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Abstract. The aim of this paper is to study a second mixed boundary value problem
(SMBVP) with a given generalized right invertible operator V as follows:
Find all solutions of the problem

M N
QVr =3 Y V" AmaV"r =y, yE€X, (0.1)
m=0n=0
Frx=y, (i=0,...,K—-1),
FVie =y (i=K,...,M+N—-1), y; €kerV are given,
(0.2)
where M, N, K e N, K < M + N, Apn € Lo(X), Aun =1, Appn Xpi4N—n C
X, X; := dom V? and Fyp,... , Fiary nv—1 are right initial operators of V', where
Fo, ..., Fx_1 have ¢(W)-property.

1. Introduction

The ¢(R)-property for initial operators, induced by a given right invertible oper-
ator, has been introduced and applied to solving boundary value problems with
right invertible operators by Przeworska—Rolewicz, Mau, Binderman and others
(see [1 - 4]). In [5], Mau and Tuan introduced a class of generalized right in-
vertible operators. Recently, the author studied the first mixed boundary value
problems for the equation (0.1) (see [7]).

In this paper, we introduce the ¢(W)-property for right initial operators of a
given generalized right invertible operator V. We use this property for solving the
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SMBVP (0.1) —(0.2). In particular, we shall construct general forms of resolving
operator for this problem, which permits to find all solutions of (0.1) — (0.2) in
closed forms.

2. Preliminaries and Notations

Let X be a linear space over the field K of scalars. Denote by L(X) the set of
all linear operators with domains and ranges in X and by Lo(X) = {A € L(X) :
dom A = X}. We denote by R(X) (A(X) or W(X)) the set of all right (left
or generalized) invertible operators belonging to L(X), and by Rp (La or Wy)
the set of all right (left or genezalized) inverses of D (A or V), respectively (see

1-3)).

Definition 1. [5] An operator V€ W(X) is said to be generalized right invert-
ible (for short: GR-invertible) if there exists a W € Wy such thatIm (VW —1I) C
kerV,ie. VWV =V, VW =V.

Denote by R;(X) the set of all GR-invertible operators. For a V' € R;(X),

denote by Ri, the set of all generalized inverses of V, by Fy and Gy the set of
all right and left initial operators of V, i.e.

Ry ={WecLX):ImV Cdom W, Im W Cdom V, VWV =V, VW =V},

Fv={FeL(X):F*=F,ImF =kerV and 3W € R{, : FW =0 on dom W},
Gy ={GeL(X): G*=G, GV=0 ondom V and 3W € Ri, : Im G =kerIW}.
(2.1)
It is easy to see that R(X) C Ry1(X) C W(X), A(X) Cc W(X).
Lemma 1. [6] For every V € Ry(X) there exists W € Ri, such that
WVW =W, VW? =W ondom W.
Write .
RY —{WeRL - Wvw=w, VIW?=w}. (2.2)

Lemma 2. [7] Suppose that V € Ry(X), Wy, Wy € RS), Im Wy C dom Wj.
Then

VI W = W (2.3)

Theorem 1. [4] A necessary and sufficient condition for an operator F €
L(X) (or G € L(X)) to be a right (or left) initial operator for V. € Ry(X)

corresponding to a W € RS) is that
F=1-WV ondomV (or G=I1—-VW ondom W). (2.4)

Theorem 2. [4] (Taylor-Gontcharov formula)
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Suppose that V. € Ri(X) and Fyv = {Fs}ger is a family of right initial
operators corresponding to {Wg}ger C RS). Let {8,} € T, n € N be an

arbitrary sequence of indices such thatTm Wg, C dom Wgs, ,, j=1,... ,N—1.
Then for every positive integer N the following identity holds on dom V.
N-1
I=Fg+ Y Wayo-Wa,_ Fg VI + Wg, - Wpy_, VY. (2.5)
j=1

Corollary 1. [7] Suppose that V € Ri(X), W; € RE}), Im W; C dom W;_q,
j=1,...,N—1. For every N € N, we have

