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Abstract. The aim of this paper is to study a second mixed boundary value problem

(SMBVP) with a given generalized right invertible operator V as follows:

Find all solutions of the problem

Q[V ]x :=
M∑

m=0

N∑
n=0

V mAmnV nx = y, y ∈ X, (0.1)

Fix = yi (i = 0, . . . , K − 1),
FiV

ix = yi (i = K, . . . , M + N − 1), yi ∈ kerV are given,

(0.2)

where M, N, K ∈ N, K < M + N , Amn ∈ L0(X), AMN = I , AmnXM+N−n ⊂
Xm, Xi := dom V i, and F0, . . . , FM+N−1 are right initial operators of V , where

F0, . . . , FK−1 have c(W )-property.

1. Introduction

The c(R)-property for initial operators, induced by a given right invertible oper-
ator, has been introduced and applied to solving boundary value problems with
right invertible operators by Przeworska–Rolewicz, Mau, Binderman and others
(see [1 - 4]). In [5], Mau and Tuan introduced a class of generalized right in-
vertible operators. Recently, the author studied the first mixed boundary value
problems for the equation (0.1) (see [7]).

In this paper, we introduce the c(W )-property for right initial operators of a
given generalized right invertible operator V . We use this property for solving the
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SMBVP (0.1)−(0.2). In particular, we shall construct general forms of resolving
operator for this problem, which permits to find all solutions of (0.1) − (0.2) in
closed forms.

2. Preliminaries and Notations

Let X be a linear space over the field K of scalars. Denote by L(X) the set of
all linear operators with domains and ranges in X and by L0(X) = {A ∈ L(X) :
dom A = X}. We denote by R(X) (Λ(X) or W (X)) the set of all right (left
or generalized) invertible operators belonging to L(X), and by RD (LΔ or WV )
the set of all right (left or genezalized) inverses of D (Δ or V ), respectively (see
[1 - 3]).

Definition 1. [5] An operator V ∈ W (X) is said to be generalized right invert-
ible (for short: GR-invertible) if there exists a W ∈ WV such that Im (V W−I) ⊂
kerV , i.e. V WV = V, V 2W = V .

Denote by R1(X) the set of all GR-invertible operators. For a V ∈ R1(X),
denote by R1

V the set of all generalized inverses of V , by FV and GV the set of
all right and left initial operators of V , i.e.

R1
V = {W ∈ L(X) : Im V ⊂ dom W, Im W ⊂ dom V, V WV = V, V 2W = V },

FV = {F ∈ L(X) : F 2 = F, Im F =kerV and ∃W ∈ R1
V : FW =0 on dom W},

GV = {G ∈ L(X) : G2 =G, GV =0 on dom V and ∃W ∈ R1
V : Im G=kerW}.

(2.1)
It is easy to see that R(X) ⊂ R1(X) ⊂ W (X), Λ(X) ⊂ W (X).

Lemma 1. [6] For every V ∈ R1(X) there exists W ∈ R1
V such that

WV W = W, V W 2 = W on dom W.

Write
R(1)

V =
{
W ∈ R1

V : WV W = W, V W 2 = W
}
. (2.2)

Lemma 2. [7] Suppose that V ∈ R1(X), W1, W2 ∈ R(1)
V , Im W2 ⊂ dom W1.

Then

V W1W2 = W2. (2.3)

Theorem 1. [4] A necessary and sufficient condition for an operator F ∈
L(X) (or G ∈ L(X)) to be a right (or left) initial operator for V ∈ R1(X)
corresponding to a W ∈ R(1)

V is that

F = I − WV on dom V (or G = I − V W on dom W ). (2.4)

Theorem 2. [4] (Taylor-Gontcharov formula)
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Suppose that V ∈ R1(X) and FV = {Fβ}β∈Γ is a family of right initial
operators corresponding to {Wβ}β∈Γ ⊂ R(1)

V . Let {βn} ⊂ Γ, n ∈ N be an
arbitrary sequence of indices such that Im Wβj ⊂ dom Wβj−1 , j = 1, . . . , N −1.
Then for every positive integer N the following identity holds on domV N .

