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Abstract. The notions of locally, locally upper and locally lower C-Lipschitz conti-

nuities of multivalued mappings at a given point are introduced and some properties

of these mappings are provided. Further, we define locally C-approximations, upper

and lower contingent derivatives of a multivalued mapping and derive some necessary

and sufficient conditions for multiobjective optimization problems.

1. Introduction

In recent years, in order to study the theory of vector multiobjective optimiza-
tion and equilibrium problems, several authors have considered the properties of
multivalued vector mappings in locally convex Hausdorff spaces with a cone and
derive necessary and sufficient conditions for efficient solutions of vector prob-
lems. For example, Luc and Malivert [10] have studied the concept of invexity to
multivalued mappings and optimality conditions for multiobjecttive optimization
with invex data. Aubin and Frankowska [2] have studied some other properties
of multivalued mappings and various questions concerning multivalued vector
mappings...

In [12 - 13] we already introduced the notions of upper, lower C-continuities,
upper, lower C-convexities of multivalued mappings with values in locally convex
Hausdorff spaces with a cone and showed some necessary and sufficient condi-
tions for the upper and lower C-continuities and relations between them. We also
used these properties in the study of the existence of solutions of optimization
and equilibrium problems. In this paper we continue the study of the mentioned
papers by investigating the C-Lipschitz continuities and contingent derivatives
of multivalued mappings. The paper is organized as follows. In Sec. 2, after
recalling the definitions of the upper and lower C-continuities, we introduce the
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concepts of locally upper and lower C-Lipschitz continuities and show some nec-
essary and sufficient conditions for them. In Sec. 3 we introduce the notions
of upper and lower C-approximations, upper and lower contingent derivatives
of multivalued mappings. Further, we give some conditions for the existence
of contingent derivatives and for an upper (lower) contingent derivative to be
an upper (a lower) C-approximation. In Sec. 4, we consider a multiobjective
optimization problem and give some necessary and sufficient conditions for the
existence of solutions.

2. C-Lipschitz Continuities of Multivalued Mappings

In what follows we assume that X and Y are normed spaces with the topological
duals X ′ and Y ′, respectively, and D ⊂ X , C a cone in Y . The symbol ‖ . ‖
stands for the norms in X and Y . The closure and the interior of D is denoted
by D and intD, respectively. By 2Y we denote the family of all subsets of Y
and F : D → 2Y denote a multivalued mapping from D into 2Y with domF =
{x ∈ D|F (x) �= ∅}. We first recall the following definitions

Definition 2.1.
a) A multivalued mapping F is said to be upper (lower) C-continuous at x0 ∈
dom F if for any neighborhood V of the origin in Y there exists a neighborhood
U of x0 in X such that

F (x) ⊂ F (x0) + V + C

(F (x0) ⊂ F (x) + V − C, respectively)

holds for all x ∈ D ∩ U .
b) If F is upper and lower C-continuous at x0 simultaneously, we say that F is
C-continuous at x0.
c) We say that F is upper (lower) C- continuous on D if it is upper (lower)
C-continuous at any point of domF .

Remark 1.
i) In the case C = {0}, if F is a singlevalued mapping, then the above definitions

coincide with those in the usual sense.
ii) If Y = R, the space of real numbers, and R+ = {α ∈ R|α ≥ 0} and if F

is upper (lower) R+-continuous at x0 then we say that F is upper (lower)
semicontinuous at x0.

iii) The above definitions are little bit different from Definition 7.1, Chapter 1
in [8]. It is easy to verify that if F (x0) is compact then they coincide with
those given in [8].

Definition 2.2.
1) A singlevalued mapping f : D → R is said to be locally upper (lower) Lips-

chitz at x0 ∈ dom f = {x ∈ D|f(x) < +∞} if there exist a neighborhood U
of x0 and a constant L > 0 such that

f(x) − f(x0) ≤ L‖x − x0‖
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(f(x0) − f(x) ≤ L‖x − x0‖, respectively)

holds for all x ∈ U ∩ D.
2) f is called a locally Lipschitz mapping around x0 if there exist a neighborhood

U of x0 and a constant L > 0 such that

|f(x) − f(x′)| ≤ L‖x − x′‖

holds for all x, x′ ∈ U ∩ D.
3) A family of singlevalued mappings fα : D → R, α ∈ I, is said to be locally

(upper, lower) equi-Lipschitz at x0 if there exist a neighborhood U of x0 and
a constant L > 0 such that

|fα(x) − fα(x′)| ≤ L‖x − x′‖
(fα(x) − fα(x0) ≤ L‖x − x0‖, fα(x0) − fα(x) ≤ L‖x − x0‖, respectively)

holds for all x, x′ ∈ U ∩ D and α ∈ I.

Next, we introduce the notions of locally (upper, lower) C-Lipschitz of mul-
tivalued mappings. By BY (0, r) we denote the closed ball with center at the
origin and radius r in Y i.e.

BY (0, r) = {y ∈ Y | ‖y‖ ≤ r}.
We also write simply BY (0, 1) = BY .

Definition 2.3.
a) A multivalued mapping F : D → 2Y is said to be locally upper (lower) C-

Lipschitz at x0 ∈ dom F if there exist a neighborhood U of x0 and a constant
L such that

F (x) ⊂ F (x0) + L‖x − x0‖BY + C

(F (x0) ⊂ F (x) + L‖x − x0‖BY − C, respectively)

holds for all x ∈ U ∩ D.
b) A multivalued mapping F : D → 2Y is said to be locally C-Lipschitz around

x0 ∈ dom F if there exist a neighborhood U of x0 and a constant L such that

F (x) ⊂ F (x′) + L‖x − x′‖BY − C

holds for all x, x′ ∈ U ∩ D.
c) F is said to be locally (upper, lower) C-Lipschitz in D if it is locally (upper,

lower) C-Lipschitz around (at) any point of D.
d) If C = {0}, we say simply that F is locally (upper, lower) Lipschitz instead

of locally (upper, lower, respectively) {0} - Lipschitz.

