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Abstract. For abstract nonlinear autonomous functional differential equations, the
existence of some invariant manifolds such as stable manifold and unstable manifold
is established by using the variation-of-constants formula in the phase space which
has recently been established in [12]. As an immediate consequence, a stability result
on the zero solution of the nonlinear equation is derived, together with an instability
result.

1. Introduction

In this paper, we are concerned with the abstract functional differential equation
u(t) = Au(t) + L(ug) + f(ur), (1)

where A is the infinitesimal generator of a strongly continuous compact semi-
group (T'(t))i>0 on a Banach space X, u; is an element of B defined by u(0) =
u(t+0) for 6 € (—00,0], L : B — Xis a bounded linear operator and f € C!(B;X)
with f(0) = f/(0) = 0; here B = B((—0,0];X) is the phase space for Eq. (1)
which satisfies some fundamental axioms.

The first author is partly supported by the Grant-in-Aid for Scientific Research (C), No.
13640197, the Ministry of Education, Science, Sports and Culture, Japan.
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The main purpose of this paper is to establish the existence of some invariant
manifolds for Eq. (1) such as stable manifold and unstable manifold, by using the
variation-of-constants formula in the phase space for Eq. (1) which has recently
been established by Hino, Murakami, Naito and Minh in the paper [12]. On
the existence of some invariant manifolds for Eq. (1), there are many research
papers. Among them, we refer the reader to [1, 2, 4-7, 10, 14, 18] and references
therein for more informations.

As a corollary of our main result, one can derive a stability result on the
zero solution of Eq. (1) which is often called as the principle of linearized sta-
bility in the theory of ODEs; indeed, the zero solution of Eq. (1) is uniformly
asymptotically stable if the zero solution of the linearized equation

Uu(t) = Au(t) + L(uy) (2)

is uniformly asymptotically stable.

Furthermore, establishing the existence of the center-unstable manifold for
Eq. (1), an instability result on the zero solution of Eq. (1) is derived under the
situation that the characterisitic operator for Eq. (2) possesses a characteristic
root with positive real part.

2. Phase Spaces and Some Preparatory Results

Throughout this paper, we will use the following notation: N; R and C denote
the set of natural numbers, real numbers and complex numbers, respectively.
Also, C(J,X) denotes the space of all X-valued continuous functions on J, and
BC(J,X) denotes the subspace of C(J,X) consisting of all bounded and contin-
uous functions on J.

2.1. Phase Spaces

Now we will explain the phase space B employed throughout this paper. Let us

denote the norm of X by || - ||x. For any function z : (—o0,a) — X and ¢ < a,
we define a function z; : R™ := (—00,0] = X by a(s) = z(t +s) for se R™. A
Banach space (B, | - ||5) which consists of functions ¢ : (—00,0] — X is called a

fading memory space if it satisfies the following axioms:

(A1) There exist a positive constant N and locally bounded functions K(-)
and M(-) on RT with the property that if z : (—oo,a) +— X is continuous on
[0,a) with x, € B for some o < a, then for all ¢ € [0, a),

(i) = € B,

(ii) @ is continuous in ¢ (w.r.t. || - |5),

(i) Nla(t)lx < lwills < K (t— 0)supyeocy 2(s)]lx + M(t — 0)llzsls,
(A2) If {¢*}, ¢* € B, converges to ¢ uniformly on any compact set in R~
and if {¢*} is a Cauchy sequence in B, then ¢ € B and ¢* — ¢ in B.

A fading memory space B is called a uniform fading memory space, if it
satisfies (A1) and (A2) with K(-) = K (a constant) and M(8) — 0 as 8 — oo in
(A1). A typical example of uniform fading memory spaces is the following one:
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0
C, =0C,X)={p e C(R;X): GEEHOO % =0}
which is equipped with the norm ||¢[|c., = supy<q [[¢(6)[x/€??, where 7 is a
negative constant. -

It is known [8, Lemma 3.2] that if B is a uniform fading memory space, then
BC := BC(R™;X) C B and the inclusion map from BC into B is continuous. For
other properties of fading memory spaces and uniform fading memory spaces,
we refer the reader to the book [11].

2.2. A Variation of Constants Formula for FDE

We consider the perturbed functional differential equation
u(t) = Au(t) + L(ut) + h(t) (3)

of (2), where h € C(R;X). Throughout the paper we shall assume that L : B —
X is a bounded linear operator with the form:

0

L(¢) = / (dgn(0)]6(6). & € Coo,

— 00

where 7(0) is an L£(X)-valued function of locally bounded variation on R™; here
Coo denotes the subspace of C(R~,X) consisting of functions with compact sup-
port, and £(X) is the space of all bounded linear operators on X.
For any (o, ¢) € R x B, there exists a (unique) function u : R — X such that
Uy = ¢, u is continuous on [g, 00) and the following relation holds:
t

u(t) = T(t — 0)(0) + /T(t — $){L(us) + h(s)}ds, t>o.

g

The function u is called a (mild) solution of (3) through (o, ¢) on [0, 00), and
denoted by u(-,0,¢;h). When J is an interval in R, a function v is called a
solution of Eq. (3) on J, if vy € B is defined for all t € J and if it satisfies
u(t,o,v5; f) = v(t) for all ¢ and ¢ in J with ¢ > ¢. Also, a solution v of Eq. (3)
on J is said to be J-bounded if sup,¢ ; ||v¢]|s < o0.