N—1
kerVV = {:E ceX:xz= Z Wo- - -Wi_1z; + 20, 20,-..,2N-1 € kerV}. (2.6)
j=1

Puting Wy = --- = Wx_1 = W, we obtain
K-1 N-1
kerV N :{:c c X : :L':Z W7 z+ Z WEW - - Wj_12j, 20,-.. ,2N-1€ kerV}.
i=0 =K

(2.7)

Theorem 3. [4] Let A,B € L(X),Im A C dom B and Im B C dom A. Then
I + AB is right invertible (left invertible, generalized invertible or invertible) if
and only if so is I + BA. Moreover, if we denote by Rap (Lap, Wap or (I+
AB)™1) a right inverse (left inverse, generalized inverse or inverse) of I + AB
then there exists Rpa € Riypa (Lpa € Lita, Wga € Wiipa or (I +
BA)71 € RryBaNn £I+BA) such that

Rap=1I—ARpaB, Rpa=1I— BRapA,
Lig=1—ALpaB, Lpa=1I— BLgA, (2.8)
Wag =1— AWgaB, Wpga=1— BWagA,

or (I+AB)'=1-A(I+BA)™'B, (I+BA)'=I-B(I+AB)'A

respectively.

3. C(W)- Property

Definition 2. Let V € Ri(X) and W € R%/. An operator Fy € Fy possesses
the ¢(W)- property if there exist scalars dy such that
FoW*z =dpz for all z€kerV, keN. (3.1)

(where we admit d, = 0 for all k € N if Fy is a right initial operator for V
corresponding to W).
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We denote by Fy w the set of all right initial operators possessing the ¢(1V)
property.

Lemma 1. Let dim kerV = s < +o00. Then a right initial operator Fy for V.
has the ¢(W)- property for a right inverse W if and only if

FoWrej = dgej, d €K, keN j=1,...,s; (3.2)
where {e1,... ,es} is a basis of kerV'.
The proof follows directly from Definition 2. n

Theorem 4. If dim kerV =1 then Fyw = Fy.

FExample 1. Let X = R? and
(11 [(1/3 1/8 [ 7/40  T7/40
V= (1 1) W= <1/6 3/8) » Wo = <13/40 13/40 )
o 13/20 —7/20
o= \—-13/20 7/20 )°

It is easy to check that V € Ry(X), W,W, € Ri,, Fy € Fy, kerV = lin{e},
where e = (1,—1), dim kerV = 1 and

k
FOWke:(i> e, k=0,1,....

Hence, Fy has the ¢(W) property.
Suppose {Fy,... ,Fn_1} C Fyw, Le.

FWFz=dyz for i=0,... N—1; keN; zckerV, dy € K. (3.3)

Denote
Vn = det(dig)i k=o0,... N—1; (3.4)
Fy = (F,, FEW,... . FEWN-Y) i=0,... ,N—1; (3.5)
di = (dio, di, ... ,din—1), i=0,...,N—1. (3.6)

Lemma 4. Let F; and d; be defined by (3.5) and (3.6), respectively. Then the
system of vectors {Fy, ... ,Fn_1} is linearly independent of ker V' if and only if
the system {do,d1,... ,dn—1} is linearly independent.

Proof. Let {ﬁo, . ,ﬁ v—1} be linearly independent of kerV and let
N-1 N-1
> Bidi =0, ie,» Pidx =0, k=0,...,N—1.
i=0 i=0

Then N1

> Bidixz =0, forall z€kerV, k=0,...,N—1.
=0
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ie. N1
ST BFEWEz = 0.
i=0
Hence N1
Z BiF;z =0 forall z € kerV.
i=0

By the assumption, it implies that 3; =0 for i=0,... ,N —1. N
Conversely, if {dp,... ,dny—1} is linearly independent, then {Fp,...,Fy_1}
is linearly independent of ker V. [ |

Corollary 2. Let {Fy,... ,Fn_1} be a system of right initial operators for V
having the c(W)-property. Then Vi # 0 if and only if the system {FoW*, ...
Fyn_1WF}Y is linearly independent of ker V' for every k € {0,... ,N —1}.

