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Abstract. The notions of locally, locally upper and locally lower C-Lipschitz conti-
nuities of multivalued mappings at a given point are introduced and some properties
of these mappings are provided. Further, we define locally C-approximations, upper
and lower contingent derivatives of a multivalued mapping and derive some necessary
and sufficient conditions for multiobjective optimization problems.

1. Introduction

In recent years, in order to study the theory of vector multiobjective optimiza-
tion and equilibrium problems, several authors have considered the properties of
multivalued vector mappings in locally convex Hausdorff spaces with a cone and
derive necessary and sufficient conditions for efficient solutions of vector prob-
lems. For example, Luc and Malivert [10] have studied the concept of invexity to
multivalued mappings and optimality conditions for multiobjecttive optimization
with invex data. Aubin and Frankowska [2] have studied some other properties
of multivalued mappings and various questions concerning multivalued vector
mappings...

In [12 - 13] we already introduced the notions of upper, lower C-continuities,
upper, lower C-convexities of multivalued mappings with values in locally convex
Hausdorff spaces with a cone and showed some necessary and sufficient condi-
tions for the upper and lower C-continuities and relations between them. We also
used these properties in the study of the existence of solutions of optimization
and equilibrium problems. In this paper we continue the study of the mentioned
papers by investigating the C-Lipschitz continuities and contingent derivatives
of multivalued mappings. The paper is organized as follows. In Sec. 2, after
recalling the definitions of the upper and lower C-continuities, we introduce the
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concepts of locally upper and lower C-Lipschitz continuities and show some nec-
essary and sufficient conditions for them. In Sec. 3 we introduce the notions
of upper and lower C-approximations, upper and lower contingent derivatives
of multivalued mappings. Further, we give some conditions for the existence
of contingent derivatives and for an upper (lower) contingent derivative to be
an upper (a lower) C-approximation. In Sec. 4, we consider a multiobjective
optimization problem and give some necessary and sufficient conditions for the
existence of solutions.

2. C-Lipschitz Continuities of Multivalued Mappings

In what follows we assume that X and Y are normed spaces with the topological
duals X’ and Y”, respectively, and D C X, C a cone in Y. The symbol || .||
stands for the norms in X and Y. The closure and the interior of D is denoted
by D and int D, respectively. By 2¥ we denote the family of all subsets of ¥
and F : D — 2Y denote a multivalued mapping from D into 2¥ with dom F =
{z € D|F(z) # 0}. We first recall the following definitions

Definition 2.1.
a) A multivalued mapping F is said to be upper (lower) C-continuous at xg €
dom F' if for any neighborhood V of the origin in Y there exists a neighborhood
U of xg in X such that

F(z)C F(xg)+V +C

(F(zo) C F(z)+V —C, respectively)

holds for all z € DNU.

b) If F is upper and lower C-continuous at x¢ simultaneously, we say that F is
C'-continuous at xg.

c) We say that F is upper (lower) C- continuous on D if it is upper (lower)
C-continuous at any point of dom F'.

Remark 1.

i) In the case C = {0}, if F'is a singlevalued mapping, then the above definitions
coincide with those in the usual sense.

ii) If Y = R, the space of real numbers, and Ry = {« € Rla > 0} and if F
is upper (lower) Ry-continuous at xy then we say that F' is upper (lower)
semicontinuous at x.

iii) The above definitions are little bit different from Definition 7.1, Chapter 1
in [8]. It is easy to verify that if F'(x) is compact then they coincide with
those given in [8].

Definition 2.2.

1) A singlevalued mapping f : D — R is said to be locally upper (lower) Lips-
chitz at xg € dom f = {x € D|f(z) < +oo} if there exist a neighborhood U
of g and a constant L > 0 such that

f(@) = f(xo) < Lz — o
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(f(w0) — f(&) < Ll — w0, respectively)
holds for all x € UN D.

2) f is called a locally Lipschitz mapping around xo if there exist a neighborhood

U of x¢ and a constant L > 0 such that

/(@) = f(2)] < Llle — 2|

holds for all x,2’ € U N D.

3) A family of singlevalued mappings fo : D — R,a € I, is said to be locally

(upper, lower) equi-Lipschitz at xo if there exist a neighborhood U of xo and
a constant L > 0 such that

[fa() = fa(a")] < L]z — 2|

(fa(l') - fa(xo) S L”:L' - :L'OHa fa(xO) - fa(m) < LH:L' - 1'0”7 TespeCtively)

holds for all z,2’ e UND and « € I.

Next, we introduce the notions of locally (upper, lower) C-Lipschitz of mul-

tivalued mappings. By By (0,7) we denote the closed ball with center at the
origin and radius r in Y i.e.

By (0,r) ={yeY [ [ly| <r}.

We also write simply By (0,1) = By-.

Definition 2.3.

2)

)

d)

A multivalued mapping F : D — 2Y is said to be locally upper (lower) C-
Lipschitz at xo € dom F' if there exist a neighborhood U of x¢ and a constant
L such that

F(z) C F(xo) + L|jlx — x0||By +C

(F(zo) C F(x) + L||x — x0|| By — C, respectively)

holds for all x € U N D.
A multivalued mapping F : D — 2Y is said to be locally C-Lipschitz around
xg € dom F if there exist a neighborhood U of xg and a constant L such that

F(z) C F(2')+ L|jz — 2'||By — C

holds for all z,2' € UN D.