For any t > 0, we define an operator V (¢) on B by

V(t)p = u(0,9;0), ¢ € B.

We can easily see that (V(t))¢>0 is a strongly continuous semigroup of bounded
linear operators on B, which is called the solution semigroup of (2).
For any n € N we consider a function I'” defined by

I (g) m0+1)I, -1/n<6<0
1o, 0 < —1/n,

where I is the identity operator on X. It follows from (A1) that if 2 € X then
Iz € B with |[T"z||g < K(1)||z||x-
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The following theorem yields a representation formula for solutions of (3) in
the phase space B, which plays an important role in the establishment of some
invariant manifolds for (1) in the next section:

Theorem 2.1. [12] The segment u(o, ¢; h) of solution u(-,o,é,h) of (3) satis-
fies the following relation in B:
¢
ug(o, ¢;h) =V (t, o) + li_>m V(t,s)I'""h(s)ds, t>o.

g

3. Some Invariant Manifolds for Functional Differential Equations

Throughout the rest of this paper we will make as a standing assumption that
B is a uniform fading memory space, A is the generator of a compact semigroup
(T'(t))t>0, L : B +— X is a bounded linear operator satisfying the assumption
stated in Sec. 2 and f € C1(B;X) with £(0) = f/(0) = 0.

We say that the zero solution of the linearized equation

a(t) = Au(t) + L(uy) (4)

is hyperbolic, if for any A € C with ®A = 0, the null space of the characteristic
operator A—\I—L(e 1) of (4) is trivial (equivalently, the characteristic operator
A — M — L(eM]I) is invertible in £(X)). In this section, we will establish some
(local) invariant manifolds for the functional differential equation

u(t) = Au(t) + L(ut) + f(ut) (5)

in each case where the zero solution of (4) is hyperbolic or it is not always
hyperbolic.
We now consider the set

Y ={RA>0:A— X —L(e*I) has a nontrivial null space}.

As was explained in [12, Sec. 5], correponding to the set ¥ the space B is de-
composed as a direct sum

B=S®CN®U,

where S, CN and U are some closed subspaces of B which are invariant under the
solution semigroup (V'(t))i>0. In particular, CN and U are finite dimensional
subspaces of B which correspond to the subset XN = {\ € ¥ : R\ = 0} and
YU ={X € X: RN\ > 0}, respectively. Henceforth, we use the notation

V(t)ls = V1), V()lon = V(1)
Vilu =v7 (@), V(t)levev = VU (1),

~

and denote by IT¥ (or I1¢, TIY, 1Y) the projection from B onto S (or CN, U,
CN @ U, respectively) along to the above decomposition. The operator norm of
VS(t) decays exponentially as ¢t — oo, and VU (t) are extendable for all ¢ € R
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as a group of linear operators on the finite dimensional space CN @ U. The
operators V5(t), VC(t) and VU (t) satisfy the following estimates:

VS@l < Ceot (vt 2 0)
JC>1, a>e>0:¢ |[VU@)| <Ce  (Vt<0)
V@)l < Celtl (vt € R)

Henceforth, we set
Cr = |[IL%]| + =Y.

3.1. Stable Manifold and Unstable Manifold

In this subsection, we assume that the zero solution of (4) is hyperbolic, and
hence CN = {0}.
As in Sec. 2, the function uw which satisfies

t

mszmwm+/T@—@uw»+ﬂ%»w,
0
up=¢ € B

is called a (mild) solution of (5) and is denoted by w(0, ¢; f). For any positive
constant ¢, we consider the set defined by

Wo(0) ={g € B: %[5 < 6/(2C), |lue(0,6; f)lls <& (vt =0)}.

The set W*(9) is called the local stable manifold of (5). In fact, as the following
theorem shows, W#*(§) for some § is a manifold which is homeomorphic to an
open subset of S, and moreover W#(§) is tangent to S at zero; that is,

I0Y¢lls
Hm e A
peW(5), o0 ||[II199¢||5

In what follows, for any a > 0 we set B, = {¢ € B: ||¢||5 < a}.

Theorem 3.1. Assume that the zero solution of (4) is hyperbolic and that
f € CY(B;X) with f(0) = f(0) = 0. Then there is a positive constant § with
the following properties:
(i) The map I1° is a Lipschitz homeomorphism from W*(6) to HS(B)QB(;/(QC),
(il) W*(0) is tangent to S at zero,
(iii) there are positive constants M, [ such that

u(0, 63 f)lls < Me P ¢lls, >0, ¢ € W*(6),

(iv) W*(0) is locally positively invariant for (5); that is, u-(0,¢; f) € W*(J)
whenever ¢ € W*(68) and I1%u. (0, ¢; f) € Bs/2cy for some T > 0.
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In order to establish the theorem, we need the following lemma.

Lemma 3.2. Let ) € S. If u is an RY-bounded solution of (5) with TTug = 1)
and sup;> IIf (ue)]|x < o0, then

t
up =V (t)g+ lim / V(t — s)IIT™ f(us)ds
0

t
+ lim + /V(t—s)HUI‘"f(us)ds, t>0.
n—oo

oo

Conversely, if y € BC(RT; B) satisfies the relation sup;~q || f (y(t)|lx < oo and

y(t) = V(t)y+ lim [ V(t—s)IT"f(y(s))ds

n—oo
0

n—oo

+lim 4 /V(t—s)HUF"f(y(s))ds, £>0,

then the function & defined by
[ y®I0), t=0
0= pojw, <0

is an Rt -bounded solution of (5) with TI%¢y =  and & = y(t) in B for all
t>0.