Proof. By Lemma 4, FgWF, ..., Fy_1W¥ are linearly independent of ker V for
each fixed k if and only if the vectors dp,... ,dy—1 given by (3.6) are linearly
independent, i.e. Vi = det(dx)ik=0,... N—1 # 0. [ |

Theorem 5. Vx # 0 if and only if the system {Fy,... ,Fn_1} is linearly
independent of Py (W), where

Py(W) =1lin{W*z, zckerV, k=0,...,N—1}. (3.7)

Proof. By Corollary 2, Viy # 0 if and only if for every k € {0,...,N — 1}, the
system {FoW*. ... Fx_1W*} is linearly independent on ker V, i.e. the equality
N-1
Z aF;Wkz =0 forall zekerV, a; €K,
i=0

implies o; =0 for ¢ = 0,... , N — 1. It means that

N-1 N-1
Z Ok Z a; F;Wh2=0 forall g ek,
k=0 =0
if and only if
N-1 N-1 N-1
Z OLiE(Z ﬂkaz) =0, ie., Z a;Fix =0, Yo € Py(W).
k=0 i=0 i=0

Thus, the system {Fp, ..., Fy_1} is linearly independent of Py (W). The proof
is complete. [ ]

4. The SMBVP with Generalized Right Invertible Operators

Let V e Ry(X), W € R\, and let Fy,...,Fyyn_1 and Go, ... ,Garin—1 be

right and left initial operators for V' corresponding to Wy, ... ,Wyyn—1 € Rg),
Im W; € dom Wj;_; for j =1,... ,M + N — 1. Moreover, let Fy,... ,Fx_1
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possess the ¢(W)-property and be linearly independent of the Py (W), where
Py (W) is of the form (3.7), K < M + N.
Hence there exist scalars d;; such that

FEWiz=dijz, VYzekerV, i, j=0,...,K—1. (4.1)
By the assumption and Theorem 5, the matrix
Ag =: (dij)ij=0,... k-1 (4.2)
is invertible, i.e. AI_(I exists. Write
A = (dij)ij=0,... K—1- (4.3)

To begin with, we consider the SMBVP for the operator V'~ : Find all solutions
of the problem

VNe =y, yeX, (4.4)
Frx=y; (i=0,...,K—-1),
FViz=vy;, (i=K,...,N—1); y; € kerV are given. (4.5)

Theorem 6. Suppose that V € Ri(X), dim kerV # 0, dim coker V # 0.
Let Fy,... ,Fny—_1 and Go,...,Gn—_1 be right and left initial operators for V
corresponding to the right inverses Wy, ... ,Win_1, respectively (where we admit
Im W; € dom W;_1, i=1,...,N —1). Moreover, suppose that Fy, ... ,Fx_1
possess the ¢(W)-property and they are linearly independent of Px(W). Then
the problem (4.4) — (4.5) has solutions if and only if

yGImVN, Gi-1y; =0, 1=K...,N—1.

If this is the case, then the SMBVP has a unique solution
K-1K=1 K-1K-1

v= 3 S AWy (1= 30 3 d W Ry, (4.6)

j=0 k=0 =0 k=0
where P (W) and dj; are denoted by (3.7) and (4.3), respectively,
N—1
yN:WKWK"'WN_1y+ WKWK"'Wj—lyj-
j=K

Proof. Note that, if the problem (4.4) — (4.5) has solutions, then y € Im V.
By formulas (2.3) and (2.4), we have

Gi1yi =G 1 FVie = (I -VW;,_1)(I - W;V)V'zx
=(I-VW, .y =W, VH+ VW, \W;V)Viz =0, i=K,...,N—1.