F is said to be locally (upper, lower) C-Lipschitz in D if it is locally (upper,
lower) C-Lipschitz around (at) any point of D.

If C = {0}, we say simply that F is locally (upper, lower) Lipschitz instead
of locally (upper, lower, respectively) {0} - Lipschitz.

Remark 2. Tt is easy to show that if F' is locally upper (lower) C-Lipschitz at
2o € dom F', then it is upper (lower) C-continuous at x.

We recall that the set
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C'={eY | <&y>>0 forall yeC}

is called a polar cone of the cone C. For any { € C’ we define function ge, G§ :
D— R by

)= inf <& y>,
9¢(7) o &y

Ge(z)= sup <&y>, z€D.
yEF ()

We have

Theorem 2.4. Let F : D — 2Y. Let 2y be in dom F such that F(xzo) +
C (F(x9)—C) is convex. Then F is locally upper (lower, respectvely) C-Lipschitz

at xo if and only if the family {ge|€ € C', €]l = 1} ({Gel€ € O, ||€|| = 1}) is
locally lower (upper, respectively) equi-Lipschitz at xg.

Proof. We prove the first case. The second case is similar. First, we assume that
F is locally upper C-Lipschitz at zg. It follows that there exist a neighborhood
U of zg and a constant L such that

F(z) C F(xo) + L||lx — x0||By +C, forall zeUnND.

Hence,
ge(z) = inf <&y>> inf <& y>—Lz—
yEF(x) yEF (xo)

and then

ge(x0) — ge(z) < Lllw — x|, forall zeUnND, el | =1

This shows that the family {g¢|¢ € C’,||£]| = 1} is locally lower equi-Lipschitz
at xg.

Now, assume that this family is locally lower equi-Lipschitz at xg, but F is
not locally upper C-Lipschitz at xg. It follows that for any neighborhood U,, of
To, € I, where I is an index set, and for any constant L, > 0 one can find
To € U,ND with

F(zo) € F(xg) + Lo||za — x0|| By + C.
Therefore, we can take y, ¢ F(zq) and
Yo & F(x0) + La||xa — zo|| By + C.
Take 6, € (0, L,,) arbitrary. Since the set cl(F(zg)+ (La — 0a)||Ta — Zo|| By + C)

is closed and convex, one can find &, € Y’ with unit norm such that
§a(¥Ya) < Va < &a(F(z0) + (La — da)|lza — 20| By + C) (1)

for some 7y, € R. Assume in contrary that &,, ¢ C’ for some ag € I. Then, there
exists yo € C with &, (o) < 0.
Since By € C for all § > 0, we deduce

a0 (Yao) < Yao < Eao(F(20)) + (La — 6a)l|Ta — 2ol + BEas (v0)-
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Letting 8 — 400, the right hand side tends to —oo and we have a contradiction.
It follows that &, € C’ for all « € I. Further, it implies from (1) that

gEa(ma) < Ya < inf <£ay>*(La*5a)Hxa7x0”7
yEF (o)

for arbitrary d, > 0. This implies

9o(Ta) < 7o < inf <&,y > —Ly||xa — zol|
yEF (z0)

(zo
or
9o (zo) — 9o (Ta) > Lal|za — o,

which contradicts the fact that the family {g¢|€ € C', [|¢|| = 1} is locally lower
equi-Lipschitz at xg. This completes the proof the theorem. n

Analogously, we can prove

Theorem 2.5. Let F : D — 2Y. Let 2y be in dom F such that F(zo) —
C (F(x0)+C) is convex. Then F is locally C-Lipschitz ((-C )-Lipschitz) at xo if
and only if the family {Gel€ € C,||€] =1}, ({gel€ € O, |E|| = 1}, respectively)
is locally equi-Lipschitz at xg.

We recall the following definition introduced in [8].

Definition 2.6. We say that a set A CY is C-bounded if for any neighborhood
V' of the origin in Y there exists a constant p > 0 such that

AcCpV+C.

Remark 3. Tt is easy to verify that if int C' # @), then A is C-bounded if and
only if there exists an element ¢ € int C such that A C ¢ —C (A C —c+ C
respectively).

We recall that a set B C Y generates the cone C' and write C' = cone (B) if C
= {tb|b € B,t > 0}. If in addition, B does not contain the origin and for each
c € C,c# 0, there are unique b € B,t > 0 such that ¢ = tb, then we say that B
is a base.

Proposition 2.7. Let C have a closed convex bounded base and int C' # 0.
Then A is a bounded set in the usual sense if and only if A is C-bounded and
—C'-bounded simultaneously.

Proof. 1t is clear that if A is bounded, then it is C-bounded and —C-bounded.
Now, we assume that A is C-bounded and —C-bounded simultaneously. By
Remark 3, there exist ¢1,co € int C such that

AC (Cl —C)ﬂ(—@—i—C).

