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Abstract. A new unified approach is proposed for minimizing a general (convex or
concave, or indefinite) quadratic function under linear constraints. Unlike previously
known approaches based on exploiting convexity and related properties, the proposed
approach reformulates the problem as a generalized multiplicative program and solves
it as a monotonic optimization problem of m variables, where m is the rank of the
quadratic function. For the case m = 1 a finite algorithm can then be derived which
improves upon the earlier known parametric algorithm. Numerical examples include,
among others, a non trivial instance of the maximum clique problem.

1. Introduction

In this paper we are concerned with the general linearly constrained quadratic
programming problem

min{{c, z) + (z,Qx)| z € D} (QP)

where D C R} is a polyhedron, @ is a n X n matrix and ¢ € R™. This problem
is closely related to the “generalized multiplicative programming” problem

min{fo(w) + 3 fi(@)gi(a)| @ € D) (MP)

where fo(x), fi(z),gi(x),i = 1,...,m, are affine functions. Actually, the two
problems are equivalent, though this relationship has not been always explicitly
noticed in the literature. In fact, (MP) is obviously a special case of (QP), while
the converse readily follows from the relation (z,Qz) = > i, sz‘(Z?=1 qij ;).
On the other hand, any (QP) can be given the form (MP) with m =rank(Q) (see
e.g. [16], Corollary 8.1). This relationship between (QP) and (MP) also shows
that a problem (MP) with m arbitrary can always be reduced to the case m < n
where m is the rank of the equivalent quadratic objective function.
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Due to their theoretical and practical interest, problems (QP) and (MP)
have been the object of intensive research during the last four decades. It is well
known that when @ is semidefinite positive (QP) is solvable in polynomial time
but in other cases it is NP-hard. It has also been proved recently that (MP) is
NP-hard, even for m = 1 and fo(z) = 0 [10]. In spite of that, both problems have
received much attention since the appearance of global optimization methods ([3,
16]).

Specifically, (QP) with a semidefinite negative matrix @ is one of the most
popular problems of concave minimization while the problem with a semidefinite
matrix @ is a typical problem of d.c. optimization. We refer the interested
reader to the books on global optimization (see e.g. [16]) for a detailed discussion
on specific concave minimization and d.c. optimization methods for quadratic
programming.

A special variant of (MP) when m = 1, namely the problem

min fo(z) + f1(2)g:(2)| « € D}, (P1)

was first studied by Konno and Kuno [5], Konno, Yajima and Matsui [8]. These
authors assumed, however, that D is bounded (see also [6], where a method
is given for solving an even more general problem than (MP), with D = {x €
R™| h(xz) < 0} and all f;, g;, h being convex positive-valued on D). Subsequently,
Schaible and Sodini [15] removed this boundedness assumption and proposed a
finite method for solving (P1). The latter method is similar to the previous
method of Konno-Kuno in that both reduce the problem to a parametric lin-
ear program in which the objective function as well as the right-hand side of
the constraints linearly depend upon a scalar parameter. The problem is then
solved, in both methods, by means of a finite number of primal and/or dual
simplex iterations performed on the parametric linear program. However, using
different optimality conditions the two methods generate different sequences of
intermediate solutions, as was shown on a numerical example discussed in [15].
Although the method in [15] does not assume boundedness of D, it does use a
weaker assumption, namely that at least one of the two functions fi(z), ¢1(z)
achieves a minimum on D. The weakness of the two described methods is that
the parametric approach that underlies each of them is efficient when the pa-
rameter is scalar (m = 1) but cannot be easily extended to the general case
when the parameter is multidimensional (m > 2). Partly because of these diffi-
culties problems (MP) with m > 2 have been less investigated (see, however,[7 -
9]). Aside from the above cited papers we should also mention the recent work
of Nghia [12] where the monotonic approach of Tuy [18] has been successfully
implemented to solve problems (MP) with m = 1.

The aim of the present paper is to develop a new unified approach to the
problem (MP) which should be more efficient than the above mentioned methods
when m is significantly smaller than n. It turns out that the optimal value of
the parametric linear program used in these methods is an increasing function
of the parameter, in the sense that it increases when every component of this
parameter increases. Using this fact, the problem can be reformulated and solved
as a monotonic optimization problem in R™, of the type defined and studied
in [18, 19]. Although the extension of this approach to convex multiplicative
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programming should present no particular difficulty, we only briefly mention
this possibility, reserving a more detailed study for a subsequent paper.

After the Introduction, in Sec. 2, we reformulate (MP) as a monotonic opti-
mization problem. Next in Sec. 3, we discuss the computation of a lower bound
for the objective function values over a hyperrectangle in R™. Based on these
results, in Sec. 4 a branch and bound method is proposed for solving (MP), in
which bounds are obtained by solving linear relaxations of the corresponding
subproblems. Sec. 5 shows how this method can be made finite by using a suit-
able subdivision rule, while Sec. 6 examines improvements to enhance efficiency
of the method when dealing with higher rank problems (e.g. problems with
m > 10). Finally, to illustrate how the method works in practice, Sec. 7 presents
some nontrivial numerical examples including an instance of the maximum clique
problem. The latter example also shows the importance of reformulation for im-
proving the bound in order to speed up the process of verifying optimality of
the best solution found.

Unlike the existing methods of quadratic programming based on convex
and difference of convex (d.c.) properties, our approach systematically exploits
monotonicity properties of the functions involved. Hopefully a new efficient tool
is thus provided for handling a class of difficult, yet important and widely en-
countered, problems, especially when the rank is significantly smaller than the
dimension.

2. Reduction to Monotonic Optimization
Throughout the following we shall make the blanket assumption
—00 < ing{gi(:c)} <400, Vi=1,...,m. (1)
S

This condition is weaker than requiring that D be nonempty and compact. Note
that it is assumed also in [15], though implicitly, for the special case m = 1.
Under assumption (1) the problem can always be reduced to the case when

gi(x) >0, YxeD, Vi=1,...,m. (2)
Indeed, with 8; = min{g;(z)| + € D} — 1, and §;(x) = g:(x) — 8; we can write
fi(x)gi(z) = fi(2)(gi(z) + Bi) = fi(x)gi(x) + Bifi(x).

Therefore, setting fo(:c) = fo(z) + Y%, Bifi(x), we reduce the problem to the
equivalent problem

min{ fo(«) + Z fi(x)gi(x)| x € D}

where all the affine functions g;(x), ¢ =0,1,... ,m are positive-valued on D.