Conversely, if y € Im V¥, then there is y; € dom V¥ such that y = V.
Hence, (4.4) can be written in the form VNg = VNyl. Since VN = VNWEW, ...
Wx_1VN, the last equation is equivalent to V¥ (z — WEWg - - Wx_1y) = 0.
From Corollary 1, it follows that
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K-1 N-1
:L':WKWK..WN,1y+ Z Wij+ Z WKWK...Wj,l,Zj, 20,09 ZN -1 € kerV.
=0 j=K

Fori=K,... ,N — 1, we have

K-1 1—1
yi = FVie = FEW; - - Wy_1y + Z FEViig + Z FViiz
j=0 =K
N-1
+ Z FEW;--- ijlzj + F, VW12, = VW;_1z;.
j=it1

Since G;_1y; = 0, we have y; = VW, _1y;. Hence
Wi—1zi = Wiy +ti,  t; € kerV.

K—-1
z=WXWi - Wy ay+ Y Wiz
7=0
N-—-1 N-—-1
+ Z WKWK ce ijlyj + Z WKWK s ijgtj
J=K J=K

(where we admit W_; = I). On the other hand, we have
FV'e = FEVWiayi+ FEVWiatipn = yi + VWit = 4

thus VWifltiJrl = 0. ThUS, Wifltprl € kerV and F‘iflwi,ltzqu = Wifltprl =
0. Hence

K-1 N-1
e=WHEWg - Wy g+ > Wz+ Y WKWk Wy,
=0 j=K

Fort=0,...,K —1and F; € Fy,w we have

N-1 K-1
yi = Fix =F (WKWK - Wyo1y + Z WHEW - Wj—lyj) + FEW 2,
J=K j=0
K-1
vi — Fiyn = Z dijzj. (4.7)
=0

Since Fp, ..., Fx_1 are linearly independent of Px (W), the system (4.7) has a
unique solution

K—1
2= > di(yr — Fryn),
k=0
which implies the required formula (4.6). ]

Definition 3. (cf. Przeworska-Rolewicz [1])
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(i) The SMBVP (0.1) — (0.2) is called well-posed if it has a unique solution
for every y € QV|Xmin, Yo,---,ymin-—1 € kerV, Gj_1y; = 0, j =
K,....M+N-1.

(ii) The SMBVP (0.1) — (0.2) is called ill-posed if either there exists y € Q[V]
XM+N, Yo, --- s YM+N—1 € ker V| Gj_lyj =0,=K,..., M+ N —1 such
that this problem has no solutions or the corresponding homogeneous problem

induced by (0.1) — (0.2) (i.e. y =1yo ="+ =ym+n—1 = 0) has non-trivial
solutions.
Write M4N—1
Si=I— > W<Wg- W, F,V*
neK (4.8)
K—-1K-1 M+N-—1
Y GWIR(T- Y WEWk W BV,
j=0 k=0 M N /J,:K
H := SH,, Hy:= Z ZWKWK W N—m -1 AL V™, (4.9)
m=0 n=0
where WEWg - - WaraN—mo1 = WMEN=™4f \[ 4+ N —m < K,
, 0 if m=M, n=N,
A= ) (4.10)
A,.n  otherwise

It is easy to check that dom S = X, dom Hy = Xy and SXpr4n C Xargn,
(I+HO)XM+N C XM+N ile. Se LO(XM+N) and I + Hy € LO(XM+N)-

Lemma 5. Let S and H be defined by (4.8) and (4.9), respectively. Then
(')FS—O (i_O,...,K—l),

()FVZ (i_K,...,M—i—N—l)7 (4.11)
(iii) F, (I+H) F, (i=0,...,K—-1),

(iv) BEVI(I+H)=FV® (i=K,...,M+ N —1).