Remark 2. It is easy to show that if F is locally upper (lower) C-Lipschitz at
x0 ∈ dom F , then it is upper (lower) C-continuous at x0.

We recall that the set
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C′ = {ξ ∈ Y ′ | < ξ, y >≥ 0 for all y ∈ C}
is called a polar cone of the cone C. For any ξ ∈ C′ we define function gξ, Gξ :
D → R by

gξ(x) = inf
y∈F (x)

< ξ, y >,

Gξ(x) = sup
y∈F (x)

< ξ, y >, x ∈ D.

We have

Theorem 2.4. Let F : D → 2Y . Let x0 be in dom F such that F (x0) +
C (F (x0)−C) is convex. Then F is locally upper (lower, respectvely) C-Lipschitz
at x0 if and only if the family {gξ|ξ ∈ C′, ‖ξ‖ = 1} ({Gξ|ξ ∈ C′, ‖ξ‖ = 1}) is
locally lower (upper, respectively) equi-Lipschitz at x0.

Proof. We prove the first case. The second case is similar. First, we assume that
F is locally upper C-Lipschitz at x0. It follows that there exist a neighborhood
U of x0 and a constant L such that

F (x) ⊂ F (x0) + L‖x − x0‖BY + C, for all x ∈ U ∩ D.

Hence,
gξ(x) = inf

y∈F (x)
< ξ, y >≥ inf

y∈F (x0)
< ξ, y > −L‖x − x0‖

and then

gξ(x0) − gξ(x) ≤ L‖x − x0‖, for all x ∈ U ∩ D, ξ ∈ C′, ‖ξ‖ = 1.

This shows that the family {gξ|ξ ∈ C′, ‖ξ‖ = 1} is locally lower equi-Lipschitz
at x0.

Now, assume that this family is locally lower equi-Lipschitz at x0, but F is
not locally upper C-Lipschitz at x0. It follows that for any neighborhood Uα of
x0, α ∈ I, where I is an index set, and for any constant Lα > 0 one can find
xα ∈ Uα∩D with

F (xα) �⊆ F (x0) + Lα‖xα − x0‖BY + C.

Therefore, we can take yα /∈ F (xα) and

yα /∈ F (x0) + Lα‖xα − x0‖BY + C.

Take δα ∈ (0, Lα) arbitrary. Since the set cl(F (x0)+(Lα−δα)‖xα−x0‖BY +C)
is closed and convex, one can find ξα ∈ Y ′ with unit norm such that

ξα(yα) < γα < ξα(F (x0) + (Lα − δα)‖xα − x0‖BY + C) (1)

for some γα ∈ R. Assume in contrary that ξα0 �∈ C′ for some α0 ∈ I. Then, there
exists y0 ∈ C with ξα0(y0) < 0.

Since βy0 ∈ C for all β ≥ 0, we deduce

ξα0(yα0) < γα0 < ξα0(F (x0)) + (Lα − δα)‖xα − x0‖ + βξα0(y0).
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Letting β → +∞, the right hand side tends to −∞ and we have a contradiction.
It follows that ξα ∈ C′ for all α ∈ I. Further, it implies from (1) that

gξα(xα) < γα ≤ inf
y∈F (x0)

< ξ, y > −(Lα − δα)‖xα − x0‖,

for arbitrary δα > 0. This implies

gα(xα) < γα ≤ inf
y∈F (x0)

< ξα, y > −Lα‖xα − x0‖
or

gξα(x0) − gξα(xα) > Lα‖xα − x0‖,
which contradicts the fact that the family {gξ|ξ ∈ C′, ‖ξ‖ = 1} is locally lower
equi-Lipschitz at x0. This completes the proof the theorem. �

Analogously, we can prove

Theorem 2.5. Let F : D → 2Y . Let x0 be in dom F such that F (x0) −
C (F (x0)+C) is convex. Then F is locally C-Lipschitz ((-C)-Lipschitz) at x0 if
and only if the family {Gξ|ξ ∈ C′, ‖ξ‖ = 1}, ({gξ|ξ ∈ C′, ‖ξ‖ = 1}, respectively)
is locally equi-Lipschitz at x0.

We recall the following definition introduced in [8].

Definition 2.6. We say that a set A ⊂ Y is C-bounded if for any neighborhood
V of the origin in Y there exists a constant ρ > 0 such that

A ⊂ ρV + C.

Remark 3. It is easy to verify that if intC �= ∅, then A is C-bounded if and
only if there exists an element c ∈ intC such that A ⊂ c − C (A ⊂ −c + C
respectively).

We recall that a set B ⊂ Y generates the cone C and write C = cone (B) if C
= {tb|b ∈ B, t ≥ 0}. If in addition, B does not contain the origin and for each
c ∈ C, c �= 0, there are unique b ∈ B, t > 0 such that c = tb, then we say that B
is a base.

Proposition 2.7. Let C have a closed convex bounded base and intC �= ∅.
Then A is a bounded set in the usual sense if and only if A is C-bounded and
−C-bounded simultaneously.

Proof. It is clear that if A is bounded, then it is C-bounded and −C-bounded.
Now, we assume that A is C-bounded and −C-bounded simultaneously. By
Remark 3, there exist c1, c2 ∈ intC such that

A ⊂ (c1 − C) ∩ (−c2 + C).

Let BY (0, r) be a given ball in Y. Using Proposition 1.8 in [8], we conclude that
there exists δ > 0 such that

(BY (0, δ) + C) ∩ (BY (0, δ) − C) ⊆ BY (0, r).
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Choosing ρ > 0 such that ρc1, ρc2 ∈ BY (0, δ), we obtain

(−ρc1 + C) ∩ (ρc2 − C) ⊆ BY (0, r),

or
(−c1 + C) ∩ (c2 − C) ⊆ BY (0,

r

ρ
).