Proposition 1. Ifinf,cp fi(z) > —oo Vi =0,1,...,m, then the problem (MP)
has a finite optimal solution. Otherwise (MP) is unbounded.
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Proof. Since g;(xz) > 0, if a; := inf,ep fi(z) > —o0, Vi = 0,1,...,m, then
obviously infyep[fo(z)+ 220L, fi(2)gi(2)] > infzepfo(z) + 3%, aigi(z)] >
infyep fo(z) + > i [infyep aigi(x)] > —oco (we used assumption (1) in the last
inequality). Since D is closed and fo(z) + >.iv, fi(z)gi(x) is continuous, it
follows that (MP) has a finite optimal solution. The second assertion is obvious.
]
Note in passing that a problem in [15] (Example 5.3 in [15]) is unbounded
just because it fails to satisfy the just stated conditions. In view of the above
Proposition, without loss of generality, in the following we shall assume, aside
from (1), that
a; = inf fi(x) > —oc0, Vi=0,1,... ,m. (3)
xeD
Setting b; = sup,¢cp fi(x) € RU {400}, i =1,...,m, we thus have

a< f(x) <b, VxeD. (4)

Now, for brevity let us write f(z)=(f1(),..., fm(2)),9(x) = (91(2), ..., gm (),
(f(z),9(x)) = > i~ fi(x)gi(z). Also it will be convenient to refer to a set of the
form [a,b] = {y € R™| a <y < b} as the rectangle [a, b] (some or all components
of b may be 4+o00.) Assuming (2), (3), define

H={yeR" y>f(z), x €D}
®(y) = inf{fo(z) + (f(z),9(x))| z € D, y < f(x)}

with the usual convention inf () = +oco. Note that since (MP) has a finite optimal
solution under the stated assumptions, we have ®(y) > —oo Vy.

Following [18] a function ®(y) defined on [a,b] is said to be increasing if
a <y <y <bimplies that ®(y) < ®(y'). A set H C R™ is said to be reverse
normal if y' >y € H implies that y’ € H.

Proposition 2. ®(y) is an increasing function on [a,b] C R™, and H is a
reverse normal set in R™.

Proof. Let Dy ={x € D|y < f(z)}. If a <y <y’ < bthen Dy C Dy, s0 P(y) =

)
min{ fo(z) +(f(2), 9(z))| @ € Dy} < min{fo(z)+(f(2),9(z))| x € Dy } = 2(y").
That the set H is reverse normal is obvious. ]

Proposition 3. The problem (MP) is equivalent to
min{®(y)| y € H, a <y < b} (@)

Proof. First observe that, since ®(y) is increasing, if y € [a,b] is feasible to
(G), i.e. y > f(z) for some x € D then 3y’ = f(x) < y will still be feasible to
(G), while ®(y’) < ®(y). Therefore the minimum of ®(y) is attained on the set
{y € [a,b] | y = f(x), = € D} and consequently, (G) is equivalent to

min{®(y)ly = f(z), z€D, a<y<b}. (G)

Now, if Z € D solves (MP) the f(z) is feasible to (G’), and ®(y) <

n Yy =
fo(@) + (f(2),9(z)) < folz) + (f(2),9(x)) Yz € D, hence &(y) < ®(y) for all
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y such that y = f(z), © € D, i.e. g solves (G’). Conversely, if § solves (G’)
, then ®(g) < ®(f(x)) Yz € D (since y = f(z) is feasible to (G’)), hence,
denoting by & € D the optimal solution of the problem defining ®(g), we have
o(y) = fo(z) + (f(2),9(2)) < fo(z) + (f(z),9(x)) Vo € D, i.e. T solves (MP).m

Thus, solving (MP) amounts to solving (G) which is a monotonic optimiza-
tion problem of the class considered in [18] or [19]. Of course, computing the
exact value of ®(y) for a given y is as difficult as solving the problem (MP)
itself. However, it is not hard to find an easily computable underestimator
of ®(y) over any subrectangle M = [p,q] C [a,b]. Specifically, if we define
Dppg = {z € D] p < f(z) < ¢} then such an underestimator is provided
by the function

Uas(y) = min{ fo(z) + (y, 9(x))| y < f(x), © € D q}- (5)

Like ®(y) this function satisfies Wps(y) > —oo Vy and is increasing on [p, ¢,
but since (5) is a linear program, the value Wy (y) is easily computable. Using
the underestimator Wy, (y) one can derive lower bounds for ®(y) over sets of
the form H N M. It turns out that these bounds can be proved to be consistent
with suitably defined subdivision rules, and can thus be incorporated into a
convergent branch and bound method for solving (G) that works essentially in
R™ (rather than R™). In the next section we proceed to discuss this method in
detail.

Remark 1. An alternative way of converting (MP) into a monotonic optimization
problem is the following. Upon preliminary transformations similar to the above
ones one can assume that fo(z), fi(x), g;(z) are nonnegative on D. Then the
problem can be rewritten as

=1

Since the objective function (yo,y,z) € Ry X R x R +— yo + Y ;0 yi2i is in-
creasing while the feasible set C' = {(y0,,2) € Ry X RT' x R"| yo > fo(x),y >
f(x),z > g(x), x € D} is reverse normal, this is a monotonic optimization prob-
lem in Rimﬂ. This approach has been implemented [12] to solve problems with
m = 1 by the reverse polyblock outer approximation procedure described in
[18]. Although computational results presented in [12] show that this approach
is quite practical for problems with m = 1 and up to 100 variables, its attrac-
tiveness sharply decreases as m increases due to the large dimension (2m + 1)
of the transformed problem.

3. Bounding Procedure

Given any subrectangle M = [p,q] C [a,b], the problem (G) restricted to this
subrectangle can be written as
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min{®(y)| y = f(z), x € Dppq} (Gn)
By Proposition 3 this subproblem is equivalent to
min{fo(z) + (f(2), 9(x))| © € Dppq} (Par)

Proposition 4.
(i) A lower bound for the optimal value of (Gyr) is provided by

B(M) := min{¥r(y)| y = f(z), = € Dppq} RGwu)

(i) Let y™ be an optimal solution of (RGyr) and z € D be an optimal solution
of the linear program defining Wur(y™), so that

BM) = War(y™), Car(y™) = folz™) + (™, 9(z™)).
Then an upper bound of the optimal value of (Gpy) is
a(M) = fo(a™) + (f (@), g(a™)).

(iii) If y™ = f(a™) then yM is an optimal solution of (Gpr) and B(M) equals
the optimal value of (Gpr):

BM) = a(M) = fo(z™) + (y™, g(a™)).
while z™ is an optimal solution of (Pyr).