Proof. First, we shall establish the former part of the lemma. Set h(t) = f(us)
for t > 0. Then h € BC(R™;X), and u is a solution of (3) on R*. By virtue of
Theorem 2.1, we get

t
up = V(t = 0)ug + lim / V(t —s)I™h(s)ds, Yt>o >0.

Therefore
t

My, = V(t — o)T%u, + lim [ V(t— $)IIST™h(s)ds,

and hence
t

Mu; = V(t) + lim [ V(t — s)II°T"h(s)ds, Vt > 0.
n—oo
0

Also, we get
t
MY, =Vt —o)l%u, + lim [ V(t— s)IIYT"h(s)ds,
n—oo
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or

t
M, = V(o —t) {HU ug — lim [ V(t —s)OYT"h(s)ds

n—00
o
t

=V(e —t)I%y; — lim [ V(o — s)IIYT"h(s)ds, Vt>o >0.
n—oo

Since ||V (0 — )TV uy|s < CCre®@—b) sup;>q |luells — 0 as t — oo, it follows

that
t

NYuy = — lim lim [ V(o —s)IIYT"h(s)ds, Yo > 0.
t—o00 n—oo

Observe that if ¢t; >ty > o, then

H /1V(0 — )IIYT"h(s)ds — /2V(J VT h(s)ds|s
= H /V(a — §)IYT"h(s)ds|| 5 < (CclKO/a)”h”eOl(U—tg) =0

as tg — 0o, where Ko = K (1) and ||h|| = sup;> [|A(t)[|x. Therefore the limit

t

Jim [ V(o SITYT™h(s)ds = /V (o0 — s)IIYT"h(s)ds
—00

converges in B uniformly for n. On the other hand, the sequence { JV(t-s)

g
VT"h(s ds} n>1 MUSt converge in B, because it is a Cauchy sequence in B

since

o0
Tim sup H/ V(o — s)IIVT"A( /VU—SHUrmh dsH
n, m—oo
< (2CClK0/a)||h||e°‘(” t)
t

+ limsup HHU(/V(U —s)I"h(s)ds — /V(U - S)th(s)ds)HB

n, m—oo
[ea

= (20C1 Ko /a)||h||e*" D

for any t > 0. Hence
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[e’e} t

lim [ V(o — s)[IYT"h(s)ds = lim lim [ V(o — s)[IYT™h(s)ds
n—o00 n—oo t—o00

t

= lim lim V(o — s)IYT™h(s)ds
n—00 n—in fty

U
= —IT"us

or
t

MYu; = lim [ V(t —s)IIYT™h(s)ds, Vt> 0.

n—0o0

Thus

=V + lim [ V(t— s)IIT"h(s)ds

+ lim [ V(t —s)IYT"h(s)ds,  Vt>0,
n—oo

which proves the former part of the lemma.
Next, we shall prove the latter part of the lemma. Set g(t) = f(y(t)) for
t > 0. Then g € BC(RT;X), and moreover by the same reasoning as in the

¢
proof of the former part of the lemma, the limit lim /V(t — s IIYI™g(s)ds
n—oo

(o)
converges in B for each t > 0. Let v(¢) be the solution of Eq. (3) with h =g
on R* and vy = y(0). By virtue of Theorem 2.1, we get

t

ve =V ()y(0) + lim [ V(t—s)T"g(s)ds

n—oo
0
0 t
=Vt {¢ + lim | V(—s)IIYT"g(s)ds} + lim /V(t —8)"g(s)ds
n—oo n—oo
0o 0
0 t
=Vt + lim [ V(t-s)IVT"g(s)ds+ lim [ V(t—s)(IT° + 1Y) g(s)ds
n—oo n—oo
00 0

t t

=Vt + lim [ V(t—s)IT"g(s)ds+ lim [ V(t—s)IIVT"g(s)ds
n—00 n—oo
0 o0

=y(t)
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for t > 0. In particular, we get

o(t) = [y(®]0) =£@),  vE=0,

and hence ¢ is continuous on R*. It follows from (A1) that & € B and
I& — y(t)]lg = 0 for all ¢ > 0 because of

1€ = y(®)lls = 116 — vills
<K sup [[€(s) —v(s)l[x + M(®)[[S —y(0)[s

0<s<t

=0.

Also, it follows that

0
M%¢ = I%(0) = O¥(yp + lim [ V(—s)[IYT"h(s)ds) = 1.

n—oo
o0

Moreover, we get
g(t) = U(t) = U’(ta 0760; h)7 vt > 0)

and hence ¢ is a solution on R* of (3) with h = g. Since g(t) = f(y(t)) = f(&)
for t > 0, we see that £ is a solution of (5) on R™, which completes the proof
of the latter part of the lemma. n

Now we are in a position to prove Theorem 3.1. Since f € C1(B;X) with
f(0) = f'(0) = 0, there exist a constant dg > 0 and a nonincreasing continuous
function ¢ : [0, dp] — [0, c0) with the property that ((0) = 0 and

(@) = fFW)llx < ()¢ —¢lls, Vo, ¥ € B,
Choose a constant ¢ € (0, dg) so small that
80201K0C(5) < a.