Consequently,
A ⊂ (−c1 + C) ∩ (c2 − C) ⊆ BY

(
0,

r

ρ

)
,

which means that A is bounded. This completes the proof of the proposition.�

Definition 2.8. Let D be a nonempty convex set in X and C be a cone in Y .
A multivalued mapping F : D → 2Y is said to be upper (lower) C-convex if

αF (x) + (1 − α)F (y) ⊂ F (αx + (1 − α)y) + C

(F (αx + (1 − α)y ⊂ αF (x) + (1 − α)F (y) − C, respectively)

holds for all x, y ∈ D and α ∈ [0, 1].

We have

Theorem 2.9. Let X be a finite dimensional space and Y be a Banach space.
Let C ⊂ Y be a closed convex cone with intC �= ∅ and C′ = cone (conv {ξ1, ..., ξn})
for some ξ1, ..., ξn ∈ Y ′ and 0 �∈ conv {ξ1, ..., ξn}. Let D be a nonempty closed
convex subset in X and F : D → 2Y be a lower C-convex multivalued mapping
with F (x) being C-bounded and F (x) − C convex for all x ∈ domF. Then F is
locally C-Lipschitz in riD.

Proof. Without loss of generality we may assume that 0 ∈ riD and 0 ∈ F (0). Let
x1, ..., xn be vertices of n-simplex S in D with 0 ∈ riS. Since F (x1), ..., F (xn) are
upper C-bounded, it follows from Remark 3 that there exists c1, ..., cn ∈ intC
with

F (xi) ⊂ ci − C, i = 1, ..., n.

Further, take a neighborhood U ⊂ S of the origin in the space spanned by S.
For arbitrary x ∈ U, x =

∑n
i=1 λixi, λi > 0,

∑n
i=1 λi = 1, we have

F (x) = F (
n∑

i=1

λixi) ⊂
n∑

i=1

λiF (xi) − C ⊂
n∑

i=1

λici − C.

Therefore, for ξ ∈ C′, we have

Gξ(x) = sup
y∈F (x)

< ξ, y >≤
n∑

i=1

λi < ξ, ci >≤ max
i=1,...,n

< ξ, ci >= ρ < +∞. (2)

We may also assume ρ > 1. Putting U0 = 1
ρ(U ∩ (−U)) for x ∈ U0,−ρx ∈ U, we

obtain
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0 ∈ F (0) = F
( 1

1 + 1
ρ

x +
1
ρ

1 + 1
ρ

(−ρx)
)

⊂ 1
1 + 1

ρ

F (x) +
1
ρ

1 + 1
ρ

F (−ρx) − C

⊂ 1
1 + 1

ρ

F (x) +
1
ρ

1 + 1
ρ

n∑
i=1

λici − C

⊂ 1
1 + 1

ρ

(
F (x) +

1
ρ

n∑
i=1

λici − C
)

and hence

0 ∈ F (x) +
1
ρ

n∑
i=1

λici − C, for all x ∈ U0.

It follows that

0 ≤ sup
y∈F (x)

< ξ, y > +
n∑

i=1

λi

ρ
< ξ, ci >≤ Gξ(x) + 1

or
Gξ(x) ≥ −1, for all x ∈ U0. (3)

A combination of (2) and (3) yields

|Gξ(x)| ≤ ρ for all x ∈ U0.

Thus, Gξ is bounded in U0 uniformly in ξ ∈ C′, ‖ξ‖ = 1. Since F is lower
C-convex, then Gξ is also convex (see the proof in [1, 3]). As it was shown
that Gξ is bounded on U0. It follows from the well-known result in [3] that
Gξ is locally Lipschitz on U . Further, for C′ is a polyhedral pointed cone,
C′ = cone (conv {ξ1, ..., ξn}) and 0 �∈ conv {ξ1, ..., ξn} for some ξ1, ..., ξn ∈ Y ′.
For i = 1, ..., n, one can find a neighborhood Ui of origin in X and a constant
Li such that

|Gξi(x) − Gξi(x
′)| ≤ Li‖x − x′‖

holds for all x, x′ ∈ Ui. Putting U0 = ∩n
i=1Ui, L = maxi=1,...,n Li, we con-

clude that the family {Gξi |i = 1, ...n} is locally equi-Lipschitz on U0. Now,
we claim that the family {Gξ|ξ ∈ C′, ‖ξ‖ = 1} is also locally equi-Lipschitz
on U0. Indeed, for ξ ∈ C′, ‖ξ‖ = 1 we can write ξ = β

∑n
i=1 λiξi for some

β ≥ 0, λi ≥ 0,
∑n

i=1 λi = 1. Set

γ0 = min
{∥∥ n∑

i=1

λiξi

∥∥ |λi ≥ 0,

n∑
i=1

λi = 1
}
.

It is clear that γ0 > 0. We have

1 =
∥∥β

n∑
i=1

λiξi‖ = β‖
n∑

i=1

λiξi

∥∥.

and hence
β =

1
‖∑n

i=1 λiξi‖ ≤ 1
γ0

= β0.
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Since
Gξi(x

′) − Li‖x − x′‖ ≤ Gξi(x) ≤ Gξi(x
′) + Li‖x − x′‖ (4)

holds for all i = 1, ..., n, x, x′ ∈ U0, multiplying both sides of (4) with βλi and
taking the sum of them we obtain

Gξ(x′) − βL‖x − x′‖ ≤ Gξ(x) ≤ Gξ(x′) + βL‖x − x′‖ (5)

for all x, x′ ∈ U0. This implies

|Gξ(x) − Gξ(x′)| ≤ βL‖x − x′‖ ≤ β0L‖x − x′‖ (6)

for all ξ ∈ C′, ‖ξ‖ = 1, x, x′ ∈ U0. Thus, the family {Gξ|ξ ∈ C′, ‖ξ‖ = 1} is
locally equi-Lipschitz at the origin in X . Applying Theorem 2.5, we conclude
that F is locally C-Lipschitz at the origin. This completes the proof of the
theorem. �

Corollary 2.10. Let X, Y, D, C and F be as in Theorem 2.9. Then F is upper
C-continuous and lower (-C)-continuous in riD.