Proof. (i) and (iii) are obvious because ¥y, (y) is a underestimator of ®(y) over
M, while M is a feasible solution of (Pj;) which is equivalent to (Gas).

For the proof of (ii) observe that if f(z™) = y™ then zM is feasible to the
problem defining ®(y*) so that W, (y™) = ®(y*) and therefore,

BM) = fo(a™) + (&™), g(=")) = Car(y™) = 2(y™)

because (RGyys) is a relaxation of (Gas). ]

To obtain S(M) we solve the monotonic optimization problem (RGjys) by
using the reverse polyblock outer approximation (ROA) described in [18]. The
exact optimal value of (Gps) is contained in the interval [3(M), a(M)] and we
have

a(M) = B(M) = (f (=) —=y™, g(a™)) <|If ™) =yl (6)

Let us recall from [18] that a reverse polyblock in M = [p, ¢q] is a subset S of M
of the form S = U;cs[p?, q] where {p,i € I} is a finite set of points in M. Since
U (y) is an increasing function on M it is clear that the minimum of W,/ (y)
on such a set S is attained at one of the points p?,i € I. The ROA method
is an iterative procedure which consists in constructing a sequence of reverse
polyblocks S,,v =1,2,... such that

Ss=McS,c---Cc HNM, ;gg%WM(y)\%ﬁwM(y)' (7)
Clearly the numbers £, (M) = minyes, U (y), v = 1,2,... form an increasing

sequence of lower bounds for the minimum of ¥;(y) over M. By stopping this
iterative procedure ROA at some step v we obtain a lower bound 5, (M). Of
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course the larger v the tighter bound is obtained, but the more computations
are needed, so in practice a trade-off should be resolved between the quality of
the bound and the computational cost required. As is easily verified, 5 (M) =
mingep Yar(y) = ¥ar(p), so from Proposition 1 we can derive

Corollary 1.
(i) A lower bound for the optimal value of (Gpy) is provided by the optimal value
B1(M) of the linear program

min{ fo(x) + (p, 9(x))| € Dpp g }- (LGwm)

(i) If an optimal solution ™ of (LGyy) satisfies f(x™) = p then p is an optimal
solution of (Gar) and B1(M) equals the optimal value of (Gar), i.e.

BL(M) = ®(p) = fo(a™) + (p, g(=™)).

Remark 2. The quality of the bound 1 (M) computed as above often depends on
how tightly the rectangle M = [p, q] encloses the feasible portion in it. Therefore,
whenever possible, one should try to reduce the size of the rectangle M by
removing unnecessary infeasible portions of the set M \ H. Since H N M =
{ylp <y <gq flzx) <y,x € D}, one way to achieve this is to replace p, ¢ with
=, 00),d = (4}, ,q,), respectively, where

¥ = min{fia) p< f@) < gz € DY, i=L...,m,
q; max{fz(:n)|p§f(:c)§q,:c€D}, i=1,...,m.

For many problems this reduction operation may be essential for the quality of
the bound and hence the speed of convergence.

Consider now a nested sequence of subrectangles M, C M such that Ng2, My, =
M and let 2% = 2M* be an optimal solution of (LGyy, ). The next proposition
shows how to construct the sequence M = [pk, qk] so as to ensure that the limit
of z¥ is an optimal solution of the problem (Pxp)-

Proposition 5. Let {My = [p*,¢*], k € K} be an infinite nested sequence of
subrectangles of [a,b], such that M1 is a child of My in the subdivision via the
hyperplane y;, = ni. where i, = (pf + fi, (z%)/2 and z* = 2™~ is an optimal
solution of (LG, ) while i), € argmax (f;(z%) — p¥). If [p,q) = N{25[p*, ¢"] then
any cluster point T of the sequence {z*} is an optimal solution of (P q).

Proof. Since i € {1,...,m}, there exists a subsequence K C {1,2,...} such
that iy = ig Vk € K, and n, = (pfo + fi,(2%))/2, Vk € K. By passing to
subsequences if necessary we can assume that =* — z, fi,(z*) — fi, (). Then,
by a well known property of rectangular subdivision (Lemma 5.4,[16]), ny — 1o €
{Dig» @iy }, which, in view of the fact n, = (pfo + fio () /2 — (Diy + fir(2))/2
implies that f;,(z*) — p¥ — fi,(Z) — ps, = 0. But then from the definition
of iy = i we deduce that f(z*) — p¥ — 0 and consequently, f(z*) — p as
k — +o00,k € K. Since z* is an optimal solution of (LGyy, ), it follows that Z is
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an optimal solution of (LG 4) and finally, by Proposition 1 (property (ii)), the
fact f(Z) = p implies that Z solves (P(; q)- ]

Remark 3. An increasing function ¢y (y) is said to be a tight underestimator
of ®(y) over M if pu(y) < ®(y) Yy € M and maxyepm(®(y) — om(y)) — 0 as
diamM = ||¢ — p|| — 0. It can easily be verified that Proposition 5 remains true
when (LG(My,) is taken to be the problem

min{pn (y)| y > f(x), © € Dpp g},

where s (y) is any tight underestimator of ®(y) over M.

4. Branch and Bound Method

The above development leads to the following branch and bound method for
solving (MP), in which branching is performed by rectangular subdivision of the
initial rectangle [a, b].

Algorithm 1. (for given tolerance € > 0)

Step 0. Start with P; = &1 = {M; = [a,b]}. Set k = 1.

Step 1. For each rectangle M € Py solve (LGjs) to obtain its optimal value
B1(M) together with an optimal solution z when 31 (M) < +occ. Up-
date the incumbent by setting CBS = z* with z* € argmin{ fo(=™) +
(M), g(zM))| M € Py} Let CBV = folak) + (£(a*), g(a")).

Step 2. Delete every M € Sy such that 51(M) > CBV — e. Let Ry, be the
collection of remaining members of Sy. If Ry, = (), then terminate: z* is
an e-optimal solution.

Step 3. Select My € argmin{f(M)| M € R;}. Let 2% = xMr = f(zF).
Choose i € argmax;{y’ — p¥} and divide M}, into two subrectangles
via the hyperplane y; = (pzk + yzk) /2. Reduce each rectangle in the
partition of M}, as described in Remark 2 and let Py11 be the collection
of so reduced rectangles.

Step 4. Set Sg+1 = (Ri \ {Mg}) UPry1. Set k — k+ 1 and go back to Step 1.

Theorem 1. The above algorithm can be infinite only if € = 0 and in that case
any cluster point T of the sequence {T*} is an optimal solution.