I = Fβ0 +
N−1∑
j=1

Wβ0 · · ·Wβj−1Fβj V
j + Wβ0 · · ·WβN−1V

N . (2.5)

Corollary 1. [7] Suppose that V ∈ R1(X), Wj ∈ R(1)
V , Im Wj ⊂ dom Wj−1,

j = 1, . . . , N − 1. For every N ∈ N, we have

kerV N =
{
x ∈ X : x =

N−1∑
j=1

W0· · ·Wj−1zj + z0, z0,. . ., zN−1 ∈ kerV
}
. (2.6)

Puting W0 = · · · = WK−1 = W , we obtain

kerV N =
{
x ∈ X : x=

K−1∑
j =0

W jzj+
N−1∑
j = K

WKWK · · ·Wj−1zj , z0,. . . ,zN−1∈ kerV
}

.

(2.7)

Theorem 3. [4] Let A, B ∈ L(X), Im A ⊂ dom B and Im B ⊂ dom A. Then
I + AB is right invertible (left invertible, generalized invertible or invertible) if
and only if so is I + BA. Moreover, if we denote by RAB (LAB, WAB or (I +
AB)−1) a right inverse (left inverse, generalized inverse or inverse) of I + AB
then there exists RBA ∈ RI+BA (LBA ∈ LI+BA, WBA ∈ WI+BA or (I +
BA)−1 ∈ RI+BA ∩ LI+BA) such that

RAB = I − ARBAB, RBA = I − BRABA,

LAB = I − ALBAB, LBA = I − BLABA, (2.8)
WAB = I − AWBAB, WBA = I − BWABA,

or (I +AB)-1 = I –A(I +BA)−1B, (I +BA)–1 = I –B(I +AB)–1A

respectively.

3. C(W )- Property

Definition 2. Let V ∈ R1(X) and W ∈ R1
V . An operator F0 ∈ FV possesses

the c(W )- property if there exist scalars dk such that

F0W
kz = dkz for all z ∈ kerV, k ∈ N. (3.1)

(where we admit dk = 0 for all k ∈ N if F0 is a right initial operator for V
corresponding to W ).
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We denote by FV,W the set of all right initial operators possessing the c(W )
property.

Lemma 1. Let dim kerV = s < +∞. Then a right initial operator F0 for V
has the c(W )- property for a right inverse W if and only if

F0W
kej = dkej, dk ∈ K, k ∈ N j = 1, . . . , s; (3.2)

where {e1, . . . , es} is a basis of kerV .

The proof follows directly from Definition 2. �

Theorem 4. If dim kerV = 1 then FV,W = FV .

Example 1. Let X = R
2 and

V =
(

1 1
1 1

)
, W =

(
1/3 1/8
1/6 3/8

)
, W0 =

(
7/40 7/40
13/40 13/40

)
,

F0 =
(

13/20 −7/20
−13/20 7/20

)
.

It is easy to check that V ∈ R1(X), W, W0 ∈ R1
V , F0 ∈ FV , kerV = lin{e},

where e = (1,−1), dim kerV = 1 and

F0W
ke =

( 5
24

)k

e, k = 0, 1, . . . .

Hence, F0 has the c(W ) property.
Suppose {F0, . . . , FN−1} ⊂ FV,W , i.e.

FiW
kz = dikz for i = 0, . . . , N − 1; k ∈ N; z ∈ kerV, dik ∈ K. (3.3)

Denote

VN := det(dik)i,k=0,... ,N−1; (3.4)

F̂i := (Fi, FiW, . . . , FiW
N−1), i = 0, . . . , N − 1; (3.5)

di := (di0, di1, . . . , diN−1), i = 0, . . . , N − 1. (3.6)

Lemma 4. Let F̂i and di be defined by (3.5) and (3.6), respectively. Then the
system of vectors {F̂0, . . . , F̂N−1} is linearly independent of kerV if and only if
the system {d0, d1, . . . , dN−1} is linearly independent.

Proof. Let {F̂0, . . . , F̂N−1} be linearly independent of kerV and let
N−1∑
i=0

βidi = 0, i.e.,
N−1∑
i=0

βidik = 0, k = 0, . . . , N − 1.