Proof. It follows immediately from Theorem 2.9 and Remark 2.

Analogously, we have

Theorem 2.11. Let X, Y, D and C as in Theorem 2.9. Let F : D → 2Y be an
upper C-convex multivalued mapping with F (x) being C- bounded and F (x) + C
convex for all x ∈ dom F. Then F is locally (-C)-Lipschitz in riD.

Proof. The proof proceeds similarly as the one of Theorem 9 with Gξ replaced
by gξ.

Corollary 2.12. Let X, Y, D, C and F be as in Theorem 2.11. Then F is lower
(−C)-continuous and upper C-continuous in riD.

Proof. It follows immediately from Theorem 2.11 and Remark 2.

Especially, we have

Corollary 2.13. Let X, Y, D and C be as in Theorem 2.9. In addition, assume
that C has a closed convex bounded base and f : D → Y is a singlevalued C-
convex mapping. Then f is locally Lipschitz in riD.

Proof. Let x0 ∈ ri D. From Proposition 1.8 in [8], we deduce that there exists
δ > 0 such that

(BY (0, δ) + C) ∩ (BY (0, δ) − C) ⊆ BY (0, 1). (7)

By Theorem 2.11, there exist a neighborhood U of x0 and a constant L > 0 such
that

f(x) ∈ f(x′) + L‖x − x′‖BY (0, 1) − C

for all x, x′ ∈ U ∩ D. This implies
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f(x) − f(x′) ∈ (L‖x − x′‖BY (0, 1) + C) ∩ (L‖x − x′‖BY (0, 1) − C)

and then

f(x) − f(x′) ∈ (
L

δ
‖x − x′‖BY (0, δ) + C) ∩ (

L

δ
‖x − x′‖BY (0, δ) − C) (8)

for all x, x′ ∈ U. It follows from (7) that

(L

δ
‖x − x′‖BY (0, δ) + C

)
∩

(L

δ
‖x − x′‖BY (0, δ) − C

)
⊆ L

δ
‖x − x′‖BY (0, 1).

Together with (8) we obtain

f(x) − f(x′) ∈ L

δ
‖x − x′‖BY (0, 1)

for all x, x′ ∈ U ∩ D. This shows that f is locally Lipschitz on D and the proof
is complete. �

3. C-Approximation of Vector Multivalued Mappings

It is well-known that a differentiable function can be approximated by its deriva-
tive in a neighborhood of any point belonging to its definition domain. Convex
and locally Lipschitz functions can be approximated by the set of subdifferentials
defined by different authors as Clarke [5], Michel-Penot [11], Ioffe-Morduchovich
[14] and Treiman [17]. In [7] Jeyakumar and Luc introduced the notion of a
convexificator of nonsmooth functions. From the point of view of optimization
and applications, the descriptions of the optimality conditions and calculus rules
in terms of derivatives, subdifferentials, convexificator provide sharp results. In
this section, we introduce the notion of C-approximations of vector multivalued
mappings and show some applications to vector optimization problems.

Let X, D, Y and C be as in Sec. 2. We consider a multivalued mapping
F : D → 2Y . The graph of F is defined by the set

Gr F = {(x, y) ∈ D × Y |y ∈ F (x)}.

Definition 3.1. The mapping F is said to be upper (lower) C-approximated at
(x, y) ∈ GrF if there are a positive homogeneous multivalued mapping D(x,y) :
X → 2Y and a neighborhood U of x in X such that

F (x) ⊂ y + D(x,y)(x − x) + C

(F (x) ⊂ y + D(x,y)(x − x) − C, respectively)

holds for all x ∈ U∩D.

The multivalued mapping D(x,y) as above is called an upper (a lower) C-
approximation of F at (x, y).
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Definition 3.2.
1) Let (An)n∈N be a sequence of subsets of a metric space (E, d). We say that
the subset

lim sup
n→+∞

An = {x ∈ E| lim
n→+∞ inf d(x, An) = 0}

is the upper limit of the sequence (An) and the subset

lim inf
n→+∞ An = {x ∈ E| lim

n→+∞ d(x, An) = 0}

is its lower limit.
2) A subset A is said to be the limit set of the sequence (An) and denoted by
A = limn→+∞ An if

A = lim inf
n→+∞ An = lim sup

n→+∞
An.

Upper and lower limit are obviously closed. We also see that

lim inf
n→+∞ An ⊂ lim sup

n→+∞
An

and the upper limit and lower limit of subsets An and that of their closures An

do coincide, since d(x, An) = d(x, An).

Definition 3.3. Let K ⊂ Y be a subset of a normed space Y and x ∈ K. The
upper (lower) contingent cone T u

K(x) (T l
K(x)) of the a set K at the point x is

defined by

T u
K(x) = {x ∈ Y |∃tn > 0, tn → 0, n → +∞, x ∈ lim sup

n→+∞
K − x

tn
},

(T l
K(x) = {x ∈ Y |∀tn > 0, tn → 0, n → +∞, x ∈ lim inf

n→+∞
K − x

tn
}).

It is clear that T i
K(x), i = u, l are always closed cones of tangent directions which

are convex when K is convex.