Proof. 1If the algorithm is infinite, it generates an infinite sequence of rect-
angles My, = [p*,¢"], v = 1,2,..., such that each rectangle in this se-
quence is a child of its predecessor via the subdivision (p* + f;, (2%))/2, i, ).
By Proposition 5 one can then assume that p* — p.¢" — ¢, = —

such that z solves (Py;) for M = [p,q]. Since fo(z*) + (f(z*), g(z"*))

B1(My,) < fo(x) + {f(z),9(x)) Yo € D, it follows that fo(Z) + (f(Z),9(Z))
folx)+ {f(z),g(x)) Vo € D, and hence, T solves (P) because obviously Z € D.m

f(x)

) =0,
0 since the

IAN I =

Remark 4. For problems where fo(x) + (a,g(z)) =0 (e.g. a =0, fo(x
linear), if 81 (M) is used then at the first iteration we have 8;(My) =
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objective function in the linear program (LG, ) for My = [a,b] is identical to
zero. Furthermore, in all subsequent iterations, My, = [0, ¢*], hence (3 (M},) = 0,
so that the algorithm will stall right at the beginning. Therefore, for these
problems, one should use §, (M) with v > 1 instead of 51 (M), at least for every
rectangle M = [p,q] with p = 0. (except when m = 1 because in that case, as
can easily be shown (see Sec. 5 below), 1 (M) is already the optimal value of
(RGar)). Alternatively, one can reformulate the problem to avoid this situation,
or use a tighter underestimator than W,/(y) as will be discussed in the next
section.

Remark 5. The type of subdivision described in Proposition 5 and used in Algo-
rithm 1 is often referred to as the “adaptive subdivision”. The rationale behind
it is that it tends to bring the distance || f(z*) — p¥| to zero, thus forcing {z*}
to converge to an optimal solution of (P;4). Howewer, if [a,b] is bounded,
then instead of the adaptive subdivision one can also use the standard bisec-
tion, i.e. the subdivision of M} via the hyperplane y;, = (pfk + qfk)/2 with
i = argmax(qfk — pfk) Proposition 5 remains true with the standard bisection
because its exhaustiveness (see e.g. [16]) implies that ||¢* — p*|| — 0 and hence
|| f(z*) —y*|| — 0. In practice, the choice of an efficient subdivision rule depends
on the structure of the problem under study.

Remark 6. Also note that when using the standard bisection it may happen
that the midpoint of the longest side of My = [p*, ¢*] lies on the right of f;, (z*)
(z* being an optimal solution of LG(ar,)), i.e. fi, (zF) < (pF +¢F)/2 : in that
event, if M, is bisected via the mentioned midpoint then the lower bound over
the left half of M}, will remain equal to 3(M}) (because z* will still be optimal for
the corresponding linear program), so this bisection will not improve the lower
bound. Therefore, the best strategy is to use a hybrid rule: if the midpoint
of the longest edge of M} lies on the left of f;, (z*) then apply the standard
bisection, otherwise apply the adaptive subdivision.

Remark 7. With minor modifications Algorithm 1 is still valid if a tight under-
estimator other than W), (y) is used for bounding. Also the above method can
in principle be extended to solve the generalized convex multiplicative program-
ming problem considered in [5]:

folx) + min{z fi(x)gi(z)| = € D}

where D = {z € R"| h(x) < 0} and the functions fo(z), fi(z), g;(z) are all convex
and positive-valued on D. For instance, if the underestimator Wy (y) is used for
bounding, the subproblems (LP ) are the convex minimization problems

min{ fo(x) +Zpigi(x)| pi < filer) <q (i=1,...,m), h(z) <0}

which are solvable by currently available efficient algorithms.
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5. Finite Algorithm when m =1

When m = 1, the problem (MP) is
min{ fo(z) + f(2)g(x)| « € D} (®)

with f,g : R® — R. It is then easily verified that for any M = [p,q] C
[a,b] C R with a = mingep f(z), an optimal solution of (RGjs) is precisely
p =min{f(z)| x € D,p < f(z) < ¢}. In other words, 8;(M) is already the best
lower bound obtained by the above method (optimal value of RGjs). However,
in this case the algorithm can be made finite by adopting a more sophisticated
subdivision rule.

To describe this subdivision let us consider the problem (MP) where y = f(x)
is viewed as a parameter:

min{ fo(z) +yg(z)| f(z) =y, € D}. (MP(y))
Proposition 6. There exist a finite set of intervals AP C [a,b] (B € B) and
affine mappings P : AP — R" such that U{AP| B € B} = [a,b] and pP(y) is
a basic optimal solution of (MP(y)) for every y € AB.

Proof. Rewrite the problem (MP(y)) for any y € [a, b], as
min{(c + yc°, z) + a(y)| Az =d +yd°, >0} 9)

where a(y) = fo(0) +yg(0) and A € RF*™ with rank A = k. Let B be any k x k
nonsingular submatrix of A and N the submatrix formed by the n — k columns
of A not belonging to B. Write A = (B, N) and, accordingly, z = (zp,zn) for
any € R™. Then the system Az = d + yd° is equivalent to

xp = B (d+yd’) — B"'Nay. (10)

Denote by ¢®(y) the vector x = (x5, xx) such that g = B~1(d + yd°), 2y =
0 € Rk, This vector will be a feasible solution of (MP(y)) if

B~ Y(d + yd®) > 0. (11)

On the other hand, since (c+yc®, 2—pB (y)) = (c+y®)vzn —(c+yc’)yB I Ny

for any feasible solution z = (vp,zy) of (MP(y)), it follows that ¢ (y) is an
optimal solution of (MP(y)) if

(c+y®)y — (c+yc) BN > 0. (12)
Now define

AP ={y| B d+yd’) >0, (c+y)v — (c+y®)pB~'N >0}.  (13)

Clearly AP is a line segment contained in [a, b] and for every 3’ € A® the vector
P (y') satisfies conditions analogous to (11) and (12), hence is a basic optimal
solution of (MP(y’)). It is also immediate that, for any y € [a, b], since (MP(y)
is solvable, we have y € AP, where B is the basis matrix associated with a
basic optimal solution of (MP(y)). Therefore, if B denotes the family of all basis
matrices B that correspond each to a basic optimal solution of (MP(y)) for some
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y € [a,b], then the union of all A, B € B, covers the whole segment [a, b]. Since
the collection B is finite, and the mapping ¢? : AP — R" is affine (see (11)),
the proof is complete. n

Note that for y € AP the optimal value of (MP(y)) is 0% (y) = fo(©®(y)) +
yg(pP(y)). Since this is a quadratic function of y € R, a minimizer y? of 67 (y)
over AP can easily be computed and if 2% = ¢ (y?) then an optimal solution
of (MP) is obtained by taking the minimum of fo(27) + f(22)g(2?) over all
B eB.