Then
N−1∑
i=0

βidikz = 0, for all z ∈ kerV, k = 0, . . . , N − 1.
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i.e.
N−1∑
i=0

βiFiW
kz = 0.

Hence
N−1∑
i=0

βiF̂iz = 0 for all z ∈ kerV.

By the assumption, it implies that βi = 0 for i = 0, . . . , N − 1.
Conversely, if {d0, . . . , dN−1} is linearly independent, then {F̂0, . . . , F̂N−1}

is linearly independent of kerV . �

Corollary 2. Let {F0, . . . , FN−1} be a system of right initial operators for V
having the c(W )-property. Then VN �= 0 if and only if the system {F0W

k, . . . ,
FN−1W

k} is linearly independent of kerV for every k ∈ {0, . . . , N − 1}.
Proof. By Lemma 4, F0W

k, . . . , FN−1W
k are linearly independent of kerV for

each fixed k if and only if the vectors d0, . . . , dN−1 given by (3.6) are linearly
independent, i.e. VN = det(dik)i,k=0,... ,N−1 �= 0. �

Theorem 5. VN �= 0 if and only if the system {F0, . . . , FN−1} is linearly
independent of PN (W ), where

PN (W ) = lin{W kz, z ∈ kerV, k = 0, . . . , N − 1}. (3.7)

Proof. By Corollary 2, VN �= 0 if and only if for every k ∈ {0, . . . , N − 1}, the
system {F0W

k, . . . , FN−1W
k} is linearly independent on kerV , i.e. the equality

N−1∑
i=0

αiFiW
kz = 0 for all z ∈ kerV, αi ∈ K,

implies αi = 0 for i = 0, . . . , N − 1. It means that
N−1∑
k=0

βk

N−1∑
i=0

αiFiW
kz = 0 for all βk ∈ K,

if and only if

N−1∑
k=0

αiFi

(N−1∑
i=0

βkW kz
)

= 0, i.e.,
N−1∑
i=0

αiFix = 0, ∀x ∈ PN (W ).

Thus, the system {F0, . . . , FN−1} is linearly independent of PN (W ). The proof
is complete. �

4. The SMBVP with Generalized Right Invertible Operators

Let V ∈ R1(X), W ∈ R(1)
V , and let F0, . . . , FM+N−1 and G0, . . . , GM+N−1 be

right and left initial operators for V corresponding to W0, . . . , WM+N−1 ∈ R(1)
V ,

Im Wj ⊂ dom Wj−1 for j = 1, . . . , M + N − 1. Moreover, let F0, . . . , FK−1
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possess the c(W )-property and be linearly independent of the PK(W ), where
PK(W ) is of the form (3.7), K < M + N .

Hence there exist scalars dij such that

FiW
jz = dijz, ∀z ∈ kerV, i, j = 0, . . . , K − 1. (4.1)

By the assumption and Theorem 5, the matrix

ΔK =: (dij)i,j=0,... ,K−1 (4.2)

is invertible, i.e. Δ−1
K exists. Write

Δ−1
K =: (d′ij)i,j=0,... ,K−1. (4.3)

To begin with, we consider the SMBVP for the operator V N : Find all solutions
of the problem

V Nx = y, y ∈ X, (4.4)
Fix = yi (i = 0, . . . , K − 1),

FiV
ix = yi, (i = K, . . . , N − 1); yi ∈ kerV are given. (4.5)

Theorem 6. Suppose that V ∈ R1(X), dim kerV �= 0, dim coker V �= 0.
Let F0, . . . , FN−1 and G0, . . . , GN−1 be right and left initial operators for V
corresponding to the right inverses W0, . . . , WN−1, respectively (where we admit
Im Wi ⊂ dom Wi−1, i = 1, . . . , N − 1). Moreover, suppose that F0, . . . , FK−1

possess the c(W )-property and they are linearly independent of PK(W ). Then
the problem (4.4) − (4.5) has solutions if and only if

y ∈ Im V N , Gi−1yi = 0, i = K . . . , N − 1.