Definition 3.4. The upper (lower) radial cone Ru
K(x) (Rl

K(x)) of K at x is
defined by

Ru
K(x) =

{
x ∈ Y |∃tn ∈ (0, +∞), x ∈ lim sup

n→+∞
K − x

tn

}
,

(
Rl

K(x) =
{
x ∈ Y |∀tn ∈ (0, +∞), x ∈ lim inf

n→+∞
K − x

tn

})
.

Remark 1. One can easily verify that
Ru

K(x) = cone (K − x̄),

and
Rl

K(x) = {u : x̄ + tu ∈ K, ∀t ≥ 0}.
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Remark 2. The following conclusions hold
1/ Rl

K(x) ⊂ T l
K(x) ⊂ T u

K(x) ⊂ Ru
K(x);

2/ T u
K(x) = Ru

K(x), whenever K is a convex set.

Definition 3.5. Let F : D → 2Y and (x, y) ∈ GrF. The upper (lower) contin-
gent derivative DuF (x, y) (DlF (x, y)) of F at (x, y) is a multivalued mapping
from X into Y defined by

y ∈ DuF (x, y)(x) if and only if (x, y) ∈ T u
GrF (x, y)

(y ∈ DlF (x, y)(x) if and only if (x, y) ∈ T l
GrF (x, y), respectively).

These are equivalent to: There exists (for any) a sequence {tn}, tn → 0+ for
which one can find sequences {xn} ⊂ D, {yn} ⊂ Y such that

y + tnyn ∈ F (x + tnxn) for all n

and {xn}, {yn} have convergent subsequences

xnj → x, ynj → y.

Analogously, we define the upper (lower) radial derivative RuF (x, y) (RlF
(x, y)) of F at (x, y) : y ∈ RuF (x, y)(x) (y ∈ RlF (x, y)(x)) if and only if
(x, y) ∈ Ru

GrF (x, y) ((x, y) ∈ Rl
GrF (x, y), respectively).

Remark 3. Let (x, y) ∈ GrF. The following conclusions hold:
i) The multivalued mappings DiF (x, y), RiF (x, y), i = u, l, are positively homo-
geneous with closed graphs.
ii) Gr RlF (x, y) ⊂ GrDlF (x, y) ⊂ GrDuF (x, y) ⊂ Gr RuF (x, y).
iii) GrDuF (x, y) = GrRuF (x, y), whenever Gr F is convex in X × Y.

Theorem 3.6. Let (x, y) ∈ Gr F. Then we have

F (x) ⊂ y + RuF (x, y)(x − x) (9)

for all x ∈ D. This implies that RuF (x, y) is an upper {0}-approximation of F
at (x, y).

Proof. It follows immediately from the definition of RuF (x̄, ȳ) and Remark 2. �

Theorem 3.7. If dim Y < +∞ and F : D → 2Y is a locally Lipschitz mapping,
then for any (x, y) ∈ GrF, DlF (x, y)(x) �= ∅ for all x ∈ D.

Proof. Let x ∈ D. Take arbitrary tn → 0+ and {xn} ⊂ D, xn → x. Without
loss of generality, we may assume that there exist a neighborhood U1 of x and a
constant γ > 0 such that x + tnxn ∈ U1 and ‖xn‖ ≤ γ for all n ∈ N. Since F is
locally Lipschitz at x there exist a neighborhood U2 of x and a constant L > 0
such that

F (x′) ⊂ F (x′′) + L‖x′ − x′′‖BY
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holds for all x′, x′′ ∈ U2. We may also assume that U1 = U2.
Since

y ∈ F (x) ⊂ F (x + tnxn) + Ltn‖xn‖BY ,

we have
y = zn + Ltn‖xn‖un

with zn ∈ F (x + tnxn) and un ∈ BY , n = 1, 2, ... This implies

zn = y − Ltn‖xn‖un.

For BY is compact we deduce that {yn} with yn = −L‖xn‖un has a convergent
subsequence ynj → y for some y ∈ Y.
Therefore

y + tnyn = zn ∈ F (x + tnxn).

This shows y ∈ Dl(x, y)(x) and hence DlF (x, y)(x) �= ∅ for all x ∈ D. This
completes the proof of the theorem. �

Further, for given F : D → 2Y we define the multivalued mapping F + C :
D → 2Y by

(F + C)(x) = F (x) + C.

We have

Proposition 3.8. Let (x, y) ∈ Gr F. Then

DiF (x, y)(x) + C ⊂ Di(F + C)(x, y)(x) (10)

and
RiF (x, y)(x) + C ⊂ Ri(F + C)(x, y)(x)

for all x ∈ X, where i = u or i = l.

Proof. We prove (10) for i = u. Let y ∈ DuF (x, y)(x) and c ∈ C. By the
definition there exist sequences {tn}, tn → 0+, {xn} ⊂ X, {yn} ⊂ Y such that

y + tnyn ∈ F (x + tnxn) for all n ∈ N

and {xn}, {yn} have convergent subsequences xnj → x, ynj → y. This implies

y + tn(yn + c) ∈ F (x + tnxn) + C, for all n ∈ N.

Since ynj + c → y + c we conclude that

y + c ∈ Du(F + C)(x, y)(x).

The proofs of the other conclusions proceed similarly.

Proposition 3.9. Let (x, y) ∈ Gr F and let the multivalued mapping F be
upper C-convex. Then

F (x) ⊂ y + Du(F + C)(x, y)(x − x) for all x ∈ D.
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Proof. Since F is upper C-convex, then Gr(F +C) is convex in X×Y. Therefore,
it follows from Remark 1 that

Du(F + C)(x, y)(x) = Ru(F + C)(x, y)(x), for all x ∈ D

Applying Theorem 3.6 to F + C we obtain

F (x) ⊂ y + Ru(F + C)(x, y)(x − x) = y + Du(F + C)(x, y)(x − x),

for all x ∈ D. This completes the proof of the proposition. �

Definition 3.10. Let (x, y) ∈ GrF. The upper S-derivative SuF (x, y) is the
multivalued mapping from X into Y defined by:

y ∈ SuF (x, y)(x)

if and ony if there exist sequences {tn} ⊂ (0, +∞), {xn} ⊂ X, {yn} ⊂ Y such
that y + tnyn ∈ F (x + tnxn) for all n ∈ N and {xn}, {yn} have convergent
subsequences xnj → x, ynj → y and tnj xnj → 0.