Proof. By the assumption, {Fo,...,Fx_1} C Fyw, i.e., VF; =0 and

EWijZdiij (i,j:O,...,K—l; k=0,..., M+ N —1; dijeK:).
(i) Fori=0,...,K — 1, we have

M+N-1
FS=F — > FEWXWg-- W, F,V*
p=K
K-1K-1 M+N-—-1
=S Y G EWIR(I- > WEW W BV
j=0 k=0 u=K
M+N-—-1
=F, — Z EWEWy - W, E, V"
n=K
K-1K-1 M+N-—-1

- d}kdiij (I — Z WKWK . Wu_lF‘MVH)
7=0 k=0 u=K
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M+N-1
=F, — Z FEWS Wy - W, F,V*
n=K
K-1 M+N-1
Y Sk (I— 3 WKWK---W,L_lFHVM)
k=0 p=K
M+N-1
=F— Y FEWSWg- W, .FV"
n=K
M+N-1
~R(1= > WA W BV ) =0,
n=K

(ii) Fori = K,... ,M+N—1,we have V.W/F, = VI F, =0, VW, 1 F,V' =
F;Vi, and

M+N-1
FVIS=FVi— > FEVWXWg- W, F,V*
pn=K
K-1K-1 M+N-—-1
=S RVTIR(T- Y W Wi W BV
7j=0 k=0 n=K
1—1 M+N-1
= BV =Y FVHEVF-FEVW FEV = Y EW; W, 1 F,V*
n=K p=i+1

=FV'—FV'=0.
(iii) By (i), we have
F(I+H)=F,(I+SHy)) =F,+FSHy=F, (i=0,...,K—1).

(iv) By (ii), for i = 0,... , K — 1, we have
FVY(I+H)=FVYI+SHy) = F,V'+ F,V'SHy = F,V".

|
Write
WJ’{W ?f ]‘fO,...,K 1, (4.12)
W, if j=K,...,M+N-1.
M+N-—-1
Tm =1 Z WJ/W-l—N—m e W;/LFMV#eriIVIiNJerJ/W-i-N—m—lﬂ

p=M+N—m (4.13)

K-1K-1
Hy=1T-Y " dyWi---W/_Fy, (4.14)

j=0 k=0

M N

Hy:=> > Wi Whinm 1 TmAp, V" (4.15)

m=0 n=0
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It is easy to see that the operator H given by (4.9) can be written in the form
H = HH,.

Lemma 6. Write

B ._{A'mn if m=0,...,M; n <min (N,K — 1),
o0 if m=0,...,M; n>min (N, K — 1), (4.16)
M N
Hy=> > WiWiryn-m1Tm
m=,0 m=0
K-1K-1
x (A;MV” B 3. Y d;kVW,’L_l...WJf_le). (4.17)
j=n k=0

Then I+ H s right invertible (left invertible, generalized invertible or invertible)
if and only if so is I + H|). Moreover, if Ry, € Riym, (LH[/) € Lryny, Way €
WI+H6 or (I+ H(l))_l S RI+H6 ﬂ£1+H6)’ then

Ry :=1—-H\Ry Hy € Ri4n, Ly:=1I1—-H Ly Hy € Lith,

4.18
WH = I*H1WH6H2 S W[+H, (I+H)_1 = I*H1(1+H6)_1H2, ( )

where H, Hy and Hy are defined by (4.9), (4.14) and (4.15), respectively.
Proof. We have

K-1K-1
HyHy= YN Wi Whriy 1Tl (I d}kW(;...W]Lle).
m=0n=0 7=0 k=0
(4.19)
On the other hand
M N K-1K-1
Z Z W(; U W]IWJermfleAl v d]kWO
m=0n=0 j=0 k=0
M N K-1K-1
= 2D o Wi w1 TnA, dj VW -+ Wi Fi
m=0n=0 j=n k=0
M N K-1K-1
— Z ZWO/"'WJ/\J+N—m—1TmBm” dyVWn —1---Wj_ | Fy.
m=0n=0 j=n k=0

These equalities and (4.17), (4.19) together imply Hj = HyH;. Since I + H =
I+ HiHy and I + Hj = I+ HyHy, Theorem 3 implies (4.18). ™