If this is the case, then the SMBVP has a unique solution

x =
K−1∑
j=0

K=1∑
k=0

d′jkW jyk +
(
I −

K−1∑
j=0

K−1∑
k=0

d′jkW jFk

)
yN , (4.6)

where PK(W ) and d′jk are denoted by (3.7) and (4.3), respectively,

yN = WKWK · · ·WN−1y +
N−1∑
j=K

WKWK · · ·Wj−1yj.

Proof. Note that, if the problem (4.4) − (4.5) has solutions, then y ∈ Im V N .
By formulas (2.3) and (2.4), we have

Gi−1yi = Gi−1FiV
ix = (I − V Wi−1)(I − WiV )V ix

= (I − V Wi−1 − WiV + V Wi−1WiV )V ix = 0, i = K, . . . , N − 1.

Conversely, if y ∈ Im V N , then there is y1 ∈ dom V N such that y = V Ny1.
Hence, (4.4) can be written in the form V Nx = V Ny1. Since V N = V NWKWK . . .
WN−1V

N , the last equation is equivalent to V N (x − WKWK · · ·WN−1y) = 0.
From Corollary 1, it follows that



On the Second Mixed Boundary Value Problems for Linear Equation 335

x=WKWK...WN – 1y +
K – 1∑
j =0

W jzj +
N – 1∑
j = K

WKWK...Wj – 1zj, z0,..., zN – 1∈ kerV.

For i = K, . . . , N − 1, we have

yi = FiV
ix = FiWi · · ·WN−1y +

K−1∑
j=0

FiV
i−jzj +

i−1∑
j=K

FiV
i−jzj

+
N−1∑

j=i+1

FiWi · · ·Wj−1zj + FiV Wi−1zi = V Wi−1zi.

Since Gi−1yi = 0, we have yi = V Wi−1yi. Hence
Wi−1zi = Wi−1yi + ti, ti ∈ kerV.

x = WKWK · · ·WN−1y +
K−1∑
j=0

W jzj

+
N−1∑
j=K

WKWK · · ·Wj−1yj +
N−1∑
j=K

WKWK · · ·Wj−2tj

(where we admit W−1 = I). On the other hand, we have

FiV
ix = FiV Wi−1yi + FiV Wi−1ti+1 = yi + V Wi−1ti+1 = yi

thus V Wi−1ti+1 = 0. Thus, Wi−1ti+1 ∈ kerV and Fi−1Wi−1ti+1 = Wi−1ti+1 =
0. Hence

x = WKWK · · ·WN−1y +
K−1∑
j=0

W jzj +
N−1∑
j=K

WKWK · · ·Wj−1yj .

For i = 0, . . . , K − 1 and Fi ∈ FV,W we have

yi = Fix = Fi

(
WKWK · · ·WN−1y +

N−1∑
j=K

WKWK · · ·Wj−1yj

)
+

K−1∑
j=0

FiW
jzj,

yi − FiyN =
K−1∑
j=0

dijzj. (4.7)

Since F0, . . . , FK−1 are linearly independent of PK(W ), the system (4.7) has a
unique solution

zj =
K−1∑
k=0

d′jk(yk − FkyN ),

which implies the required formula (4.6). �

Definition 3. (cf. Przeworska-Rolewicz [1])
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(i) The SMBVP (0.1) − (0.2) is called well-posed if it has a unique solution
for every y ∈ Q[V ]XM+N , y0, . . . , yM+N−1 ∈ kerV , Gj−1yj = 0, j =
K, . . . , M + N − 1.

(ii) The SMBVP (0.1) − (0.2) is called ill-posed if either there exists y ∈ Q[V ]
XM+N , y0, . . . , yM+N−1 ∈ kerV , Gj−1yj = 0, j = K, . . . , M + N − 1 such
that this problem has no solutions or the corresponding homogeneous problem
induced by (0.1) − (0.2) (i.e. y = y0 = · · · = yM+N−1 = 0) has non-trivial
solutions.