Let By (0,7) be a given ball in Y. Using Proposition 1.8 in [8], we conclude that
there exists 6 > 0 such that

(By(0,8) + C) N (By (0,8) — C) C By (0,7).
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Choosing p > 0 such that peq, pea € By (0,6), we obtain
(7})01 + C) N (pCQ — C) g By(o, 7’),

or (a1 +0)n (=€) € Br(0.5),

Consequently, ,
AC (a1 +C)N(ca—0C) C BY(O; ;>7

which means that A is bounded. This completes the proof of the proposition.m

Definition 2.8. Let D be a nonempty convex set in X and C be a cone in Y .
A multivalued mapping F : D — 2Y s said to be upper (lower) C-convex if

aF(z)+ (1—-a)F(y) C Flaz+ (1 —a)y) +C
(Flax+ (1 — )y C aF(x) + (1 —a)F(y) — C, respectively)

holds for all x,y € D and « € [0, 1].
We have

Theorem 2.9. Let X be a finite dimensional space and Y be a Banach space.
Let C C Y be a closed convex cone withint C # () and C' = cone (conv {&1, ..., & })
for some &1,...,6, €Y' and 0 ¢ conv {&1,...,&,}. Let D be a nonempty closed
convex subset in X and F : D — 2V be a lower C-convex multivalued mapping
with F(x) being C-bounded and F(x) — C convex for all x € dom F. Then F' is
locally C'-Lipschitz in riD.

Proof. Without loss of generality we may assume that 0 € riD and 0 € F(0). Let
X1, ..., T, be vertices of n-simplex S in D with 0 € riS. Since F(z1), ..., F(x,) are
upper C-bounded, it follows from Remark 3 that there exists ¢y, ...,¢, € intC
with

F(z;))Ce; —Cii=1,..,n.

Further, take a neighborhood U C S of the origin in the space spanned by S.
For arbitrary z € U,z = > Nizi, A > 0,31 A = 1, we have

F(I) = F(i )\1.%1) C Zn:)\zF(Iz) —-C C Zn:)\ici - C.
=1 =1 =1

Therefore, for £ € C’, we have

Gg(l‘) = sup < gay >< Z)\'L < gaci >< _IlilaX < gaci >=p < +00. (2)
yEF(x) =1 =4y n
We may also assume p > 1. Putting Uy = =(U N (=U)) for z € Uy, —px € U, we
obtain

1
p
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1
OGF(O):F( 1x+%(fpx))
1+; 1+E
1 l
C F L F(—pz)—C
1+% ($)+1+% (—pz)
1 PR
C—FF) + 25> Niei = C
1+Z P i=1
1
C (F:L' + - NiCi C)
e

and hence Lo
OEF(I)-F;Z)\Z‘CZ‘—C, for all x € Up.
i=1

It follows that

0< sup <§,y>+zz<§,ci>§G£(x)+1

yEF () i=1
or
Ge(z) > —1, forall z € Uy. (3)
A combination of (2) and (3) yields

—_— —

|G

Thus, G¢ is bounded in Uy uniformly in £ € C’, |[£|| = 1. Since F is lower
C-convex, then G¢ is also convex (see the proof in [1, 3]). As it was shown
that G¢ is bounded on Up. It follows from the well-known result in [3] that
Ge is locally Lipschitz on U. Further, for C’ is a polyhedral pointed cone,
C' = cone (conv{¢y,...,&}) and 0 ¢ conv{&y,...,&,} for some &,...,&, € Y.
For i = 1,...,n, one can find a neighborhood U; of origin in X and a constant
L; such that

z)| <p forall zeUy.

|Ge, () — Ge, (2')| < Liflz — 2|

holds for all z,2’ € U;. Putting Uy = NI U;, L = max;—1,. . nL;, we con-
clude that the family {Gg,|i = 1,..n} is locally equi-Lipschitz on Uy. Now,
we claim that the family {G¢|€ € C7,||€]| = 1} is also locally equi-Lipschitz
on Up. Indeed, for £ € C’,|€]| = 1 we can write £ = 3" | \;& for some
ﬁ > 0,)\1‘ > 072?:1 )\Z = 1. Set

n n
~yo =min {|| Y N&] A =0,> A =1},
=1 =1
It is clear that v9 > 0. We have
L= 8> &l =81 x|
=1 =1

and hence 1 1

= < = .
PSS
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Since
Ge, (o) = Lillz — 2'|| < Ge,(x) < Gg,(2') + Lif|lx — 2’| (4)

holds for all ¢ = 1,...,n, x,2’ € Up, multiplying both sides of (4) with g\; and
taking the sum of them we obtain

Ge(2') = BL|lx — || < Ge(x) < Ge(2) + BL[|lx — 2| (5)
for all z, 2’ € Uy. This implies
Ge(z) — Ge(a)| < BL|lx — /|| < BoLl|lz — /|| (6)

forall § € C', ||g|| = 1, z,2" € Up. Thus, the family {G¢| € C7, ]| = 1} is
locally equi-Lipschitz at the origin in X. Applying Theorem 2.5, we conclude
that F' is locally C-Lipschitz at the origin. This completes the proof of the
theorem. n

Corollary 2.10. Let X,Y,D,C and F be as in Theorem 2.9. Then F is upper
C'-continuous and lower (-C )-continuous in riD.