Lemma 7. Let H)) be defined by (4.17). Write
M N

=D D Wi Wininoma Brn Wi Wiy, (4.20)

m=0n=0
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K-1

K1
Z ZWN WM+Nm1T ( nV" - anzz 1Fk)
m=0n=0 j=nk=0
(4.21)
where
K-1K-
B, = Tm(A;nnVW,’L,l Z Z Wi B W W 1)
j=n k=0
(4.22)
T, Anps Bmn and W1 are defined by (4.10),(4.12),(4.13) and (4.16), re-

spectively. Then I + HY, is right invertible (left invertible, generalized invert-
ible or invertible) if and only if so is I + H'. Moreover, if Ry € Riyp
(LH/ €Lryg, Wi € Wiy or (I+H’)71 € Rrvm N Lrymr), then
Ry =1—-Wy-- - Wy_ Ry Hi € Rrymy,
LH[I) =1 - WOI s W]/V_ILH/H{ S E[JFH(/),
WH(/) =1 - WOI e W]/V_IWH/H{ S W[.;,_H['),
(I+H) Y =T-W)---Wy_,(I+H) H].

(4.23)

Proof. 1t is easy to check that Hy = W ---Wx_Hj and H' = H{W{--- Wy _;.
Hence, the lemma is an immediate consequence of Theorem 3. n
Lemmas 6 and 7 together imply the following

Corollary 3. Let H and H' be defined by (4.9) and (4.20), respectively. Then
I+ H is right invertible (left invertible, generalized invertible or invertible) if and
only if so is I + H'. Moreover, if Ry € Ry (L € Lryn, Wi € Wrypn
or (I—l— Hl)_l € Rrtm ﬂ£1+H/), then
RH =1 — Hl(I — Wé o WJIVilRH/H{)HQ S R[.;,_H,
Lg:=1-— Hl(I — Wé .- 'WJIV,ILH/H{)HQ S £I+H;
Wy :foHl( ! "W]/V_le/H{)HQGW]JFH,
(

(T+H) ™ =T—H((I-W} - W_,(I+H) "H|)H,,

(4.24)

where Hy, Hy and Hy are defined by (4.14), (4.15) and (4.21), respectively.

Definition 4. Let H' be given by (4.20). Then the operator I + H' is called the
resolving operator for the SMBVP (0.1) — (0.2).

Theorem 7. The SMBVP (0.1) — (0.2) is well-posed if and only if its resolving
operator [+ H' is invertible. If this is the case, the unique solution of the SVBVP
(0.1) — (0.2) is

K-1K-1

w=(I-So(I-W}--- W]’V_I(I+H’)‘1H{)H2) (Z 3 d Wiy, +SoyM+N), (4.25)
=0 k=0
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where
K—-1K-1
So=T=> > dWiF, (4.26)
j=0 k=0
M+N-—-1
ynan = WEWgk - Wyyn_1y + Z WHEWi - W;_1y;,

=K
W, Hi and Hp are defined by (4.12),(4.21) and (4.15), respectively.
Proof. We have

(4.27)

M N
NS VALV =y, yeQVI XN,

;:0;:0 N
(545 4 30 S v 7)o =y 3 v
m=1n=0 n=0
M N
VAN (I + Z Z WHEW - W N—m-147,, V"
1

n=0
—1

R

M= i

WEWg - W,_1F,V*H,

p=K
K—-1K-1 M+N-1
=SS G WIR (T Y WEW Wi FuVE ) Ho e
=0 k=0 u=K
N
n=0
M N
(I + 3 S WEWk - Wars vt Al V"
m=0n=0
M+N-1
- > WKWk W, 1 F,V"Hy
n=K
K—-1K-1 M+N-1
S AW R(T= > WKW W1 FV ) Ho
j=0 k=0 u=K
K-1 M+N-—-1
=WHEWkg - - WrsN-1y + Z szj + Z WEW - W1z
=0 =K
M+N-—-1 K—-1K-1
(1+ (1= > wrEwe. W, BV =3 Y d Wik,
p=K j=0 k=0
M+N-1
x(I— 3 WKWK...Wu_lFMV“)HO))x
p=K