The parametric algorithm for (MP) when m =1 ([5]; see also [16]) consists
precisely in generating the collection of intervals AB, B € B together with the
associated vectors zZ. Since the set B is finite, the parametric algorithm is finite,
in contrast to the branch and bound Algorithm 1 which, theoretically, may be
infinite. However, a drawback of the parametric approach is that it requires
computing the whole collection of intervals A2, B € B.

To overcome this drawback we can make our branch and bound procedure
finite by using a suitable subdivision strategy based on Proposition 6. Denote
the set of endpoints of all intervals AZ by T. Clearly a,b € T. If M = [p, q| is any
interval candidate for subdivision, with p, ¢ € T, then we subdivide M as follows.
Let 2™ be a basic optimal solution of the bounding subproblem (LG ) written
in the form (9) (with y = p) and let B = B(M) be the basis matrix associated
with #M. It can easily be verified that A® = [p,r], where r = min{ry, 7y} with

r1 = max{y| (c+yc®)n—(c+yc®) BN > 0}, ry = max{y| {y| B~ (d+yd®) > 0}.

Then we divide M into two subintervals My = [p,r], M2 = [r, q]. Clearly B(M;) =
B(M), so only B(Ms;) must be computed. Furthermore, a minimizer y? of the
above described quadratic function 82 (y) over A® can be computed which can
be used to update the current best solution and the current best value. If
B(Ms) does not exceed the current best value, then the algorithm terminates
because all previously generated intervals have been fathomed. Therefore, if
the algorithm continues, the interval to be divided must be My = [r,¢|, so
that the basis matrix corresponding to the subdivision point s for My can be
obtained merely by performing a primal simplex privoting procedure if r = r;
or a dual simplex pivoting procedure if r = ro. With this subdivision strategy
the algorithm differs from the parametric approach of [5] only in that a lower
bound S(M) is computed at each iteration for the current interval which allows
us to decide whether or not to terminate the algorithm even before the whole
collection of intervals A2, B € B has been generated.

An alternative subdivision strategy is to slightly modify the standard bi-
section in the following way. Starting from the initial interval [po, qo] = [a, b],
assume that the current interval M = [p, ¢] to be subdivided has its endpoints
in T. For y = (p+¢)/2 let B be the basis matrix associated with a basic optimal
solution of (MP(y)), and define AZ by (13). If AB = [r, s] then split M into
3 intervals : My = [p,r], AB = [r,s], and My = [s,q]. Clearly 3(M;) = (M),
while a minimizer y® of ¢(y) over [r,s] can be computed which can be used to
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update the current best solution and current best value. It remains to compute
B(Mz) = min{fo(z) + sg(x)| f(x) = s,z € Disq}. In the next iteration M is
thus replaced by the pair of intervals [p,r],[s, ¢]. This branch and bound algo-
rithm may perform better than Algorithm 1 although a few more computations
are required at each iteration.

Remark 8. Proposition 6 can be extended to the general case m > 1 as follows:
There exist a finite set of polyhedrons AP C [a,b], and affine mappings o :
AB — R™ such that the union of all these polyhedrons covers the entire rectangle
[a,b] and @B (y) is a basic optimal solution of (MP(y)) for every y € AP.

The proof of this proposition for the special case m = 1 can be carried over to
the general case. However, as was mentioned in the introduction, the parametric
approach derived from this proposition for m > 1 is of little practical interest.

6. Improved Bounds for Higher Rank Problems

For hard problems, especially for those with high rank m (typically m > 10)
the bounds computed as previously described may not be efficient enough to
secure fast convergence. To alleviate the difficulty in these cases, one may try
to improve the bounds in different ways, for instance:

(i) Solving (RGar) more accurately. Instead of $1(M) in Step 1 we can take
B, (M) with v > 1 as explained in Section 3. Then 3, (M) = ¥ (yM) for some
yM € M and zM is an optimal solution of the linear program

min{fo(x) + (¥, 9(x))| p < f(2) < ¢,z € D}.

Note that the value Wy (y) of the objective function of (RGys) at each y is not
given explicitly but is defined as the optimal value of a linear program (5). This
means that computing 2 (M) involves solving a sequence of m linear programs,
corresponding to the m vertices of Sy (see (7)). Each of these vertices differs from
p by one coordinate only, so after solving the linear program associated with p,
one can derive an optimal solution of any other program by using a reoptimiza-
tion technique instead of starting from scratch. This allows a substantial saving
of time. Nevertheless, even with this technique, it should be borne in mind that
the computation of 8, (M) with v > 1 may become so time consuming that the
advantage of having a better bound may be offset by its cost. Thus, as was
already mentioned in Sec. 3, there is a trade-off between the computational cost
and the quality of the bound.

(ii) Using a tighter underestimator for ®(y). Consider any rectangle M = [p, q].
Let r = (r1,...,rm) where r; = min{g;(z)| © € Dy, g}. Then for y < f(x), = €
Dy q we have (f(x) —y, g(x) —7) >0, hence

(f(2),9(x)) = (y, 9(x)) + (r, f(2)) = (r,9).

So if we define

Unr(y) = min{ fo(z) + (y, g(x) =) + (r, f(2))| y < f(x),2 € D,p < f(z) < q}
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then Was(y) < War(y) < ®(y) for all y belonging to the set {y| y < f(x),z €
Dyp.q}- It follows that a lower bound of ®(y) over H N M (see (Gpr)) can be
taken to be

B(M) = min{ W (y)| y € HN M}, (14)

Since g(z) — r > 0 the function Wy (y) is also increasing, so the problem on
the right hand side is again a monotonic optimization problem. If the ROA
procedure for solving this problem is stopped at iteration v then a value BV(M )
is obtained that gives a lower bound for min{®(y)| y € H N M}. In particular
for v = 1 we have (31 (M) = ¥(p), so

BL(M) = min{fo(z) + (p,g(z) —r) + (r, f(2))| y < f(x), @ €D,p< f(z) <q}

should give a lower bound generally tighter than 3y (M).
(iil) Reformulating the problem appropriately. A problem may be hard for a given
method just because its formulation is not suitable. In such cases a reformulation
may help to alleviate or resolve the difficulty. In general, when the objective as
well as the constraint functions are already increasing or decreasing functions,
one may be tempted to think that no further transformation is worthwhile,
except, possibly, for reducing the dimension. However, there are cases when
a reformulation is useful even though it may convert a monotonic objective
function into a d.m. function (difference of two monotonic functions). The last
example in the next section will show a situation where such a transformation
may improve the algorithm drastically.