Remark 4 . It is also easy to see that:
i) The multivalued mapping SiF (x, y), i = u or i = l, are positively homogeneous
with closed graphs.
ii) GrDuF (x, y) ⊂ GrSuF (x, y) ⊂ GrRuF (x, y).

Lemma 3.11. Let (x, y) ∈ Gr F. If
SiF (x, y)(0) ∩ (−C) = {0}

and C has a compact base, then

Di(F + C)(x, y)(x) = DiF (x, y)(x) + C

for all x ∈ X, i = u or i = l.

Proof. Using Proposition 3.8, we need only show that

Du(F + C)(x, y)(x) ⊂ DuF (x, y)(x) + C

for all x ∈ X.
Now, let x ∈ X be fixed and y ∈ Du(F + C)(x, y)(x). Due to the definition,

there exist {tn} ⊂ R, tn → 0+, {xn} ⊂ X, {yn} ⊂ Y such that

y + tnyn ∈ F (x + tnxn) + C

and {xn}, {yn} have convergent subsequences xnj → x, ynj → y. We have

y + tnyn = zn + cn

with

zn ∈ F (x + tnxn), cn ∈ C.

Assume that B is a compact base of C. Then, cn = γnbn with γn > 0, bn ∈ B.
Therefore, it follows that
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y + tn(yn − γn

tn
bn) = zn ∈ F (x + tnxn). (11)

We consider the following cases:
1) There exists an infinite number of ji such that∣∣∣γnji

tnji

∣∣∣ < +∞ for all i = 1, 2, ...

Since B is compact, without loss of generality, we may assume that
γnji

tnji

bnji
→ c ∈ C,

and then
ynji

− γnji

tnji

bnji
→ y − c.

Together with (11) we conclude

y − c ∈ DuF (x, y)(x)

and so y ∈ DuF (x, y)(x) + C.

2)
γnj

tnj
→ +∞ as j → +∞. It follows from (11) that

y + γn

( tnyn

γn
− bn

)
= zn ∈ F

(
x + γn

( tn
γn

xn

))
. (12)

We have tnj ynj

γnj

→ 0, bnj → b ∈ B

for some b, and
tnj

γnj

xnj → 0.

Together with (12) we conclude −b ∈ SuF (x, y)(0), and therefore−b ∈ SuF (x, y)
(0) ∩ (−C) = {0}. It contradicts the fact 0 �∈ B. This means that it only gives
the case 1) and we have the proof of the lemma.

Corollary 3.12. Let (x, y) ∈ Gr F. If F is upper C-convex, SuF (x, y)(0) ∩
(−C) = {0} and C has a compact base B, then DuF (x, y) is an upper C-
approximation of F at (x, y) i.e.

F (x) ⊂ y + DuF (x, y)(x − x) + C

for all x ∈ D.

Proof. It follows from Proposition 3.9 that

F (x) ⊂ y + Du(F + C)(x, y)(x − x)

for all x ∈ D. Further, using Lemma 3.11 we conclude the proof of the corollary.
�

Definition 3.13. A mapping F : D → 2Y is said to be compactly approximable
at (x, y) ∈ Gr F if for each v ∈ X there exist a multivalued mapping R : D →
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2Y , R(v) �= ∅ and compact for all v ∈ D, a neighborhood U of x in X and a
function r : (0, 1] × D → (0, +∞) satisfying

i) lim(t,v)→(0+,v) r(t, v) = 0,
ii) for each v ∈ U and t ∈ (0, 1], x + tv ∈ D we have

F (x + tv) ⊂ y + t(R(v) + r(t, v)BY ).

Theorem 3.14. Let (x, y) ∈ Gr F. If F is compactly approximable at (x, y),
then

Di(F + C)(x, y)(x) = DiF (x, y)(x) + C

for all x ∈ X, i = u, or i = l.

Proof. Obviously DuF (x, y)(x)+C ⊂ Du(F +C)(x, y)(x), so it suffices to prove
the reverse inclusion. Let x ∈ D and y ∈ Du(F + C)(x, y)(x). It follows that
there exist sequences {tn} ⊂ (0, +∞), tn → 0, {xn} ⊂ X, {yn} ⊂ Y such that

y + tnyn ∈ F (x + tnxn) + C

and {xn}, {yn} have convergent subsequences xnj → x, ynj → y. Therefore

y + tnxn = zn + cn

with
zn ∈ F (x + tnxn), cn ∈ C.

Since F is compactly approximable at (x, y), there exists {kn} ⊂ R(x), rn =
r(tn, xn), bn ∈ BY such that rn → 0 and

zn = y + tn(kn + rnbn)

for all n ∈ N.
Due to the compactness of R(x), there exists a subsequence

{knji
} ⊂ R(x), knji

→ k ∈ R(x).

Thus, we have
knji

+ rnji
bnji

→ k

and hence k ∈ DuF (x, y)(x). Since

y + tnji
ynji

= y + tnji
(knji

+ rnji
bnji

) + cnji
,

it follows that
ynji

− knji
− rnji

bnji
= t−1

nji
cnji

∈ C.

Taking the limit i → +∞ we obtain y − k ∈ C and then

y ∈ k + C ⊂ DuF (x, y)(x) + C.