Proof. Tt follows immediately from Theorem 2.9 and Remark 2.
Analogously, we have

Theorem 2.11. Let X,Y, D and C as in Theorem 2.9. Let F : D — 2V be an
upper C-convex multivalued mapping with F(x) being C- bounded and F(z)+ C
convex for all x € dom F. Then F is locally (-C)-Lipschitz in riD.

Proof. The proof proceeds similarly as the one of Theorem 9 with G¢ replaced
by ge.

Corollary 2.12. Let X,Y,D,C and F be as in Theorem 2.11. Then F is lower
(—=C)-continuous and upper C-continuous in riD.

Proof. Tt follows immediately from Theorem 2.11 and Remark 2.
Especially, we have

Corollary 2.13. Let X,Y, D and C be as in Theorem 2.9. In addition, assume
that C' has a closed convexr bounded base and f : D — Y is a singlevalued C-
convex mapping. Then f is locally Lipschitz in riD.

Proof. Let x¢ € riD. From Proposition 1.8 in [8], we deduce that there exists
0 > 0 such that
(By (0,6) + C) N (By (0,0) — C) € By (0,1). (7)

By Theorem 2.11, there exist a neighborhood U of xy and a constant L > 0 such
that

f(x) € f(@')+ L|jz — 2| By (0,1) - C
for all x,2’ € U N D. This implies
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f(@) = f(&') € (L]|z — 2| By (0,1) + C) N (L||z — 2’| By (0,1) — C)
and then
N L , L /
fl@) = f@) € (5llz = 2" By (0,8) + C) N (5|l = [ By (0,6) =€) (8)

for all z,2’ € U. It follows from (7) that

L / L / L /
e — Zllz — —C)CZ|z— .
(5l =2/ I1By (0,0) + C) 1 (Flla = ' By (0,8) = C) € Zllw = ' By (0,1)

Together with (8) we obtain
L
f(z) = f@') € Sz = 2" By (0, 1)

for all z,2' € U N D. This shows that f is locally Lipschitz on D and the proof
is complete. n

3. C-Approximation of Vector Multivalued Mappings

It is well-known that a differentiable function can be approximated by its deriva-
tive in a neighborhood of any point belonging to its definition domain. Convex
and locally Lipschitz functions can be approximated by the set of subdifferentials
defined by different authors as Clarke [5], Michel-Penot [11], Ioffe-Morduchovich
[14] and Treiman [17]. In [7] Jeyakumar and Luc introduced the notion of a
convexificator of nonsmooth functions. From the point of view of optimization
and applications, the descriptions of the optimality conditions and calculus rules
in terms of derivatives, subdifferentials, convexificator provide sharp results. In
this section, we introduce the notion of C-approximations of vector multivalued
mappings and show some applications to vector optimization problems.

Let X,D,Y and C be as in Sec.2. We consider a multivalued mapping
F : D — 2Y. The graph of F is defined by the set

GrF ={(z,y) e DxYl|y € F(x)}.

Definition 3.1. The mapping F is said to be upper (lower) C-approzimated at

(7,7) € GrF if there are a positive homogeneous multivalued mapping Dz z) :
X — 2Y and a neighborhood U of T in X such that

(F(z) CY+ Dy (x —7) — C, respectively)

holds for all x € UND.

The multivalued mapping Dz 3 as above is called an upper (a lower) C-
approximation of F at (%, 7).
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Definition 3.2.
1) Let (An)nen be a sequence of subsets of a metric space (E,d). We say that
the subset

limsup A, = {z € E| lirf infd(z, Ap) = 0}

n—-4o0o
is the upper limit of the sequence (A,,) and the subset
liminf A,, = {z € F| lirf d(z,An) =0}

n—-+o0o
is its lower limit.
2) A subset A is said to be the limit set of the sequence (A,) and denoted by
A = liminf A,, = limsup A,,.

n—+00 n—+o00
Upper and lower limit are obviously closed. We also see that

liminf A,, C limsup 4,

n—+00 n—-+oo

and the upper limit and lower limit of subsets A, and that of their closures A,
do coincide, since d(z, Ay) = d(x, Ay).

Definition 3.3. Let K C Y be a subset of a normed space Y and T € K. The
upper (lower) contingent cone T(T) (TL(T)) of the a set K at the point T is
defined by

— T

K
Ty (T) ={zr € Y|3t, > 0,t, — 0,n — +o0,z € limsup

n—-+4oo n

}

K-—-7

})-

(T () = {z € Y|Vt, > 0,t, — 0,n — 400,z € liminf

——+00 n

It is clear that Ti(T),i = u,l are always closed cones of tangent directions which
are convex when K is convex.

Definition 3.4. The upper (lower) radial cone R%(T) (R%(T)) of K at T is
defined by

K_%
R% (%) = {:c € Y|3t, € (0,+00), z € limsup m},

n—-+4oo n

(RlK(E) = {:c € Y|Viy € (0, +00), & € liminf _E})

n—+oo  t,

Remark 1. One can easily verify that
R} (z) = cone (K — ),

and
RL(Z)={u:Z+tuc K, Vt>0}.
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Remark 2. The following conclusions hold
1/ Ry (7) C T (T) C T} (T) C R (T);
2/ T#(T) = R%(T), whenever K is a convex set.