K-1 M+N-—-1

:WKWK...WM+N_1y + Z Wij + Z WKWK...Wj_lzj
=0 =K



On the Second Mized Boundary Value Problems for Linear Equation 341

K-1 M+N-—-1
(I+ H)o = WEWico Wy ay+ D Wi+ D0 WEWie Wz,
§=0 j=K

The formulae (4.11), (4.6) and the last equation together imply

K—-1K-1 K—-1K-1
(T+Hz=>Y > dWy,+ (I -3 d;ijFk)yMJrNa
j=0 k=0 =0 k=0
K—-1K-1
(I + H)CL' = d}ijyk + Soyrm+n- (4.28)
=0 k=0

Therefore the problem (0.1) —(0.2) is well-posed if and only if (4.28) has a unique
solution, i.e., I + H is invertible. On the other hand, by Corollary 3, I + H is
invertible if and only if I + H’ is invertible, and

(I+H)'=1-5, (1 W W (I + H’)*H;)HQ. (4.29)
(4.28) and (4.29) together imply (4.25). The proof is complete. ]

Now we consider ill-posed cases of the SMBVP (0.1) — (0.2).

Theorem 8. Let V € Ri(X), W € RS), y € QVIXpyn and let F; € Fy

and G; € Gy be right and left initial operators corresponding to W; € RS),
Im W; ¢ dom W,;_q, (t =1,...,M + N —1). Moreover, suppose that
Fo,...,Fx_1 possess the ¢(W)-property and they are linearly independent of
P (W) and Gi—1y; =0 fori = K,... ,M+N—1. Suppose that H, H', Hy, Ha,
So, ym+n and Wi are given by (4.9),(4.20), (4.21), (4.15), (4.26), (4.27) and
(4.12), respectively.

(i) If the resolving operator I + H' is right invertible and dim ker(I + H') # 0,

then the SMBVP (0.1) — (0.2) is ill-posed and its solutions are

K-1
w=(I-So(I-Wg-- Wy _y R H}) Hy)
J

by

where Ry € Rivm, and z € ker(I + H) s arbitrary.

(ii) If the resolving operator I+ H' is left invertible and dim coker (I + H') # 0,
then the SMBVP (0.1) — (0.2) is ill-posed and it has a solution under the
following necessary and sufficient condition

K—1K—1
SO dy Wiy + Soymrn € (I + H)Xarin. (4.31)
j=0 k=0

If this is the case, then a unique solution of the SMBVP (0.1) — (0.2) is
given by

K-1
Z d;‘ijyk +SoyM+N) +2z, (4.30)
k=0

K-1K-1

xTr = (I*So(I*WO/ . "W]/v_lLH/H{)HQ)(Z Z d}ijykJrSoyMJrN), (4.32)
7j=0 k=0
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where Ly € L1 p.

(iii) If the resolving operator I+ H' is generalized invertible, dim ker(I+ H') # 0
and dim coker (I + H') # 0, then the SMBVP (0.1) — (0.2) is ill-posed and
it has solutions if and only if the condition (4.31) is satisfied. If this is the
case, then all solutions of the SMVBP are given by

K—1K—1
a=(I-So(I-W,-- Wh_ W H})Hy) (Z > AWy, +SOyM+N) +z,
=0 k=0
(4.33)
where Wy € Wrin, and z € ker(I + H) is arbitrary.

Proof. By Theorem 6, the FMBVP (0.1) — (0.2) is equivalent to the equation
(4.28). Corollary 3 implies that

(i) If I + H’ is right invertible then I 4+ H is right invertible on X4 n. Formula
(4.24) and the equation (4.28) together imply (4.30);

(ii) If T+ H’ is left invertible then I + H is now left invertible only. This implies
that the problem (0.1) — (0.2) is solvable if and only if the condition (4.31) is
satisfied. Formula (4.24) and the equation (4.28) together imply (4.32);

(iii) If I + H’ is generalized invertible but not one-sided invertible then I + H
is generalized invertible only. Hence, from (4.28) we conclude that the problem
(0.1) — (0.2) is ill-posed and has solutions if and only if the condition (4.31) is
satisfied. Formula (4.24) and the equation (4.28) imply (4.33). ]
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