Finally an alternative approach to high rank problems (MP) is to rewrite
the problem as a monotonic optimization problem of the form

min{F*(z) — F~(2)| (c",2) — {¢",z) >0, z >0},

where F*, F~ are quadratic polynomials with positive coefficients and ¢, c™ €
R". Then a lower bound over any rectangle M = {x € R"| p < x < ¢} can be
computed by general methods of monotonic optimization. For detail we refer
the interested reader to the recent work [20].

7. Numerical Examples

In this section we give some numerical examples, just to illustrate how the
method works in practice. In these examples the problem has the form (MP)
where

filx) = (", x)+r;, i=1,...,m,
gz(l'):<dl,l‘>+5“ i:]-a"'7m7
D ={z| Ax <h, x>0},
and the functions g;(x) are positive on D. The computational results have been

obtained using a code written in Pascal and run on a PC Pentium III 450 MHz.
The first four examples are taken from the literature. The fifth and the sixth



386 Nguyen Thi Hoai Phuong and Hoang Tuy

examples are chosen to show that the computational time depends much more
on m (the number of products) than on n; they could also serve as test problems
for future research in nonconvex optimization. The last example is an instance
of the maximum clique problem taken from [4]. It is given to show how a good
reformulation of the problem may sometimes help to improve the efficiency of
the method significantly.

Ezample 1. (Example 5.2 in [15]) (minimization) n =2,m =1, A € R**2,

& =(1,0), r0=0
c=,1), rn=-1, d'=(2,-3), s1 =13

)

-1 2
0 -1

A= 1| | ,|s h=0(8-3 12,-5).
1 -2

Computation results (tolerance ¢ = 0.001) :

Optimal solution: z = (0,4);

Optimal value: 3;

Computation time: 0.01 sec;

Optimal solution found at iteration 1 and confirmed at iteration 1;
Maximal number of active nodes: 2.

Ezample 2. (Taken from [1]) (minimization) n =3,m =1, A € R8*3

® = (0.000000, 0.000000, 0.000000) 7o = 0.000000,
¢' = (1.000000, 0.000000, 0.111111) 7y = 0.000000,
d* = (0.000000, 1.000000, 0.111111) s; = 0.000000,

h=(81, 72, 72, =9, =9, —9, 8, 8),

9 9 27

8 1 8

1 8 8

-7 -1 -1

A=14 7

-1 -1 -7

1 0 0

L0 1 0.

Computational results (tolerance € = 0.001) :

Optimal solution: z = (8, 0, 1);

Optimal value: 0.901234;

Computation time: 0.22 sec;

Optimal solution found at iteration 3 and confirmed at iteration 24;
Maximal number of active nodes: 4.

Ezample 3. (Example 5.1 in [16]; quadratic concave minimization)
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minimize x7 — 10z + 1023 + xg

_35%_352

Computational results (tolerance e = 0.001) :
Optimal solution: = = (0,0,0,0,5,1,0,0);

s.t.

Optimal value: —179;
Optimal solution found at iteration 2 and confirmed at iteration 56;

Computation time: 0.88 sec;
Maximal number of active nodes: 3.

Example 4. (Test problem 10, Chapter 2, [4])

10

2z129 + 62175 + 67225 + 27374,
21+ 2% + 23 + T4 + 5 + 26 + 27 + 28 < 8,
2x1 + 22+ 23 <9,

2

—acg

T3+ T4+ 25 <5,

0.5x5 4+ 0.52¢ + x7 + 228 < 3,

2x9 —x3 — 0.5x4 <5,
I1§6, $i20i:1,...,8.

10

— 2% — Ta? — 4ad — 22 — 223

387

min{—0.52)\i(xi +a;)? —I—O.E)Zm(yi +6:)?| A(z,y) < h, (z,y) € RI?x R?

i=1

A = (63,15,44,91, 45, 50,89, 58, 86, 82),

i=1

= (—42,—98,—48,—91, —11, 63, —61, —61, —38, —26),

where

r3 5 5

5 4 5

1 5 2

3 2 6

6 6 6

A= 5 5 2
3 6 6

1 2 1

8 5 2

L1 1 1

(=}

O~ W 0

4

= W oo~ WUt~

4

= 00 ~J O UL N — W

(@31

== O = Ot O -

6

= W Oto gk~ ot

— W00 kW U

4

H Ot~ Wh Wo N

8

RSN N CRN OISR PN ey ot

4

= OtW W Ot~

2

= Ot Ot = W o N+~

1

H O Ui WO N =

1

=R W0 W

o = (19,27,23,53,42, —26,33,23, —41, —19),
B = (52,3,—81, 30,85, —68, —27,81, —97,73),
h = (380,415, 385,405, 470, 415, 400, 460, 400, 200) 7,

1

= = Ot O W Ut = Ut Ot

= o= s s = 00 Ot W 00N

DN DN OO B 00 =

NN OIN O - = N

— o 00 = 00 W NN~ W

By rewriting the objective function as 2321 fi(z,y)gi(x,y) and solving the
problem by Algorithm 1 the following results have been obtained (tolerance

e =10.001):
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Optimal solution:

x = (0,0,0,62.608696,0,0,0,0,0,0), y = (0,0,0,0,0,4.347826,0,0,0,0);
(the solution given in [4] is wrong, probably due to a misprint)
Optimal value: 49318.017957;
Computation time: 3.44 sec;
Optimal solution found at iteration 5 and confirmed at iteration 121;
Maximal number of active nodes: 4.