Definition 3.5. Let F : D — 2Y and (7,y) € GrF. The upper (lower) contin-
gent derivative DVF(Z,y) (D'F(Z,7)) of F at (T,7) is a multivalued mapping
from X into Y defined by

y € DYF(Z,y)(x) if and only if (x,y) € TE, ¢(T,7)
(y € D'F(Z,9)(x) if and only if (x,y) € T, #(Z,7), respectively).

These are equivalent to: There exists (for any) a sequence {t,}, t, — 0% for
which one can find sequences {z,} C D, {y,} CY such that

Y+ tayn € F(T +thay,) forall n

and {z,}, {yn} have convergent subsequences
Tn, = T, Yn; — Y-

Analogously, we define the upper (lower) radial derivative R*F(%,7) (R'F
(7,7)) of F at (T,7) : y € R*F(z,7)(z) (y € R'F(z,5)(z)) if and only if
($, y) € R%TF (Ea y) (($, y) € RlGrF (Ea y)a respectively).

Remark 3. Let (Z,7) € Gr F. The following conclusions hold:

i) The multivalued mappings D' F (%, %), R*F(Z,%),i = u, [, are positively homo-
geneous with closed graphs.

ii) Gr R'F(z,7) ¢ GrD'F(z,y) C GrD“F(z,y) C Gr R“F(Z,7).

iii) GrD“F(%,y) = Gr R*F(Z,7), whenever Gr F is convex in X x Y.

Theorem 3.6. Let (Z,y) € GrF. Then we have

F(z)Cy+ R'F(z,y)(x —T) (9)
for all x € D. This implies that R*F(T,y) is an upper {0}-approximation of F
at (T,7).
Proof. Tt follows immediately from the definition of R*F(Z,y) and Remark 2. m

Theorem 3.7. IfdimY < 400 and F : D — 2" is a locally Lipschitz mapping,
then for any (z,7) € Gr F, D'F(z,y)(x) # 0 for all z € D.

Proof. Let x € D. Take arbitrary t, — 0% and {z,} C D,z, — x. Without
loss of generality, we may assume that there exist a neighborhood U; of T and a
constant v > 0 such that T + t,x, € Uy and ||z,| < for all n € N. Since F is
locally Lipschitz at T there exist a neighborhood U; of T and a constant L > 0
such that

F(2') Cc F(2") + L||2" — 2"||By
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holds for all 2/, 2" € Us. We may also assume that U; = Us.

Since
y € F(T) C F(T + than) + Lty ||z, || By,

we have
Y = zp + Lty ||z un

with z, € F(ZT + t,z,) and u, € By,n = 1,2,... This implies
Zn =7 — Lty ||z || tn.

For By is compact we deduce that {y,} with y, = —L||z,||u, has a convergent
subsequence y,; — y for some y € Y.
Therefore

This shows y € D'(Z,7)(x) and hence D'F(Z,7)(x) # 0 for all z € D. This
completes the proof of the theorem. ™
Further, for given F' : D — 2¥ we define the multivalued mapping F + C :
D — 2Y by
(F+C)(z) = F(x) + C.
We have

Proposition 3.8. Let (Z,y) € GrF. Then
D'F(z,7)(x) + C C D'(F + O)(7.9)(x) (10)

and
R'F(z,7)(z) + C C RY(F + C)(z,7)(2)

forallx € X, wherei=wu ori=1.

Proof. We prove (10) for ¢ = u. Let y € D*F(Z,7)(z) and ¢ € C. By the
definition there exist sequences {t,},t, — 07, {z,} C X, {yn} C Y such that

Y+ toyn € F(T+tpx,) forall neN
and {z,},{yn} have convergent subsequences x,; — x,y,, — y. This implies
Y+ tn(yn +c¢) € F(T+tpz,)+C, forall neN.
Since yn, + ¢ — y + ¢ we conclude that
y+ceD(F +O)T,7)(x).
The proofs of the other conclusions proceed similarly.

Proposition 3.9. Let (Z,5) € GrF and let the multivalued mapping F be
upper C-convexr. Then

F(z) cy+DY(F+C)@,9)(x —F) forall z€D.
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Proof. Since F is upper C-convex, then Gr(F +C) is convex in X x Y. Therefore,
it follows from Remark 1 that

DY F+C)(ZT,y)(x) = RY(F +C)(Z,7)(z), forall ze€D
Applying Theorem 3.6 to F'+ C we obtain

F(z) cy+ R (F+C)(,y)(x —T) =7+ D*(F + O)(T,7)(z — T),
for all x € D. This completes the proof of the proposition. n
Definition 3.10. Let (T,7) € GrF. The upper S-derivative S*F(Z,5) is the
multivalued mapping from X into Y defined by:
y € SUF(z,7)(x)

if and ony if there exist sequences {t,} C (0,400),{zn} C X,{yn} C Y such
that § + toyn € F(T + tpxy) for all n € N and {zn},{yn} have convergent
subsequences Tpn; — T, Yn, — Y and ty,; Ty, — 0.