The proof for Dl(F + C) proceeds similarly. This completes the proof of the
theorem. �

Corollary 3.15. Let (x, y) ∈ GrF and let F be upper C-convex and compactly
approximable at (x, y). Then DuF (x, y) is an upper C-approximation of F at
(x, y).
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Proof. Since F is upper C-convex, then it follows from Proposition 3.5 that

Ru(F + C)(x, y)(x − x) = Du(F + C)(x, y)(x − x) (13)

for all x ∈ X.
It follows from Theorem 3.6 and Proposition 3.8 and (13) that

F (x) ⊂ y + RuF (x, y)(x − x)
⊂ y + RuF (x, y)(x − x) + C

⊂ y + Ru(F + C)(x, y)(x − x)
⊂ y + Du(F + C)(x, y)(x − x)

(14)

for all x ∈ D.
Since F is compactly approximable at (x, y), it follows from Theorem 3.14

that

Du(F + C)(x, y)(x − x) = DuF (x, y)(x − x) + C

for all x ∈ D. This completes the proof of the corollary. �

Further, we say that x ≤ y if y − x ∈ C. We have

Theorem 3.16. Let dim Y < +∞. Let C ⊂ Y be a cone such that any set
[0, c] = {y ∈ C | 0 ≤ y ≤ c} is a compact set for any c ∈ C. If f : D → Y is a
singlevalued locally upper C-Lipschitz at x ∈ dom f, then

Di(f + C)(x, y)(x) = Dif(x, y)(x) + C,

for all x ∈ D where y = f(x), i = u, l.

Proof. First, we prove for the case i = u. It suffcies to show the inclusion
Du(f+C)(x, y)(x) ⊂ Duf(x, y)(x)+C, x ∈ X. Indeed, let y ∈ Du(f+C)(x, y)(x).
It follows that there exist tn → 0+, xn ∈ D, yn ∈ Y such that

y + tnyn ∈ f(x + tnxn) + C

and {xn}, {yn} have convergent subsequences xnj → x, ynj → y. We can write

y + tnj ynj = f(x + tnj xnj ) + c1
nj

, for c1
nj

∈ C.

Since f is locally upper C-Lipschitz at x, there exist a neighborhood U of x and
a constant L > 0 such that

f(x + tnj xnj ) = f(x) + Ltnj‖xnj‖vnj + c2
nj

,

for vnj ∈ BY , c2
nj

∈ C and x + tnj xnj ∈ U ∩ D. Consequently,
y + tnj ynj = y + Ltnj‖xnj‖vnj + c1

nj
+ c2

nj

and then

ynj − L‖xnj‖vnj =
c1
nj

+ c2
nj

tnj

.

Since ynj → y and BY is compact, without loss of generality, we may assume
that L‖xnj‖vnj → u and
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ynj − L‖xnj‖vnj =
c1
nj

+ c2
nj

tnj

→ c ∈ C, as j → +∞.

Therefore, for

0 ≤ ci
nj

tnj

≤ c1
nj

+ c2
nj

tnj

, i = 1, 2,

we conclude that
ci
nj

tnj

→ ci ∈ C, i = 1, 2

and c = c1 + c2. It follows that

ynj = L‖xnj‖vnj +
c1
nj

+ c2
nj

tnj

→ u + c1 + c2.

Setting

znj = L‖xnj‖vnj +
c2
nj

tnj

we obtain
y + tnj znj = y + tnj L‖xnj‖vnj + c2

nj
= f(x + tnj xnj ).

Since znj → u + c2, xnj → x, we conclude u + c2 ∈ Duf(x, y)(x) and then
y = u + c1 + c2 ∈ Duf(x, y)(x) + C. Thus, we have

Du(f + C)(x, y)(x) ⊂ Duf(x, y)(x) + C,

for all x ∈ X. The proof for i = l proceeds similarly. This completes the proof
the theorem.

Corollary 3.17. Let Y, C be as in Theorem 3.16 and dim X < +∞. In ad-
dition, assume that C is a closed convex cone with intC �= ∅ and C′ =
cone(conv{ξ1, ..., ξn}) for some ξ1, ..., ξn ∈ Y ′ and 0 �∈ conv{ξ1, ..., ξn}. Let
f : D → Y be a C-convex singlevalued mapping. Then

f(x) ∈ y + Duf(x, y)(x − x) + C

holds for all x ∈ D.

Proof. It follows from Corollary 2.13 that f is Lipschitz in riD. Applying Theo-
rem 3.16 we deduce that

Du(f + C)(x, y)(x) ⊂ Duf(x, y)(x) + C

for all x ∈ X. Since f is C-convex, by Proposition 3.9 we have

f(x) ∈ y + Du(f + C)(x, y)(x − x)

for all x ∈ D. Consequently, for any x ∈ D we conclude that

f(x) ∈ y + Duf(x, y)(x − x) + C.

This completes the proof of the corollary. �
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4. Vector Optimization Problems

Let B be a nonempty subset of a topological linear locally convex space with a
pointed cone C. A point y ∈ B is said to be a minimizer (a weak minimizer,
respectively) of B if

(B − y) ∩ (−C) = {0}(
(B − y) ∩ (−intC) = ∅, respectively

)
.

It is clear that y is a minimizer (a weak minimizer) of B if and only if there is
no y ∈ B, y �= y with y ∈ y + C (y ∈ y + intC, respectively). We denote by
Min (B)(W Min (B)) the set of all (weak, respectively) minimizers of B.

We consider the problem{
minimize F (x)
subject to x ∈ D.

(P)

A point (x, y) ∈ Gr F is said to be a local (a weak local, respectively) minimizer
of (P ), if there exists a neighborhood V of x such that y ∈ Min(F (V ∩D)) (y ∈
W Min(F (V ∩ D)), respectively).

This means that for all x ∈ V ∩ D

F (x) ⊂ y + (Y \ (−C)) ∪ {0}
(F (x) ⊂ y + Y \ (−intC), respectively).