Let ¢ € S with ||¢||g < 6/(2C) be given. We claim that there is a unique
R*-bounded solution u of (5) satisfying [I%ug = ¢ and sup,~q ||u]ls < 6.
To check the claim, we define a closed subset S(1,8) of the Banach space
BC(R*; B) (equipped with the supremum norm || - ||) by

S(1,6) = {y € BO[RT;B) : T¥y(0) = ¢ and ||y[| <4},
and consider a mapping T : S(¢, §) — BC(R™; B) defined by

t

(Ty)t) = V() + lim [ V(t— )T f(y(r))dr

n—oo
0
t
+ lim [ V(t — 7)Y f(y())dr, t>0.
n—oo
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We assert that 7 is a contraction on S(¢,6). Let y € (R™;B). By the same
reasoning as in the proof of the latter part of Lemma 3.2, we see that (Ty)(t) =
u (0, (Ty)(0); h) with h(t) = f(y(t)), and hence Ty € C(R™;B). Also, since
1F @O < CO) ly(B)lls and [Tma]ls < Kollo|x for = € X, we get

¢

Ty)®)lls = Ce= 4]l 5 + CCL Ko () / e~ y(r)| dr

0
o)

+ CC1Ko((9) / e ||y(7)||pdr
t
< Cl[¢lls + CCLEC(8)(26/ )
< 6(1/2+42CC1Ko((0)/a) < (3/4)6,
and hence Ty € S(¢,6). Thus T(S(v,0)) C S(@,9).
Next, let y and z be the elements in S(¢,d). Then

I(Ty)(&) = (T2) (D)5 = CCLEG(S) | e Dy(7) = 2(7) || sdr

O\W’C_/)\

oo

+ CClKoC(‘S)/ea(t_T)Hy(T) — 2(7)||sdT

< (zcclKoaa)/a) ly = 2l < (1/4)ly =]

or
1Ty =Tzl < (1/Hlly — =]

Thus, 7 is a contraction on S(¢,d). By virtue of the contraction mapping
theorem, the mapping 7 has a unique fixed point in S(¢,d) which we denote
by y*(-,%). Then it follows from Lemma 3.2 that the function u defined by
u(t) = [y*(t,¥)](0) if t > 0, and u(t) = [y*(0,¢)](¢) if t < 0, is a unique
R*-bounded solution of (5) satisfying [1%ug = 1 and sup,s [|ut||5 < .

For each ¢ € S with |[1||g < 6/(2C), let y*(-,%) be the one ensured in
the above paragraph. It is obvious that y*(¢,0) = 0. We will establish the
following estimate:

ly*(t. )~ y* (6,95 < 2Ce” DM p—b|5, ¢, ¥ € SN Bsjacy, t=0. (6)
Indeed, it follows that

ly™(t,9) =y (. 9)ls = I(Ty" (D)) — (Ty" ()05

=V —¥) + lim [ V(=TT (f(y"(1,4)) = fy"(7,9)))dr

n— 00
0

+ lim [ V(= )T (f(y*(r,0) = fly* (7. 9)dr s

n—oo
o0
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t

< Cem |y — P15 + CCLE((9) / ey (1,9) = y* (1, 9) | sdr

0
o)

+COERE) [ Dl )~y Dl

t

and hence letting p := 2CC1{(0)Ko/a (< 1/4) we get by [5, Lemma 6.2, p.110]
that

ly* (%) — v (t,9) |8 < [1/(1 — w)]CllYp — P x e~ (@7 CCr@ Ko/ A=)t
<20 Dy — ||, t>0,

which is the desired estimate.
Now we set
0

Gy =y*(0,¢) = + lim [ V(=m)I"T" f(y*(r,¢))dr

n—oo
o0

for v € SN Bs2c)- G is a mapping from S N Bj/acy to Bs. In fact, from
Lemma 3.2 and the claim in this proof we see that the range of G exactly equals
the set W*(§). Also, it follows from (6) that ||Gv) — Ga)||s < 2C||vh — 1|5, and
hence G is Lipschitz continuous.

We will establish the following estimate:

Y = Plls <21Gy = GPlls, 1, P € SN Bsjac)- (7)
Indeed, by using (6) we get

1GY— G5
> 16— Plls - COLEAC(6) / e~ |ly* (,) —y* (r, B)l|sdr

0
o)

> |1y = lls{1 - CclKOg(5)/zce—3m/2dT}
0
> |10 — Y||s{1 — 4C%C1 KoC(0)/(3a)} > (1/2)||v) — ||,

which implies the estimate (7).

From the estimate (7) we see that G is a Lipschitz homeomorphism from
S N Bs/acy onto W*(4). Since I5Gy = for ¢ € SN Bs/2c), it follows that
I1° equals the inverse mapping G~! of G. Thus Property (i) holds true.

Set ¢ = G~1¢ for ¢ € W*(4). Since

(1/2)1vlls < 1GYls < 201l
by (6), (7) and the fact that GO = 0, we get
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lue(0, 65 )5 = ly™ (¢, 9)lls < 2Ce™ /2 |[g||
< 4Ce” DGy s = 4Ce™ V"¢,

which implies Property iii) with M = 4C and § = «/2.
Observe that ¢ (€ W*(8)) — 0 if and only if ¢ := G~ '¢ € (SNBs/20y) —
0. Therefore, if ¢ (€ W*(§)) — 0, then

Y ¢ll5/I15¢]5 = 117G ll5/|IT15G | 5
0

= | lim [ V(=n)I"T" f(y*(r,v))dr|5/I1¢ 5

n—00
oo

< (2C2C1EKo/a)¢(2CIY|5) — 0,

where we used the estimate (6). Thus Property (ii) holds true.