Example 5. (minimization) n = 12,m = 6, A € R15*12
¢t =(=0.2,-0.7,-0.1, 0.4, 0.0, 0.8, 0.1,—0.8,—0.2, 0.0, 0.1, 0.4), r; =21.0,
= (0.2, 0.5,—0.6, 0.1, 0.6, 0.4, —0.4, 0.3, 0.7, 0.5, 0.4, —0.1), s, =13.3,
= (0.1, 0.1,—0.4,—0.1,—0.1, 0.4, 0.2, 0.5, 0.3, 0.4, —0.3, 0.3),r> =16.3,
(—0.3,-0.2,-0.7, 0.1, 0.2, -0.2,—0.5, 0.4, 0.3, 0.0, 0.6, —0.5),52 =16.0
= (0.8, 0.0,—0.1, 0.4, 0.2, 0.1, —0.5, 0.0, 0.5, 0.6,—0.3, —0.4), 13 =3.7
= (0.1, 0.0, 0.0, 0.3, 0.2, 0.7, 0.4, 0.2, 0.1, 0.5, 0.6, —0.1), s5 =16.7
= (0.6, 0.2, 0.2,—0.3, 0.5, 0.4, 0.1, 0.6,—0.3, 0.3, 0.4, 0.3), ry =—1.8
= (
(
(
(
(

0.3, 0.0, 0.0,—0.5,—0.1, 0.2, 0.6, —0.6, 0.1,—0.2, 0.8, —0.3),54 =21.5
0.3,-0.3, 0.5, 0.1, 0.2,—0.5, 0.1, 0.2, 0.0, 0.6, 0.3, —0.2), r5 =5.0
0.3, 0.0, 0.3, 0.0,—0.8,—0.3, 0.3, 0.9, —0.1, —0.6, —0.1, 0.2), s5 =18.7
0.2,—0.1, 0.0, 0.0, —0.2,—0.4, 0.0,—0.6, 0.8, —0.2, 0.0, —0.1), rg =12.7
0.0, 0.6, 0.0, 0.1, 0.0,—0.2, 0.0,—0.5, 0.2,—0.3, 0.3, 0.1), 56 =19.2

dl
C2
d2
CS
d3
C4
d4
C5
d5
CG
d6

h = (—20.1,—1.0,82.6,14.6,37.7,40.7, —23.0, 47.4,83.0,9.9, 33.7, 14.0, —45.6, 30.4)

rt9 00 -02 -15 1.8 09 -1.0 45 45 -35 -1.8 -4.87
29 37 48 -19 18 -3.7 18 25 -29 19 -3.0 32
33 24 33 48 -03 39 08 -1.7 20 -03 -18 22
43 18 21 -45 -05 24 14 -03 -20 -28 04 45
15 -03 04 12 11 19 15 -12 -33 44 32 -43
-32 24 -45 -10 -27 3% -01 39 -19 32 21 13
09 05 40 -15 12 -15 12 -37 -0.1 00 -24 -4.1

A= |-41 -45 22 -31 44 48 -34 22 -21 23 26 -14
24 23 47 -17 -16 38 -40 13 -04 -04 29 12
0.0 -32 -02 20 -29 27 31 29 -26 -43 02 46

-1.3 -09 34 39 49 23 -30 -15 25 -1.7 1.7 -29
35 34 25 -04 -45 28 -17 21 -29 -47 13 45
19 -09 -33 -23 16 -05 -49 3.0 -49 36 -3.7 22

-14 35 -28 -12 47 -32 22 -40 28 33 44 -3.1

.-21 26 -39 10 23 18 42 18 27 09 33 1.7

Computational results (tolerance € = 0.001) :
Optimal solution:

2 = (0.000000, 3.191426, 15.976649, 7.637881, 0.000000, 0.000000,
2.089829, 14.934635, 1.673765, 14.492286, 0.865866, 5.377971);
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Optimal value: 550.937336;

Computation time: 2.91 sec;

Optimal solution found at iteration 19 and confirmed at iteration 144;
Maximal number of active nodes: 15.

For this example the adaptive subdivision rule performed better than the
standard bisection. Also, it is worth noting that if the problem were written and
solved as a problem (QP) (with objective function in the form (z, Qx)), then the
algorithm would work in dimension 12 rather than 6 and would require a much
larger number of iterations (2752 iterations, with maximally 514 active nodes),
and a much longer computation time (62.01 sec).

Example 6. (minimization) n = 10, m =7, A € R5*10,
&® = (0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0), ro =0.0
¢t =(-0.7, 0.0, 0.4, 0.7, 0.4,-0.1,—-0.4, 0.9,-0.1, 0.0), r =19.3
d' = (0.4,-0.6, 0.0, 0.4,—0.1,—0.3,-0.1, 0.6, 0.7, 0.1), s; =5.4
2 =(0.3, 0.3, 0.1,-0.3,-0.3, 0.1, —0.1, 0.0, 0.1, —0.5), 75 =25.0
d?> = (0.5,-0.4,-0.4,-0.1,-0.3, 0.4, -0.1, 0.2, —0.1, —0.4),50 =34.7
& =(0.3, 0.3, 0.0,-0.1, 0.1,-0.1, 0.6, 0.1, 0.4,—0.1), 73 =—1.0
d® =(0.2,-0.2, 0.4, 0.6,—0.6,—0.5, 0.2, 0.5,—0.6,—0.5), s3 =43.4
¢ =(0.6, 0.3, 0.4,—0.3,-0.2, 0.8, 0.1, 0.2,—0.1,—0.1), 74 =12.8
d* = (0.2,-0.4,-0.5, 0.1, 0.9, 0.0, 0.4,-0.9,—0.5,—-0.2), s4 =19.3
¢® = (0.0, 0.5,-0.2,—0.1, 0.2, 0.0, 0.3, 0.7,—0.8, 0.5), 75 =6.2
d® = (0.5,-0.1, 0.6, 0.8, 0.6, 0.0,—0.7,—0.5,—0.1, —0.5), s5 =51.7
®=1(0.2,-0.5,-0.4,-0.2,-0.2, 0.7, —0.9, —0.2, 0.3, 0.5), 76 =26.6
d® = (0.5,-0.2, 0.0, 0.1,-0.3, 0.2,—0.1, 0.3, 0.0, 0.3), s6 =1.5
¢ =(-0.5, 0.0, 0.1, 0.4, 0.4, 0.9, 0.6, 0.0, 0.2, 0.2), r; =—0.6
d" = (=05, 0.4, 0.4,—0.3, 0.1, 0.3,-0.7,—0.2, 0.2, 0.1), sy =12.8
h = (161.1,—65.6, 45.7, 35.1, 3.5,—18.8,—46.4, —37.7, —59.4,
—117.0, 24.8, 1.5, 55.6,—124.8, —27.2)
r49 35 37 07 21 19 -23 24 31 3.3 7
1.6 1.5 —-04 48 —-47 -01 —-14 -29 -—-2.7 —-47
-10 -10 -27 -06 29 -05 -25 48 08 35
-0.7 —-0.3 —-08 —-19 43 1.1 —2.0 —-27 44 —1.4
44 -49 27 14 -03 2.0 34 —-02 —-04 -3.0
2.6 1.5 22 —-18 =27 04 03 —-09 25 —4.1
-08 —-44 -13 -0.8 1.8 08 14 -26 14 -38
A=1]16 21 -10 -22 25 =30 -15 27 -—-22 —-41
—-4.5 —-2.2 3.1 28 =21 4.5 3.1 26 —44 —-4.0
-40 26 -23 06 —-48 -25 32 05 -30 -36
32 —-15 -2.8 2.0 1.6 38 —-16 09 26 -39
0.6 0.1 1.1 32 -38 =32 1.7 26 40 —44
-48 18 37 25 =34 02 =35 3.0 1.1 44
2.0 1.3 -39 -39 —-11 —-43 25 —-12 —-47 -24
L19 -36 43 -09 —-01 -1.0 0.1 0.1 0.0 —4.1]
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Computational results (tolerance € = 0.001) :
Optimal solution:

2 = (0.000000, 5.015611, 2.479073, 0.000000, 4.209541,
5.717726, 35.160715, 0.000000, 28.710187, 32.283983);

Optimal value: 1181.273353;

Computation time: 63.55 sec;

Optimal solution found at iteration 1 and confirmed at iteration 2744;
Maximal number of active nodes: 381.

Ezample 7. (n =m = 20)

20

min {F(x)] > 2 =23, 0<z; <23 (i=1,...,20)} (15)
i=1
where
F(CL’) = <1'an>; Q =H+ diag(a)a
a=(3,210,6,4,1,10,10,10,7,3,3,2,3,2,6,10,5,2,9)
009 4 6 9 45 46 6 6 7 365 436 6 27
905015 1178497 47452175
4507 7 44066 4730790674
6 0703356057 496630675
9 173011849 93421199509
4543107 24629710896 ¢69
51 45 170874532996 4811
4106 82804007016 10191
6 76 0 4 4 7 406 447609506 4
Hg_|68659640604895165239
6 4 4792504401 4118879°75
797 43937 481084543193
37394720079 480740020 4
6 406219165 1470303770
5776109 6011543092537
4493186 1968400902371
3500994055 8303220270
6 26 696 8 1027127532011
6 1 7756 1963990737710 4
(2 54599 1149534071014 0l

We solve this problem using the bounds indicated in (ii), Sec. 6.
With tolerance 0.01 the results are as follows:

Optimal solution:

(0,0, 0,0, 0, 15.333333, 0, 0, 0, 0, 0, 0, 0, 0, 7.666667, 0, 0, 0, 0, 0);
Optimal value: 352.666667;
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Computational time: 65.424 sec.;
Optimal solution found at iteration 352 and confirmed at iteration 369;
Maximal number of active nodes: 48.

Remark 9. The computation of a lower bound a(M) for (16) deserves some
additional comments, since the method used may present some general insterest.
Noting that the elements of H are nonnegative and x > p we have Hx > Hp,
hence (x — p, Hx — Hp) > 0, and so (z, Hz) > (p, Hz) + (x, Hp) — (p, Hp) =
2(Hp,x) — (Hp, p). Therefore, a lower bound for F(x) over p < z < g can be
taken to be

20 20
min{Zaix? + 2(Hp,x) — (Hp, p)| in =23, p<z<gq}. (16)

i=1 i=1

The problem (16) is a simple convex quadratic program and can be efficiently
solved by many currently available algorithms. Here we choose to solve this
convex program by the now almost forgotten Frank-Wolfe (FW) method. The
reason of this choice in the present case is that, aside from being very simple, this
method has the advantage of reducing the convex program (16) to a sequence
of extremely simple knapsack problems. However, FW method is known to be
numerically instable near the optimum. Since we need only a good lower bound
and not necessarily the exact minimum of (16), to get round this difficulty, we
simply stop the FW procedure at some sufficiently advanced iteration k. Let
f(x) = 21221 aim% + 2(Hp,$> - <Hp,p>, D[p,q] = {x| 2321 r;, =23, p<x <
q}, Vf(z) = 2(diag(a)z + Hp). If the last obtained solution for (16) is x* with
te = min{(V f(z¥),z—2")| € Dy, g} then f(z*)+t); < min{f(z)|x € Dy, 4} <
f(z*), so we can take a(M) = f(x) + t4.

To describe the FW procedure, assume 2?21 p; <23 < Zfﬂl ¢; (otherwise
Dy g =0, ie. a(M) = +00). Let 6 > 0 be user supplied (typically 0.001 < 6 <
0.1).

FW Procedure

0. Start with a feasible solution 2% € Dy, 4. Set k = 0.

1. Compute y* = argmin{2(diag(a)z*+Hp,z—a*)| x € D}, g} (by the knapsack
subroutine). If ¢, = 2( diag(a)z* + Hp,y* — 2¥) > —0, then stop: a(M) =
f(xF) + t5. Otherwise, go to 2.

2. Compute r, = —t/(2(y*—2%), diag (a)(y*—2*)) (this is the value of r where
the derivate of the univariate function ¢(r) := f(z*) + r(y* — 2*) vanishes). If
re < 1set ¥ = 2F 4y (y* — 2%), otherwise set 28T = y*. With k « k + 1
go back to 1.

Knapsack Subroutine (for finding min{2( diag (a)z* + Hp,x — 2*)| € Dy, 4}):
Sort the components of 2( diag (a)z* + Hp) in increasing order: ¢;, < ¢;, <

- < Ciy- Set j = 1,yF = p. If Zfﬂl yf = 23, stop. Otherwise, reset yfj =
min{g;;,23 — Zfﬂl Yk + pi,; }- Repeat for j « j 4 1.
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8. Conclusion

We have presented an approach to nonconvex quadratic optimization under lin-
ear constraints, based on analyzing and exploiting monotonicity rather than con-
vexity properties. As usual in nonconvex optimization the branch and bound
strategy is best suitable for high rank problems, typically for problems of rank
m > 5 in the present state of knowledge. The polyblock approximation de-
veloped in [18] can then be used for computing reasonably efficient bounds,
especially when other methods fail or may be difficult to apply. For problems
where monotonicity is combined with other structures as in the last example, a
proper reformulation may sometimes help to improve the bounds and speed up
the convergence drastically. As demonstrated by the numerical examples, quite
often the global optimum can be found very fast, but usually much longer time
is needed to confirm it. Furthermore, since no global optimization method can
pretend to be uniformly best for all problems, and since, on the other hand, a
given problem can be most efficiently solved only by exploiting its mathemati-
cal structure, in practice the best results are usually obtained by some hybrid
method combining different solution approaches in a clever way.
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