3.6 we conclude that for some positive constant ¢ and

e (0,1),
b} < qu” (5.5)
for all j such that 0 < j < m—-—2orm+2 < j < N — 1, and moreover

limy, o0 by, and limy, o by, | exist. Therefore, so does lim, . b}, by (5.2).
According to Lemma 3.2 there are a k € Z; and an « € [0,1] such that

nan;O b'(z) = 2*((1 — @) + az), z€C. (5.6)

We combine this fact with (5.2) and (5.3) to conclude that

lim b"(z) = 2™, ze€C,

n—oo

that is, lim, .o by, 1 = limy o0 b3y, 11 = 0 and lim, . b, = 1. We must now

estimate the rate at which these three sequences tend to their respective limits.
The two equations (5.2) and (5.3) and the estimate (5.5) guarantee that it suffices
to estimate the rate at which the first sequence tends to the limit. Specifically,
there exists a positive constant g; > ¢ such that for all n € Z

brn1 = bl < @y (5.7)
and
by, + 265, — 1 < @™ (5.8)
This inequality together with the estimate (5.5), shows that
" (z) = 2" B < @™ Y A

JEZN

where 37%(2) := b7 _;+(1—2b"_,)z+0b" ;22 Substituting this inequality into
(3.5) with § = 1/2, we conclude that there is a positive constant ¢ such that
foralln e Z,,

|C1y2(2)B"(2) " (2) = Cuya(-2) " (—2)B" T (—2) — 22871 (7))

Identifying the coefficients of z of the polynomials appearing in the above in-
equality yields, upon simplification, the estimate
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pr
b"tll __ m—-1 < 2q2/j/"7
P T

and, in particular, we conclude that
n

br
0< b%tll < Hrgibnl + 2gou™.

m—1

Let g3 > 1 be a positive constant chosen so that gz > 2¢27"(n + 3)? for all
n € Z4. We now prove that

byt < g3(n+1)7" (5.9)

for all n € Zy. Clearly (5.9) holds for n = 0. The proof of the general case
proceeds by induction on n. So we assume that (5.9) holds for some n € Z.
Therefore using the monotonicity of the function  — /(1 + 2z) on (0, 00) we
get that

by, q3 q3 q3
prtl — _ Tm=1l 90 on o < )
mel T T T S T o T3 a2

This proves that the inequality (5.9) holds for all n € Z,. As a consequence of
(5.9), for # = 1/2 and 7 = 0 there exists a positive constant ¢4 such that

b a0l < 2 neZe, (5.10)
where
a>(z|0) :=z", zeC.
In all cases, we have by our definition, (2.8) that
0<(10) = _a(O)p™ (2 —jl6),
JET

and therefore Theorem 2.2 follows from Proposition 4.1 by choosing a := a™ and
a=a>(0). ]
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