If V = X , then we call that (x, y) is a global minimizer (a weak global minimizer).
We have

Lemma 4.1. Let (x, y) ∈ Gr (F ) with x ∈ D. If F is upper C-convex multivalued
mapping, then (x, y) is a local (weak) minimizer of (P ) if and only if is a global
(weak) minimizer of (P ).

Proof. It is obvious that any global weak minimizer of (P ) is a local weak
minimizer of (P ). Let us prove the converse implication. Suppose that (x, y) is
a local weak minimizer of (P ). Then there exists a neighborhood V of x such
that

F (x) ⊂ y + Y \ (−intC) for all x ∈ V ∩ D. (15)

Assume that (x, y) is not a global weak minimizer of (P ). Then there is some
x0 ∈ D, y0 ∈ F (x0) such that

y − y0 ∈ intC. (16)

We set xλ = λx0 + (1 − λx). Using the upper C-convexity of F we conclude

(1 − λ)y + λy0 ∈ (1 − λ)F (x) + λF (x0) ⊂ F (xλ) + C.

For sufficiently small positive λ, xλ ∈ V, we have by (15)

λ(y0 − y) ⊂ F (xλ) − y + C ⊂ Y \ (−intC) + C ⊂ Y \ (−intC).
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It follows that
y0 − y ∈ Y \ (−intC)

which contradicts (16) and hence (x, y) is a global weak minimizer of (P ). The
proof for local minimizer proceeds similarly. This completes the proof of the
lemma.

Proposition 4.2. Let C be a convex cone and let (x, y) ∈ GrF. Assume that
D is an upper C-approximation of F at (x, y) with

D(x − x) ∩ (−C) ⊂ {0} (D(x − x) ∩ (−intC) = ∅)
for all x ∈ D. Then (x, y) is a (weak, respectively) minimizer of (P ).

Proof. Since

F (x) − y ⊂ D(x − x) + C, for all x ∈ D.

We conclude
(F (x) − y) ∩ (−C) ⊂ (D(x − x) + C) ∩ (−C).

Suppose that z ∈ (D(x−x)+C)∩ (−C), z = z1 + z2 with z1 ∈ D(x−x), z2 ∈ C
and z ∈ −C. We have z1 = z − z2 ∈ −C. Hence, z1 ∈ D(x − x) ∩ (−C) ⊂ {0}
and hence (F (x) − y) ∩ (−C) ⊂ {0} for all x ∈ D. This implies

F (x) ⊂ y + (Y \ (−C)) ∪ {0}
for all x ∈ D. This shows that (x, y) is a minimizer of (P ). The proof of weak
minimizers proceeds similarly. This completes the proof of the proposition. �

Corollary 4.3. Let C, F, D and (x, y) be as in Proposition 4.2. If D(x − x) ⊂
C (D(x − x) ⊂ intC respectively) for all x ∈ D, then (x, y) is a (weak,
respectively) minimizer of (P ).

Proof. It follows immediately from the above proposition. �

Corollary 4.4. Let C be a convex cone and f be a singlevalued convex function.
If 0 ∈ ∂f(x), then (x, f(x)) is a minimizer of (P ).

Proof. If 0 ∈ ∂f(x), then D(x) ≡ 0, x ∈ D is a C-approximation of f at (x, f(x))
and D(x − x) ⊂ C for all x ∈ D. Therefore, applying Corollary 4.3 we obtain
the proof of this corollary. �

Proposition 4.5. Let (x, y) ∈ Gr F and let F be upper C-convex and compactly
approximable at (x, y) with C convex. In addition, assume that

DuF (x, y)(x − x) ⊂ Y \ (−C \ {0})
(DuF (x, y)(x − x) ⊂ Y \ (−intC), for all x ∈ D.

Then (x, y) is a (weak) minimizer of (P ).

Proof. Using Corollary 3.15 we conclude that DuF (x, y) is an upper C-approximation
of F at (x, y). This implies
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F (x) ⊂ y + DuF (x, y)(x − x) + C ⊂ y + (Y \ (−C \ {0})) + C. (17)

We show that
(Y \ (−C \ {0})) + C ⊂ Y \ (−C \ {0}). (18)

Indeed, let y ∈ (Y \ (−C \ {0})) + C. We can write y = y1 + y2 with y1 ∈
Y \ (−C \ {0}) + C and y2 ∈ C. Assume that y = y1 + y2 ∈ −C \ {0} , then
y1 = y− y2 ∈ −C \ {0}−C = −C \ {0} and we have a contradiction. Therefore,
we conclude y �∈ −C \ {0} and hence y ∈ Y \ (−C \ {0}).

A combination of (17) and (18) yields

(F (x) − y) ∩ (−C) = {0} for all x ∈ D.

This means that (x, y) is a minimizer of (P ). The proof of the second part
proceeds similarly.

This completes the proof of the proposition. �

Proposition 4.6. Let (x, y) ∈ GrF. If (x, y) is a local weak minimizer of (P ),
then for all v ∈ T u

D(x) we have

DuF (x, y)(v) ⊂ Y \ (−intC).

Proof. Suppose the contrary: there exist v ∈ T u
D(x) and y ∈ DuF (x, y)(v) ∩

(−intC). Choose tn → 0+, {vn} ⊂ X, {yn} ⊂ Y such that

y + tnyn ∈ F (x + tnvn)

and x+tnvn ∈ D and {vn}, {yn} have convergent subsequences vnj → v, ynj → y.
Since y ∈ −intC there exists an integer j0 such that ynj ∈ −intC for all j ≥ j0
and then y + tnj ynj /∈ y + Y \ (−intC). This contradicts the fact

F (x) ⊂ y + Y \ (−intC), for all x ∈ U ∩ D

for some neighborhood U of x in X . This completes the proof of the proposition.
�
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