Remark 4 . 1t is also easy to see that:

i) The multivalued mapping S*F(Z,7),i = u or i = [, are positively homogeneous
with closed graphs.

ii) GrD*F(z,y) C GrS"F(z,y) C GrR*F(Z,7).

Lemma 3.11. Let (z,7) € GrF. If
SF(z,7)(0) N (=C) = {0}
and C has a compact base, then
DY(F + O)(7,7)(x) = D'F(z,7)(z) + C

forallz e X;i=u ori=1.

Proof. Using Proposition 3.8, we need only show that
DU(F + C)(@,7)() C D*F(Z.5)(x) + C

for all z € X.
Now, let z € X be fixed and y € D*(F + C)(Z,7)(x). Due to the definition,
there exist {t,} C R,t, — 07, {z,} C X,{yn} C Y such that

Y+ tnyn € F(T + thay) + C
and {2y}, {yn} have convergent subsequences x,; — x,yn, — y. We have
Y+inyn = 2n +cn
with
zn € F(T+ tphay), cn € C.

Assume that B is a compact base of C. Then, ¢, = v,b, with ~, > 0,b, € B.
Therefore, it follows that
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T+ to(yn — Z—”bn) = 2p € F(T + tan). (11)
n

We consider the following cases:
1) There exists an infinite number of j; such that
Tnji

th,,

<400 for all i=1,2,..

Since B is compact, without loss of generality, we may assume that

an% bnj. —cc 07
tnj% i
and then ~
_ My —
y”aﬁ t j; y—c¢
nj,

Together with (11) we conclude
y—c€D"F(z,7)(x)

and so y € DYF(z,7)(z) + C.

2) h — 400 as j — +oo. It follows from (11) that

2%
t’n/ n — tn
y+'7n< Y _bn) :ZnEF($+7n(7—$n)). (12)

"]
n n

We have

.
2 0.b,, —beB
Yoy

for some b, and

tn.
ﬂxnj — 0.
Tn;

Together with (12) we conclude —b € S*F(Z,7)(0), and therefore —b € S“F(Z,7)
(0) N (=C) = {0}. It contradicts the fact 0 ¢ B. This means that it only gives
the case 1) and we have the proof of the lemma.

Corollary 3.12. Let (z,y) € GrF. If F is upper C-convex, S*F(Z,5)(0) N
(=C) = {0} and C has a compact base B, then D“F(Z,y) is an upper C-
approzimation of F at (T,7) i.e.

F(z) Cy+D“F(z,y)(x —T)+ C
for all x € D.

Proof. It follows from Proposition 3.9 that
F(z) Cy+D*(F +CO)(@,7)(x —T)

for all x € D. Further, using Lemma 3.11 we conclude the proof of the corollary.
|

Definition 3.13. A mapping F : D — 2Y s said to be compactly approzimable
at (Z,y) € GrF if for eachv € X there exist a multivalued mapping R : D —
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2Y R(v) # 0 and compact for all v € D, a neighborhood U of T in X and a
function r: (0,1] x D — (0, 400) satisfying

i) im0+ m r(t,v) =0,

ii) for eachv € U andt € (0,1], T+tv € D we have

F(T+tv) Cy+t(R(®)+r(t,v)By).

Theorem 3.14. Let (z,y) € GrF. If F is compactly approxzimable at (T,7y),
then

D'(F +C)(@,9)(x) = D'F(Z,7)(z) + C
forallze X,i =wu, ori=1.
Proof. Obviously D*F(Z,y)(z) +C C D“(F + C)(%,7)(x), so it suffices to prove

the reverse inclusion. Let € D and y € D“(F + C)(Z,y)(z). It follows that
there exist sequences {t,} C (0,400),t, — 0,{x,} C X,{yn} C Y such that

Y+ toyn € F(T+ tpx,) +C
and {z,},{yn} have convergent subsequences x,, — z,yn, — y. Therefore
y+tnxn =2Znt+Cn

with
zn € F(T + thxy),cn € C.

Since F' is compactly approximable at (Z,7), there exists {k,} C R(z),r, =
r(tn, ), by € By such that r,, — 0 and

Zn =Y+ tn(kn + 7"nbn)

for all n € N.
Due to the compactness of R(z), there exists a subsequence

{kn,, } C R(@),kn,, — k € R().

Thus, we have
kn,, +1n; bn;,, — k

and hence k € D"F(Z,7)(z). Since
Yt tng, Yng, =+ bny, (Rny, & Ty b ) & Cny

it follows that .
g, Cnj, eC.

y’l’lj% - k’l’lj% - Tnji b’l’lj% =t
Taking the limit ¢ — 400 we obtain y — k € C and then
ye€k+CCDF(Z,7y)(x)+C.