Finally, we will check Property (iv). Set x = II°u.(0,¢; f). Then x €
SN Bs/ac), and z(t) = u(t + 7,0,¢; f) is an RT-bounded solution of (5).
By the first claim in this proof, one can easily see that z; = y*(¢, x) for all
t > 0, and hence u.(0,¢; f) = z0 = y* (0, x) = Gx € W*(4), as required. This
completes the proof of Theorem 3.1. ™

Next we shall establish the local unstable manifold of Eq. (5). For any
positive §, we consider the set defined by

W () ={pecB:|lY¢|z <d/(2C), and IR~ -bounded solution u
of Eq. (5) such that ug =¢ and ||us]lp <4 (VEt <0)}.

The set W"(§) is called the local unstable manifold of (5). In fact, if § is
sufficiently small, for any ¢ € B with |IIY¢|z < §/(2C), Eq. (5) possesses
one and only one solution u with the property that R™-bounded, uy = ¢ and
|lut]|s < & for all ¢ < 0. In what follows, we denote the solution by (-, 0, ¢; f),
again.

Theorem 3.3. Assume that the zero solution of (4) is hyperbolic and that
f € CY(B;X) with f(0) = f'(0) = 0. Then there is a positive constant & with
the following properties:

(i) The map 11V is a Lipschitz homeomorphism from W"(8) to IIY (B)NBs2c).
(il) W*(4) is tangent to U at zero,
(iii) there are positive constants M, [ such that

e (0, 63 f)lls < Me™ [l ¢lls, <0, o€ W*(3),

(iv) W*(0) is locally negatively invariant for (5); that is, u.(0,¢; f) € W™(4)
whenever ¢ € W*(0) and IIYu, (0, ¢; f) € Bs/2cy for some 7 < 0.

Indeed, by utilizing the following lemma which is a counterpart of Lemma
3.2, one can prove the theorem by modifying slightly the proof of Theorem 3.1.
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So, we omit the proof of the above theorem, together with the proof of the
lemma.

Lemma 3.4. Let ¢ € U. If u is an R~ -bounded solution of (5) with IIYuy = 4
and sup;> IIf (ue)]|x < o0, then

ur = V(£ + lim / V(t— $IVT™ f(uy)ds
0

t
+ lim [ V(t —s)II°T" f(us)ds, t<O0.

n—oo
— 00

Conversely, if y € BC(R™; B) satisfies the relation sup,<, || f(y(t))||x < oo and

t

ye =V () + Jgr;o V(t — s)IIYT" f(y(s))ds
0

t

+ lim V(t— )T f(y(s))ds, t<0,
n—oo

then the function & defined by

is an R™-bounded solution of (5) with TIV&y = v and & = y(t) in B for all t < 0.
3.2. Center-Unstable Manifold

In this subsection, we will treat the case where the zero solution of (4) is not
always hyperbolic.

Let d = dim(CN @ U). Take a basis {¢1(s), - ,¢a(s)} in CN @ U, and set
D = (¢1(s), -+, da(s)). Then there exist d elements 1)1, - - , 194 in B* (the dual
space of B) such that (¢;,¢;) = 1if ¢ = j, 0if ¢ # j, and that ¢; = 0 on S.
Here and hereafter, { , ) denotes the canonical pairing between the dual space
and the original space. Denote by ¥ the transpose of (11,--- ,1%4) to use the
expression (¥, ®) = I; (here I is the d x d unit matrix). Then the projection
operator IV is given by

V¢ = o(V,9), ¢€B.

Since (VU (t))i>0 is a strongly continuous semigroup on the finite dimen-
sional space CN & U, there is a d X d matrix G such that

VOU () = @t (Yt > 0),
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where 0(G) = X. As shown in [12, Proposition 4.2], the (CN @& U)-component of
the solution of Eq. (5) relates to a solution of some ordinary differential equation.
Indeed, if u(t) is a solution of Eq. (5), then the function y(¢) determined by
®y(t) = %Yy, is a solution of the ordinary differential equation

g(t) = Gy(t) + (2", f(@y(t) + Tuy)), (8)

where z* is a d-column vector in X* which is determined by ¥ through the
relation
(¥, z) = lim (¥,T"x), zeX;

n—oo

also, refer to [13].
The set W (V') which we will give in the next theorem is called the local
center-unstable manifold of (5).

Theorem 3.5. Assume that f € CY(B;X) with f(0) = f'(0) = 0. Then

there is an open neighborhood V of 0 in B and a Lipschitz continuous mapping

H:CN@Uw— S, H0) =0, with the following properties:

(i) The set We“(V):={{=¢+ H(¢): ¢ € (CN®U)NV} is homeomorphic
to(CNaU)NV,

(ii) We(V) is tangent to CN @ U at zero,

(iii) We(V') is locally invariant for Eq. (5); that s,

(a) for any & € W(V) there is some t¢ > 0 such that u.(0,&; f) € W(V) for
It < te,

(b) if £ € We(V) and u(0,&; f) € V on [0,b], then u(0,&; f) € We(V) on
[0, ],

(iv) if u is a solution of Eq. (5) on an interval J with vy € W (V) on J,
then the function y(t) determined by ®y(t) = NV, satisfies the ordinary
differential equation

y(t) = Gy(t) + (27, f(@y(t) + H(Py(1)))), te . 9)

Conwersely, if y(t) satisfies the equation (9) on an interval J with ®y(t) € V
on J, then there is a solution u of (5) on J such that uy € W(V) and
%Yy, = dy(t) on J.