Write

S := I −
M+N−1∑

μ=K

WKWK · · ·Wμ−1FμV μ

−
K−1∑
j=0

K−1∑
k=0

d′jkW jFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)
,

(4.8)

H := SH0, H0 :=
M∑

m=0

N∑
n=0

WKWK · · ·WM+N−m−1A
′
mnV n, (4.9)

where WKWK · · ·WM+N−m−1 = WM+N−m if M + N − m ≤ K,

A′
mn :=

{
0 if m = M, n = N,

Amn otherwise
(4.10)

It is easy to check that dom S = XM , dom H0 = XM+N and SXM+N ⊂ XM+N ,
(I + H0)XM+N ⊂ XM+N i.e. S ∈ L0(XM+N ) and I + H0 ∈ L0(XM+N ).

Lemma 5. Let S and H be defined by (4.8) and (4.9), respectively. Then
(i) FiS = 0 (i = 0, . . . , K − 1),
(ii) FiV

iS = 0 (i = K, . . . , M + N − 1), (4.11)
(iii) Fi(I + H) = Fi (i = 0, . . . , K − 1),
(iv) FiV

i(I + H) = FiV
i (i = K, . . . , M + N − 1).

Proof. By the assumption, {F0, . . . , FK−1} ⊂ FV,W , i.e., V Fk = 0 and

FiW
jFk = dijFk (i, j = 0, . . . , K − 1; k = 0, . . . , M + N − 1; dij ∈ K).

(i) For i = 0, . . . , K − 1, we have

FiS = Fi −
M+N−1∑

μ=K

FiW
KWK · · ·Wμ−1FμV μ

−
K−1∑
j=0

K−1∑
k=0

d′jkFiW
jFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)

= Fi −
M+N−1∑

μ=K

FiW
KWK · · ·Wμ−1FμV μ

−
K−1∑
j=0

K−1∑
k=0

d′jkdijFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)
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= Fi −
M+N−1∑

μ=K

FiW
KWK · · ·Wμ−1FμV μ

−
K−1∑
k=0

δikFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)

= Fi −
M+N−1∑

μ=K

FiW
KWK · · ·Wμ−1FμV μ

− Fi

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)

= 0.

(ii) For i = K, . . . , M +N−1, we have V iW jFk = V i−jFk = 0, FiV Wi−1FiV
i =

FiV
i, and

FiV
iS = FiV

i −
M+N−1∑

μ=K

FiV
iWKWK · · ·Wμ−1FμV μ

−
K−1∑
j=0

K−1∑
k=0

d′jkFiV
i−jFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)

= FiV
i –

i−1∑
μ=K

FiV
i-μFμV μ –FiV

iWi–1FiV
i –

M+N–1∑
μ=i+1

FiWi · · ·Wμ−1FμV μ

= FiV
i − FiV

i = 0.

(iii) By (i), we have

Fi(I + H) = Fi(I + SH0) = Fi + FiSH0 = Fi (i = 0, . . . , K − 1).

(iv) By (ii), for i = 0, . . . , K − 1, we have

FiV
i(I + H) = FiV

i(I + SH0) = FiV
i + FiV

iSH0 = FiV
i.

�
Write

W ′
j :=

{
W if j = 0, . . . , K − 1,

Wj if j = K, . . . , M + N − 1.
(4.12)

Tm := I −
M+N−1∑

μ=M+N−m

W ′
M+N−m · · ·W ′

μFμV μ+m−M−N+1W ′
M+N−m−1,

(4.13)

H1 := I −
K−1∑
j=0

K−1∑
k=0

d′jkW ′
0 · · ·W ′

j−1Fk, (4.14)

H2 :=
M∑

m=0

N∑
n=0

W ′
0 · · ·W ′

M+N−m−1TmA′
mnV n. (4.15)
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It is easy to see that the operator H given by (4.9) can be written in the form
H = H1H2.