The proof for D!(F + C) proceeds similarly. This completes the proof of the
theorem. -

Corollary 3.15. Let (z,7) € GrF and let F' be upper C-convex and compactly
approzimable at (Z,7y). Then DYF(Z,y) is an upper C-approzimation of F at
(@,9).
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Proof. Since F' is upper C-convex, then it follows from Proposition 3.5 that
RY(F+C)(Z,y)(x — %) =D“(F + C)(T,9)(z — T) (13)
for all x € X.
It follows from Theorem 3.6 and Proposition 3.8 and (13) that
F(z) Cy+ R"F(Z,7)(x — T)
)

Cy+RFE,y)(zr—7)+C (14)
Cy+R"(F+C)(7,y)(z —T)
Cy+DU(F+0)7y)(r—T)

for all x € D.
Since F' is compactly approximable at (Z,y), it follows from Theorem 3.14
that

DY(F +C)(#,y)(x —7) = D"F(T,y)(x —T) + C

for all x € D. This completes the proof of the corollary. n
Further, we say that © <y if y —x € C. We have

Theorem 3.16. Let dimY < +oco. Let C C Y be a cone such that any set
0, ={y e C|0<y<c}isacompact set for anyce C. If f : D —Y isa
singlevalued locally upper C-Lipschitz at T € dom f, then

D'(f +O)(@.7)(x) = D'f(@9)(2) + C,
for all x € D where y = f(T),i = u,l.

Proof. First, we prove for the case i = wu. It suffcies to show the inclusion
DU (f+C)(Z,7)(z) C D*f(T,7)(z)+C, z € X. Indeed, let y € D*(f+C)(T,7)(z).
It follows that there exist t,, — 07, z,, € D,y, € Y such that

U+ tayn € f(T+tpz,) +C
and {z,}, {yn} have convergent subsequences z,,;, — x,yn; — y. We can write
T+tn,yn, = [T+ tn,xn,) + c}lj, for c}lj eC.

Since f is locally upper C-Lipschitz at T, there exist a neighborhood U of T and
a constant L > 0 such that

f(f+tnjxnj) = f(f) + Ltnijnj ||vnj + Cij,

for vp,; € By, c2 ;€ Cand T +t,,x,, € UND. Consequently,
U+ tnYn; =Y+ Lty ||, ||vn; + cl St 2
and then
c,llj c%j

Yn, _LHxnjHUnj = .

j
Since yn; — y and By is compact, without loss of generality, we may assume
that L||zy,||v,, — u and
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1 2

Yn; — LHxnjHUnj = Jt s —celC, as j— +oo.
n;

Therefore, for

e ek 4+
0< = < ——i=12

tn, tn,

we conclude that
i
an 7 .
—L =ceCi=1,2
n;

and ¢ = ¢! + 2. Tt follows that

1 2
Yny = Llln,l|on, + —5—= = u e+
n;
Setting 5
Zn; = L||Tn; ||vn; + T
tn,
we obtain

Y+t 2n, =Y+ to, L2y, ||vn, + cij = f(T+ tn;Tn,).

Since zp, — u + ¢, z,, — x, we conclude u + c? € Df(z,7)(z) and then
y=u+ct+c? € DUf(Z,7)(z) + C. Thus, we have

DU(f+CO)(=,y)(z) C D f(T,7)(x) + C,
for all x € X. The proof for ¢ = [ proceeds similarly. This completes the proof

the theorem.

Corollary 3.17. Let Y,C be as in Theorem 3.16 and dim X < +oo. In ad-
dition, assume that C is a closed convex cone with intC # 0 and C' =
cone(conv{&y, ...,&n}) for some &1,..,& € Y and 0 ¢ conv{&,...,&.}. Let
f:D =Y be a C-conver singlevalued mapping. Then

f@) €7+ D@ e —7) +C
holds for all x € D.
Proof. Tt follows from Corollary 2.13 that f is Lipschitz in riD. Applying Theo-
rem 3.16 we deduce that
DU(f +CO) (@, y)(z) c D*f(Z,y)(x) + C

for all x € X. Since f is C-convex, by Proposition 3.9 we have

f(@) eg+D(f+C)Z,Y)(z —T)
for all x € D. Consequently, for any = € D we conclude that

flx) eyg+Df(z,9)(x—7) + C.

This completes the proof of the corollary. n
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4. Vector Optimization Problems

Let B be a nonempty subset of a topological linear locally convex space with a
pointed cone C. A point § € B is said to be a minimizer (a weak minimizer,
respectively) of B if

(B-y)N(=C) ={0}
(B—7)N(—intC) =0, respectively).

It is clear that 7 is a minimizer (a weak minimizer) of B if and only if there is
ny€eBy#ygwithgey+C (g€ y+ intC, respectively). We denote by
Min (B)(W Min (B)) the set of all (weak, respectively) minimizers of B.

We consider the problem

{ minimize F(x) ®)
subject to x € D.

A point (Z,7) € Gr F is said to be a local (a weak local, respectively) minimizer
of (P), if there exists a neighborhood V' of T such that 7 € Min(F(VND)) (7 €
W Min(F(V N D)), respectively).

This means that for all z € VN D

Flz) cy+ ¥\ (=C))u{o}
(F(z) cg+ Y\ (—intC), respectively).