Proof. The theorem can be established by almost the same argument employed
in the proof of [7, Theorem 10.2.1, pp.314-316] (cf. [2]). In what follows, we will
give the proof of the theorem for completeness.
Let x : R? + [0,1] be a C* function with x(y) = 1 if |y| < 1, and x(y) = 0

if |y| > 2. For any 6 > 0 we set

3 Y

Fiy.6%) = F(x(3)2y +6%)
for all (y,¢°%) € R? x S, where R? x S is equipped with the norm ||(y, ¢°)| =
ly|+ ||6°] - There is a positive constant Co such that [|®y|[s < Coly| fory € R
Define constants C' and Cs by

C=2C+1, Ca=1+Cy ‘S“\lp [(d/dy)(yx(y))]-
y[<2
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It is not difficult to check the following inequalities:

15y, ¢%) 1 < ¢(C8) min{C8, Coly| + ¢° |15}, (10)
£y, 0°) = F5(2,9%)lx < C2¢(C0)|(y, 6°) — (2,95)]|- (11)

In the above, (y,¢°) and (z,1°) are any elements in R? x (SN Bs), and ¢ is the
one appeared in the proof of Theorem 3.1.
Now we take a positive constant § such that

¢(C6) < min{l, a/(CC1CKy), (o — €)/(2CCs(||2*|| + CCLKp)),
Oé/(400102K0), G(Oé — 6)/(2002”.13*”(6 + 400102K0))},

where Ky := K(1). Let us consider a closed subset M of the Banach space
BC(R%,S) (equipped with the supremum norm || - ||) defined by

M ={h e BC(R%,S): h(0)=0,|h| <4,
1B(y) = h(@)lls < ly— 3| (Vy, §€RY)}.

Let h € M be given. For any yo € R? the ordinary differential equation

has a unique solution on R such that y(0) = yo (which will be denoted by
y( yo: h)). Set

0
(G)w) = Jim [ VDT Fy(r.voi ). hy(rpns b))dr, o € B,

Then Gh is a function mapping R¢ into S. We assert that GM C M. Since
y('v Oa h)EO, it follows that (gh) (O)ZO AISO, we get Hf5 (y(Ta Yo; h)a h(y(Tv Yo; h)))”X
< ¢(CH)C4 by (10), and hence ||(Gh)(yo)|ls < (CC1CKod/a)((CH) < 4. Fur-
thermore, since ||e“"|| < Ce™¢" for 7 < 0, using the inequality (11) and applying
Gronwall’s inequality one can see that

ly (T, y0; h) — y(7, 203 h)| < Clyo — zole™T(+2CCI"ICEN) "y <0 (13)

from which it follows that

1(Gh)(yo) = (Gh)(20)]5

0
< 900 Ca Ko (C5) / eIy (7, 03 h) — y(r. 203 W)\ dr

< (202C1C2K0((C9) (@ = € = 20Cal|a” [(C9)) ) o — =0l

< |yo — 20l
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for any vo, zo € R%. Thus GM C M, as required.
We next assert that G is a contraction on M. Indeed, using the inequality
(11) and applying Gronwall’s inequality again, one can see that

ly(7, 90 h1) — y(T, 905 ha)|
< |lh1 — ha||(CCal|z*||¢(C8) f€)eT(eH2CCI=TIC(CN) vy < 0,

and

1(Gh1)(yo) = (Gh2)(yo)lls

0
< CC102Ko((C6) / e {2y (7, yo; h1) — y(T,y0; h2)| + ||h1 — ha||}dr

< (2C°Ci G5 |27 || KoG(C) /€) [ by — ha| / elomem20C = IKCN)T g

+ (CCL1C2Ko((C)/a) ||y — ha
< (1/4)[1h1 = hall + (1/4)[[h1 = hall = (1/2)]|h1 — haf

for any yo € R? and hy, ho € M. Consequently, G is a contraction on M, as
required. By virtue of the contraction mapping theorem, the mapping G has a
unique fixed point in M which we denote by h*. Then

0
h*(yo) = lim | V(=7)IIT" f5(y(7, yo; B*), h* (y(7, y0; *)))dr, Vyo € R

n—oo
— 00

Noting that y(7,y(t, yo; h*); h*) = y(t + 7,y0: h*), we get

0
R*(y(t,yo; ™)) = lim [ V(=7)I5T" fs(y(t + 7, y0; ), K" (y(t + 7, y0; h*)))dr

n—o00
—00
t

= lim [ V(t — TSI f5(y (7, yo: ™), h* (y(7, yo; h)))dr.