Lemma 6. Write

Bmn :=
{

A′
mn if m = 0, . . . , M ; n ≤ min (N, K − 1),

0 if m = 0, . . . , M ; n > min (N, K − 1), (4.16)

H ′
0 :=

M∑
m=,0

N∑
m=0

W ′
0...W

′
M+N−m−1Tm

×
(
A′

mnV n − Bmn

K−1∑
j=n

K−1∑
k=0

d′jkV W ′
n−1...W

′
j−1Fk

)
. (4.17)

Then I +H is right invertible (left invertible, generalized invertible or invertible)
if and only if so is I + H ′

0. Moreover, if RH′
0
∈ RI+H′

0
(LH′

0
∈ LI+H′

0
, WH′

0
∈

WI+H′
0

or (I + H ′
0)

−1 ∈ RI+H′
0
∩ LI+H′

0
), then

RH := I − H1RH′
0
H2 ∈ RI+H , LH := I − H1LH′

0
H2 ∈ LI+H ,

WH := I − H1WH′
0
H2 ∈ WI+H , (I + H)−1 := I − H1(I + H ′

0)
−1H2,

(4.18)

where H, H1 and H2 are defined by (4.9), (4.14) and (4.15), respectively.

Proof. We have

H2H1 =
M∑

m=0

N∑
n=0

W ′
0 · · ·W ′

M+N−m−1TmA′
mnV n

(
I –

K–1∑
j=0

K−1∑
k=0

d′jkW ′
0...W

′
j−1Fk

)
.

(4.19)
On the other hand

M∑
m=0

N∑
n=0

W ′
0 · · ·W ′

M+N−m−1TmA′
mnV n

K−1∑
j=0

K−1∑
k=0

d′jkW ′
0 · · ·W ′

j−1Fk

=
M∑

m=0

N∑
n=0

W ′
0 · · ·W ′

M+N−m−1TmA′
mn

K−1∑
j=n

K−1∑
k=0

d′jkV Wn−1 · · ·W ′
j−1Fk

=
M∑

m=0

N∑
n=0

W ′
0 · · ·W ′

M+N−m−1TmBmn

K−1∑
j=n

K−1∑
k=0

d′jkV Wn − 1 · · ·W ′
j−1Fk.

These equalities and (4.17), (4.19) together imply H ′
0 = H2H1. Since I + H =

I + H1H2 and I + H ′
0 = I + H2H1, Theorem 3 implies (4.18). �

Lemma 7. Let H ′
0 be defined by (4.17). Write

H ′ :=
M∑

m=0

N∑
n=0

W ′
N · · ·W ′

M+N−m−1B
′
mnW ′

n · · ·W ′
N−1, (4.20)
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H ′
1 :=

M∑
m = 0

N∑
n =0

W ′
N...W ′

M+N–m–1Tm

(
A′

mnV n –Bmn

K–1∑
j = n

K–1∑
k=0

d′jkV W ′
n–1...W

′
j–1Fk

)
(4.21)

where

B′
mn := Tm

(
A′

mnV W ′
n−1 − Bmn

K−1∑
j=n

K−1∑
k=0

d′jkV W ′
n−1 · · ·W ′

j−1FkW ′
0 . . . W ′

n−1

)
,

(4.22)
Tm, A′

mn, Bmn and W ′
j are defined by (4.10), (4.12), (4.13) and (4.16), re-

spectively. Then I + H ′
0 is right invertible (left invertible, generalized invert-

ible or invertible) if and only if so is I + H ′. Moreover, if RH′ ∈ RI+H′

(LH′ ∈ LI+H′ , WH′ ∈ WI+H′ or (I + H ′)−1 ∈ RI+H′ ∩ LI+H′ ), then
RH′

0
:= I − W ′

0 · · ·W ′
N−1RH′H ′

1 ∈ RI+H′
0
,

LH′
0

:= I − W ′
0 · · ·W ′

N−1LH′H ′
1 ∈ LI+H′

0
,

WH′
0

:= I − W ′
0 · · ·W ′

N−1WH′H ′
1 ∈ WI+H′

0
,

(I + H ′
0)

−1 := I − W ′
0 · · ·W ′

N−1(I + H ′)−1H ′
1.