If V = X, then we call that (Z,7) is a global minimizer (a weak global minimizer).
We have

Lemma 4.1. Let (z,7) € Gr(F) withT € D. If F is upper C-convex multivalued
mapping, then (Z,7) is a local (weak) minimizer of (P) if and only if is a global
(weak) minimizer of (P).

Proof. Tt is obvious that any global weak minimizer of (P) is a local weak
minimizer of (P). Let us prove the converse implication. Suppose that (Z,y) is
a local weak minimizer of (P). Then there exists a neighborhood V' of T such
that

F(z) Cy+Y\(—intC) forall zeVnD. (15)

Assume that (Z,7) is not a global weak minimizer of (P). Then there is some
xog € D,y € F(xg) such that
y—yo € intC. (16)

We set zx = Azg + (1 — AT). Using the upper C-convexity of F we conclude
(]. — )\)ﬂ‘i’ Ayo € (1 — )\)F(T) + )\F(l‘o) C F(l‘,\) + C.

For sufficiently small positive A\, ) € V, we have by (15)

AMyo —7) C Fzy) —F+C CY\ (—intC) + C C Y\ (—int C).
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It follows that
Yyo—g €Y\ (—int C)

which contradicts (16) and hence (Z,7) is a global weak minimizer of (P). The
proof for local minimizer proceeds similarly. This completes the proof of the
lemma.

Proposition 4.2. Let C be a convex cone and let (T,y) € GrF. Assume that
D is an upper C-approzimation of F at (T,y) with

D(x—-7)N(=C)Cc {0} (D(z—-7)N(=intC) = 0)
for all x € D. Then (T,7) is a (weak, respectively) minimizer of (P).

Proof. Since

Fl)—-yCD(x—-%)+C, forall zeD.
We conclude

(F(z) —9)N(=C) C (D(z —z)+ C) N (-C).
Suppose that z € (D(z —7)+C)N(—C), z = 21 + 22 with 21 € D(x —T), 22 € C
and z € —C. We have z; = z — z3 € —C. Hence, z; € D(z — %) N (=C) C {0}
and hence (F(z) —7) N (—C) C {0} for all z € D. This implies

F() €5+ (V' (~C)) U {0}

for all z € D. This shows that (Z,7) is a minimizer of (P). The proof of weak
minimizers proceeds similarly. This completes the proof of the proposition. m

Corollary 4.3. Let C,F,D and (Z,7y) be as in Proposition 4.2. If D(x —T) C
C (D(x —7) C intC respectively) for all x € D, then (T,7) is a (weak,
respectively) minimizer of (P).

Proof. Tt follows immediately from the above proposition. n

Corollary 4.4. Let C be a convex cone and f be a singlevalued convex function.
If 0 € 0f(T), then (T, f(T)) is a minimizer of (P).

Proof. It 0 € 0f(T), then D(x) = 0,2 € D is a C-approximation of f at (Z, f(T))
and D(x —T) C C for all x € D. Therefore, applying Corollary 4.3 we obtain
the proof of this corollary. n

Proposition 4.5. Let (Z,7) € Gr F and let F be upper C-convex and compactly
approzimable at (T,y) with C convex. In addition, assume that
DUF(z,y)(z —7) C Y\ (=C\{0})
(D'F(,y)(x —Z) CY \ (—int C), for all z € D.
Then (Z,7) is a (weak) minimizer of (P).

Proof. Using Corollary 3.15 we conclude that D“F'(z,7) is an upper C-approximation
of F' at (Z,y). This implies
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F(z) Cy+D“F(Z,y)(z—T)+C Cy+ (Y \(-C\{0})) +C. (17)
We show that
Y\ (=C\{0}))+C Y\ (=C\{0}). (18)

Indeed, let y € (Y \ (—=C \ {0})) + C. We can write y = y1 + y2 with y; €
Y\ (=C\{0})+ C and y; € C. Assume that y = y; +y2 € —C'\ {0} , then
y1=y—y2 € —C\ {0} —C = —C\ {0} and we have a contradiction. Therefore,
we conclude y ¢ —C'\ {0} and hence y € Y\ (—=C'\ {0}).

A combination of (17) and (18) yields
(F(z) —g)N(=C)={0} forall xe€D.
This means that (Z,7) is a minimizer of (P). The proof of the second part

proceeds similarly.
This completes the proof of the proposition. n

Proposition 4.6. Let (Z,7) € GrF. If (Z,9) is a local weak minimizer of (P),
then for all v € TH(T) we have

DUF(Z,7)(v) C Y\ (~int C).

Proof. Suppose the contrary: there exist v € TE(Z) and y € D“F(Z,7)(v) N
(—int C). Choose t,, — 0", {v,} C X,{y,n} C Y such that

U+ tnyn € F(T + thon)

and T+t,v, € D and {v,}, {yn} have convergent subsequences vn; — v, Yn; — ¥.
Since y € —int C there exists an integer jo such that y,, € —int C for all j > jo
and then ¥+ t,,yn;, ¢ ¥ +Y \ (—int C). This contradicts the fact

Fl)Ccy+Y\(-intC), forall x€UND

for some neighborhood U of T in X . This completes the proof of the proposition.
|
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