Hence it follows that
Py(t, yos h*) + h*(y(t, yo: h7))
t
(v [ €S0 Foluosans ), 1 (y(s. o )}
0

+h* (y(tvyoa h* ))
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t

= V(t)(®yo) + / Vit — )@, Fo(y(s, yos h*), h* (y (s, yos 1)) s
0
R (y(t,y0; 5)

= V(O)(@y0) + Jim [ V(E = " Folus,03 1), byl o b))
0

+ W (y(t, yo; 7))
t

= VOO (@yo) + T [ V(= )TV fyly(s,yos h°), b (o5, yo; h°))ds
0

T [ V= TS fy(y(s, yoi B, b (y(s, 303 1)),
—0o0

Therefore, if we define a fs € C(B;X) by

Fs(@y+¢%) = fs(y,6°), (y.6°) e R x S,

then the B-valued function v(t) := @y(t,yo; h*) + h*(y(t, yo; h*)) satisfies the
equation

t

v(t) = V()Y u(0) + dim [ V(t— S)ICUT™ fs(v(s))ds
0

+ lim [ V(t —s)IIT" f5(v(s))ds, tER,
n—oo

and by the same reasoning as in the latter part of the Lemma 3.2. we get

v(t) =V (t—o)v(o) + lim [ V(t—s)I"fs(v(s))ds, Vt>o. (14)

n—oo
g

Then, by virtue of [12, Theorem 4.2], it follows that u(t) := [v(¢)](0) is a solution
of Eq. (3) with h(t) = f(v(t)), and it satisfies u; = v(¢) on R. We now consider an
open neighborhood of 0 in B and a Lipschitz continuous mapping H : CN&U —
S defined by

V={¢eB:[{¥,§)] <d}

and
H(®y)=h"(y), yeR:

In what follows, we will certify the properties (i)—(iv) in the theorem. Observe
that Weu(V) = {¢ = ®y+ h*(y) :y € R4, |y| < 6} and (CN @ U)NV = {®y :
y € R? |y| < 6}. Then Property (i) holds true.
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In oreder to check Property (iii)-(a), let £ € W (V') be given. Then £ =
Pyo + h*(yo) for some yo € R? with |yo| < 6. There exists a to > 0 such that
ly(t,yo : h*)| < & on [t| < tg. Since x(y(t,yo;h)/d) =1 on |t| < to, we see that
the B-valued function v(t) := ®y(t,yo; h*) + h*(y(t, yo; h*)) satisfies f5(v(t)) =
f(v(t)) on |t| < to. Then Property (iii)-(a) follows from this observation.

Next, let us assume that £ € W (V) and u:(0,&; f) € V on [0, ]. It follows
that u:(0,&; f) = ®2(t) + IT5u;(0,&; f) for some z(t). Observe that |z(t)| =
|<\Ila ut(oag; f)>| <dor fts(ut(ovf; f)) = f(ut(oag; f))a and hence

w(0,6 £) = VO + lim [ V(- " f(ua(0.6 s
0

=Vt + Tim [ V(E— " fs(us(0,€ £)ds
0

for all ¢ € [0,b]. Since the solution of Eq. (5) with f = f5 is unique for the initial
value problem, we get

ut(ovf; f) = ut(oag;fé)v Vt € [Oab]

By the same reasoning as above, it follows from the relation (14) that u:(0, &; f5)
= v(t) = Dy(t,yo; h*) + h*(y(t,yo; h*)) for all ¢ > 0. Hence we get z(t) =
y(t,yo; h*), and consequently u:(0,&; f) = Pz(t) + h*(2(t)) € We(V) for all
t € [0,b], which proves (iii)-(b).

Next we will certify Property (iv). If w is a solution of Eq. (5) with u; €
Wer(V) on J, we get uy = ®y(t) + [T°u; with |y(t)| < § and O%u;, = h*(y(t)) =
H(®y(t)) on J. Then it follows that f(®y(t) 4+ M%u;) = f(Py(t) + H(Py(t))) on
J, which proves the first part of Property (iv) because y satisfies Eq. (8).

Conversely, let y be a solution of Eq. ; (9) on J with ®y(¢) € V on J. y can
uniquely be extended on R as a solution of (12) with A = h* on R, which will be
denoted by y again. Set z(t) = y(t,y(0); h*) for t € R. By virtue of the unique-
ness of solutions for the initial value problems of z = Gz + (z*, fs(z, h*(2))), we
get y(t) = z(t) on J. Define a B-valued function £ by £(t) = ®z(t) + h*(2(¢)). By
the same reasoning as for (14), one can see that £ satisfies

EB) =V (t—0)é(o) + lim [ V(t — )T f5(2(s), h*(2(s))ds, Vt>o,

n—oo
g

and consequently it follows from [12, Theorem 4.2] that u(t) := [£(¢)](0) is a
solution of Eq. (3) with h(t) = fs(z(t), h*(2(t)) and satisfies u; = £(t). Since
dy(t) € V on J, we get [2(t)| = |y(t)| < § on J. Moreover, we get [15u, =
I¥€(t) = h* (2(¢)), and

fo(2(8), h*(2(1))

f(x(2()/6)®z(t) + h"2(t))
f(®z(t) + h*(2(1)))
= fMYuy + %) = f(uy)
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on J. Therefore, u is a solution of Eq. (5) on J which satisfies 1¢Vu, = ®y(t)
on J.
Finally, we will certify Property (ii). To do this, it suffices to establish that

h*
b 127 @0l

=0.
Yo €ERY, yo—0 |y0|

Note that y(7,0; h) = 0, and consequently
ly(7, yoi h)| < Clyole™ (€2 Cale"1C(C) - yr < g,

by (13). Let us write y(t) = y(¢, yo; h*). By using (10), we get

—L

I @olls < CCka( [ e C(@O)Coly(r)] + 1 (u(r)) )i

0
+ [ et eyt + (o))
L
C%C1(Cy + 1) Ko((C9)
< = (%0
a—e— 2007 |C(Cd)
C1CKy y(7)