(4.23)

Proof. It is easy to check that H ′
0 = W ′

0 · · ·W ′
N−1H

′
1 and H ′ = H ′

1W
′
0 · · ·W ′

N−1.
Hence, the lemma is an immediate consequence of Theorem 3. �

Lemmas 6 and 7 together imply the following

Corollary 3. Let H and H ′ be defined by (4.9) and (4.20), respectively. Then
I+H is right invertible (left invertible, generalized invertible or invertible) if and
only if so is I + H ′. Moreover, if RH′ ∈ RI+H′ (LH′ ∈ LI+H′ , WH′ ∈ WI+H′

or (I + H ′)−1 ∈ RI+H′ ∩ LI+H′ ), then

RH := I − H1(I − W ′
0 · · ·W ′

N−1RH′H ′
1)H2 ∈ RI+H ,

LH := I − H1(I − W ′
0 · · ·W ′

N−1LH′H ′
1)H2 ∈ LI+H ,

WH := I − H1(I − W ′
0 · · ·W ′

N−1WH′H ′
1)H2 ∈ WI+H ,

(I + H)−1 := I − H1(I − W ′
0 · · ·W ′

N−1(I + H ′)−1H ′
1)H2,

(4.24)

where H1, H2 and H ′
1 are defined by (4.14), (4.15) and (4.21), respectively.

Definition 4. Let H ′ be given by (4.20). Then the operator I + H ′ is called the
resolving operator for the SMBVP (0.1) − (0.2).

Theorem 7. The SMBVP (0.1)− (0.2) is well-posed if and only if its resolving
operator I+H ′ is invertible. If this is the case, the unique solution of the SVBVP
(0.1) − (0.2) is

x=
(
I-S0

(
I–W ′

0 · · ·W ′
N−1(I+H ′)-1H ′

1

)
H2

)(K−1∑
j=0

K−1∑
k=0

d′jkW jyk+S0yM+N

)
, (4.25)
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where

S0 := I −
K−1∑
j=0

K−1∑
k=0

d′jkW jFk, (4.26)

yM+N := WKWK · · ·WM+N−1y +
M+N−1∑

j=K

WKWK · · ·Wj−1yj ,
(4.27)

W ′
j , H ′

1 and H2 are defined by (4.12), (4.21) and (4.15), respectively.

Proof. We have M∑
m=0

N∑
n=0

V mAmnV nx = y, y ∈ Q[V ]XM+N ,

(
V M+N +

M∑
m=1

N∑
n=0

V mA′
mnV n

)
x = y −

N∑
n=0

A′
0nV nx,

V M+N
(
I +

M∑
m=1

N∑
n=0

WKWK · · ·WM+N−m−1A
′
mnV n

−
M+N−1∑

μ=K

WKWK · · ·Wμ−1FμV μH0

−
K−1∑
j=0

K−1∑
k=0

d′jkW jFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)
H0

)
x

=y −
N∑

n=0

A′
0nV nx

(
I +

M∑
m=0

N∑
n=0

WKWK · · ·WM+N−m−1A
′
mnV n

−
M+N−1∑

μ=K

WKWK · · ·Wμ−1FμV μH0

−
K−1∑
j=0

K−1∑
k=0

d′jkW jFk

(
I −

M+N−1∑
μ=K

WKWK · · ·Wμ−1FμV μ
)
H0

)
x

=WKWK · · ·WM+N−1y +
K−1∑
j=0

W jzj +
M+N−1∑

j=K

WKWK · · ·Wj−1zj

(
I +

(
I −

M+N−1∑
μ=K

WKWK ...Wμ−1FμV μ −
K−1∑
j=0

K−1∑
k=0

d′jkW jFk

×
(
I −

M+N−1∑
μ=K

WKWK ...Wμ−1FμV μ
)
H0

))
x

=WKWK ...WM+N−1y +
K−1∑
j=0

W jzj +
M+N−1∑

j=K

WKWK ...Wj−1zj
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(I + H)x = WKWK · · ·WM+N−1y +
K−1∑
j=0

W jzj +
M+N−1∑

j=K

WKWK · · ·Wj−1zj.