[F(X(557)2y(m) + b7 (y(m)) I
@ _L<7<0

|~ (@—e=2CCs 2" [¢(Ca)) L

+

for any L > 0. )
Since [x(4)@y(r) + h*(y(r)[s < C(Co + 1)[yo|el(c+2CC:l"I(CN) for
T € [-L,0], it follows that
T *
sup_ 1Sy () 4 )
—L<7<0

<C(Cy + 1)|y0|eL(e+2002||w*||C(C‘5)) x ¢(C(Cy + 1)|y0|eL(e+QCCzl\m*||C(C‘6))).

Note that ¢ is continuous with ¢(0) = 0. Thus we get

* 2
lmsap W @lE - C2Ci(Co + DE(CS

< _) o—(a—e=2CCa||2™(|¢(C8)) L
voeRd, yos0  |Yol a — e — 200, [[z*[|¢(C9)

Since L > 0 is an arbitrary positive number, the required one follows from the
above inequality. This completes the proof of Theorem 3.5. ]

4. Linearized Stabilities and Instabilities

As an application of the results in the preceding section, we will give some results
on stabilities and instabilities of the zero solution of Eq. (5) which is sometimes
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called the principle of linearization in the theory of ordinary differential equa-
tions.

Theorem 4.1. Let f € C1(B;X) satisfy f(0) = f'(0) =0, and suppose that the
operator \I — A — L(eM 1) is invertible in L(X) for any A\ with R\ > 0. Then the
zero solution of (5) is exponentially asymptotically stable.

Proof. Since ¥ = () by the assumption of the theorem, we get U = {0} and
W#(0) = Bs(2¢) in Theorem 3.1. Hence it follows from Property (iii) in Theorem
3.1 that

[ut(o, &3 f)lls = [lut—a(0, 85 f)l5
< Me P, t>o0, ¢ € Bs/ao),

which shows that the zero solution of (5) is exponentially asymptotically stable.
|

Theorem 4.2. Let f € C1(B;X) satisfy f(0) = f'(0) =0, and suppose that the
operator \I — A — L(e™I) is not invertible in L(X) for some X\ with R\ > 0.
Then the zero solution of (5) is not stable.

Proof. By virtue of Theorem 3.5, there exists the local center-unstable manifold
Wet(V) of Eq. (5). Observe that the function p(z) = (z*, f(®Pz + H(Pz)))
satisfies h(z) = o(z) as z — 0 because of the inequality |f(®z + H(®z2))| <
C(|Pz+ H(®z)||5)(Co+1)|z|. Therefore, by [3, Theorem 13.1.2, p.317], the zero
solution of Eq. (14) is unstable, because o(G) = ¥ contains a number A\ with
R > 0 by the assumption. Then this observation and Property (iv) of Theorem
3.5 yield that the the zero solution of (5) is unstable. This completes the proof
of the theorem. n

Ezample 4.3. We consider the following (scalar) partial-integrodifferential equa-
tion

0
2
%(tvx):%(t,x)—f—u(l—au—b/eeu(t—i—ﬁ)d@), t>0, 0<z<m (15)

0 0
with the boundary condition 8—1:(75, 0) = 8—1:(25, ) = 0for t > 0, where a and b are

positive constants. Take X = C([0, 7]; R) and set A =¢” for £ € D(A) = {€ €
C?([0,7];R) : £'(0) = () = 0}. Then Eq. (15) can be set up as a functional
differential equation with the phase space B = C_; /5(X). The linearized equation
of (15) for the zero solution is given by @ = Au + u with the characteristic
equations

A—1=—n? n=0,1,2-.

Then 1 € ¥, and the zero solution of (15) is unstable by Theorem 4.2. On the
other hand, the linearized equation for the solution u = 1/(a + b) is given by
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0
v=Av—(av+b [ e*v(t+ s)ds)/(a+ b)? with the characteristic equations

— 00

1 b
A = _n? =0.1. 2.---
+(a+b)2(a+)\+1) n? n ) ) )
serve that if hen R L b a4
Observe that if RA > 0, then R |\ + (a+b)2(a+)\—|—1) > TEE > 0. Hence

3 = (), and the the solution u = 1/(a+b) of (15) is exponentially asymptotically
stable by Theorem 4.1.

Remark 4.4. Throughout this paper, || - ||z is assumed to be a norm. In fact,
by introducing some cumbersome ones such as the quotient space, the quotient
operator and so on as in [11], one can establish all the theorems in this paper
under a weaker situation that || - |5 is a complete seminorm; that is, (B, || - ||5)
is a complete seminormed linear space.

Remark 4.5. We can derive the smoothness of the manifolds established in The-
orems 3.1, 3.3 and 3.5. Indeed, replacing the number § in the proofs of the
theorems by a smaller one if necessary, one can see that the manifolds are con-
tinuously differentiable by applying [7, Lemma 10.1.2]; the details are omitted.
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