The formulae (4.11), (4.6) and the last equation together imply

(I + H)x =
K−1∑
j=0

K−1∑
k=0

d′jkW jyk +
(
I −

K−1∑
j=0

K−1∑
k=0

d′jkW jFk

)
yM+N ,

(I + H)x =
K−1∑
j=0

K−1∑
k=0

d′jkW jyk + S0yM+N . (4.28)

Therefore the problem (0.1)−(0.2) is well-posed if and only if (4.28) has a unique
solution, i.e., I + H is invertible. On the other hand, by Corollary 3, I + H is
invertible if and only if I + H ′ is invertible, and

(I + H)−1 = I − S0

(
I − W ′

0 · · ·W ′
N−1(I + H ′)−1H ′

1

)
H2. (4.29)

(4.28) and (4.29) together imply (4.25). The proof is complete. �

Now we consider ill-posed cases of the SMBVP (0.1) − (0.2).

Theorem 8. Let V ∈ R1(X), W ∈ R(1)
V , y ∈ Q[V ]XM+N and let Fi ∈ FV

and Gi ∈ GV be right and left initial operators corresponding to Wi ∈ R(1)
V ,

Im Wi ⊂ dom Wi−1, (i = 1, . . . , M + N − 1). Moreover, suppose that
F0, . . . , FK−1 possess the c(W )-property and they are linearly independent of
PK(W ) and Gi−1yi = 0 for i = K, . . . , M+N−1. Suppose that H, H ′, H ′

1, H2,
S0, yM+N and W ′

j are given by (4.9), (4.20), (4.21), (4.15), (4.26), (4.27) and
(4.12), respectively.
(i) If the resolving operator I + H ′ is right invertible and dim ker(I + H ′) �= 0,

then the SMBVP (0.1) − (0.2) is ill-posed and its solutions are

x=
(
I–S0(I–W ′

0· · ·W ′
N−1RH′H ′

1)H2

)(K–1∑
j=0

K–1∑
k=0

d′jkW jyk+S0yM+N

)
+z, (4.30)

where RH′ ∈ RI+H′ , and z ∈ ker(I + H) is arbitrary.
(ii) If the resolving operator I +H ′ is left invertible and dim coker (I +H ′) �= 0,

then the SMBVP (0.1) − (0.2) is ill-posed and it has a solution under the
following necessary and sufficient condition

K−1∑
j=0

K−1∑
k=0

d′jkW jyk + S0yM+N ∈ (I + H)XM+N . (4.31)

If this is the case, then a unique solution of the SMBVP (0.1) − (0.2) is
given by

x =
(
I−S0

(
I−W ′

0 · · ·W ′
N−1LH′H ′

1

)
H2

)(K−1∑
j=0

K−1∑
k=0

d′jkW jyk+S0yM+N

)
, (4.32)
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where LH′ ∈ LI+H′ .
(iii) If the resolving operator I +H ′ is generalized invertible, dim ker(I +H ′) �= 0

and dim coker (I + H ′) �= 0, then the SMBVP (0.1) − (0.2) is ill-posed and
it has solutions if and only if the condition (4.31) is satisfied. If this is the
case, then all solutions of the SMVBP are given by

x=
(
I – S0(I –W ′

0 · · ·W ′
N−1WH′H ′

1)H2

)(K−1∑
j=0

K−1∑
k=0

d′jkW jyk +S0yM+N

)
+ z,

(4.33)
where WH′ ∈ WI+H′ , and z ∈ ker(I + H) is arbitrary.

Proof. By Theorem 6, the FMBVP (0.1) − (0.2) is equivalent to the equation
(4.28). Corollary 3 implies that
(i) If I +H ′ is right invertible then I +H is right invertible on XM+N . Formula
(4.24) and the equation (4.28) together imply (4.30);
(ii) If I +H ′ is left invertible then I +H is now left invertible only. This implies
that the problem (0.1) − (0.2) is solvable if and only if the condition (4.31) is
satisfied. Formula (4.24) and the equation (4.28) together imply (4.32);
(iii) If I + H ′ is generalized invertible but not one-sided invertible then I + H
is generalized invertible only. Hence, from (4.28) we conclude that the problem
(0.1) − (0.2) is ill-posed and has solutions if and only if the condition (4.31) is
satisfied. Formula (4.24) and the equation (4.28) imply (4.33). �
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