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Abstract. For abstract nonlinear autonomous functional differential equations, the

existence of some invariant manifolds such as stable manifold and unstable manifold

is established by using the variation-of-constants formula in the phase space which

has recently been established in [12]. As an immediate consequence, a stability result

on the zero solution of the nonlinear equation is derived, together with an instability

result.

1. Introduction

In this paper, we are concerned with the abstract functional differential equation

u̇(t) = Au(t) + L(ut) + f(ut), (1)

where A is the infinitesimal generator of a strongly continuous compact semi-
group (T (t))t≥0 on a Banach space X, ut is an element of B defined by ut(θ) =
u(t+θ) for θ ∈ (−∞, 0], L : B 7→ X is a bounded linear operator and f ∈ C1(B;X)
with f(0) = f ′(0) = 0; here B = B((−∞, 0];X) is the phase space for Eq. (1)
which satisfies some fundamental axioms.

The first author is partly supported by the Grant-in-Aid for Scientific Research (C), No.
13640197, the Ministry of Education, Science, Sports and Culture, Japan.
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The main purpose of this paper is to establish the existence of some invariant
manifolds for Eq. (1) such as stable manifold and unstable manifold, by using the
variation-of-constants formula in the phase space for Eq. (1) which has recently
been established by Hino, Murakami, Naito and Minh in the paper [12]. On
the existence of some invariant manifolds for Eq. (1), there are many research
papers. Among them, we refer the reader to [1, 2, 4-7, 10, 14, 18] and references
therein for more informations.

As a corollary of our main result, one can derive a stability result on the
zero solution of Eq. (1) which is often called as the principle of linearized sta-
bility in the theory of ODEs; indeed, the zero solution of Eq. (1) is uniformly
asymptotically stable if the zero solution of the linearized equation

u̇(t) = Au(t) + L(ut) (2)

is uniformly asymptotically stable.

Furthermore, establishing the existence of the center-unstable manifold for
Eq. (1), an instability result on the zero solution of Eq. (1) is derived under the
situation that the characterisitic operator for Eq. (2) possesses a characteristic
root with positive real part.

2. Phase Spaces and Some Preparatory Results

Throughout this paper, we will use the following notation: N, R and C denote
the set of natural numbers, real numbers and complex numbers, respectively.
Also, C(J,X) denotes the space of all X-valued continuous functions on J , and
BC(J,X) denotes the subspace of C(J,X) consisting of all bounded and contin-
uous functions on J .

2.1. Phase Spaces

Now we will explain the phase space B employed throughout this paper. Let us
denote the norm of X by ‖ · ‖X. For any function x : (−∞, a) → X and t < a,
we define a function xt : R

− := (−∞, 0] → X by xt(s) = x(t + s) for s ∈ R−. A
Banach space (B, ‖ · ‖B) which consists of functions ψ : (−∞, 0] → X is called a
fading memory space if it satisfies the following axioms:

(A1) There exist a positive constant N and locally bounded functions K(·)
and M(·) on R+ with the property that if x : (−∞, a) 7→ X is continuous on
[σ, a) with xσ ∈ B for some σ < a, then for all t ∈ [σ, a),

(i) xt ∈ B,

(ii) xt is continuous in t (w.r.t. ‖ · ‖B),

(iii) N‖x(t)‖X ≤ ‖xt‖B ≤ K(t− σ) supσ≤s≤t ‖x(s)‖X +M(t− σ)‖xσ‖B,

(A2) If {φk}, φk ∈ B, converges to φ uniformly on any compact set in R−

and if {φk} is a Cauchy sequence in B, then φ ∈ B and φk → φ in B.

A fading memory space B is called a uniform fading memory space, if it
satisfies (A1) and (A2) with K(·) ≡ K (a constant) and M(β) → 0 as β → ∞ in
(A1). A typical example of uniform fading memory spaces is the following one:
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Cγ := Cγ(X) = {φ ∈ C(R−;X) : lim
θ→−∞

‖φ(θ)‖X
eγθ

= 0}

which is equipped with the norm ‖φ‖Cγ
= supθ≤0 ‖φ(θ)‖X/e

γθ, where γ is a
negative constant.

It is known [8, Lemma 3.2] that if B is a uniform fading memory space, then
BC := BC(R−;X) ⊂ B and the inclusion map from BC into B is continuous. For
other properties of fading memory spaces and uniform fading memory spaces,
we refer the reader to the book [11].

2.2. A Variation of Constants Formula for FDE

We consider the perturbed functional differential equation

u̇(t) = Au(t) + L(ut) + h(t) (3)

of (2), where h ∈ C(R;X). Throughout the paper we shall assume that L : B 7→
X is a bounded linear operator with the form:

L(φ) =

0
∫

−∞

[dθη(θ)]φ(θ), φ ∈ C00,

where η(θ) is an L(X)-valued function of locally bounded variation on R
−; here

C00 denotes the subspace of C(R−,X) consisting of functions with compact sup-
port, and L(X) is the space of all bounded linear operators on X.

For any (σ, φ) ∈ R×B, there exists a (unique) function u : R 7→ X such that
uσ = φ, u is continuous on [σ,∞) and the following relation holds:

u(t) = T (t− σ)φ(0) +

t
∫

σ

T (t− s){L(us) + h(s)}ds, t ≥ σ.

The function u is called a (mild) solution of (3) through (σ, φ) on [σ,∞), and
denoted by u(·, σ, φ;h). When J is an interval in R, a function v is called a
solution of Eq. (3) on J , if vt ∈ B is defined for all t ∈ J and if it satisfies
u(t, σ, vσ ; f) = v(t) for all t and σ in J with t ≥ σ. Also, a solution v of Eq. (3)
on J is said to be J-bounded if supt∈J ‖vt‖B <∞.

For any t ≥ 0, we define an operator V (t) on B by

V (t)φ = ut(0, φ; 0), φ ∈ B.

We can easily see that (V (t))t≥0 is a strongly continuous semigroup of bounded
linear operators on B, which is called the solution semigroup of (2).

For any n ∈ N we consider a function Γn defined by

Γn(θ) =

{

(nθ + 1)I, −1/n ≤ θ ≤ 0

0, θ < −1/n,

where I is the identity operator on X. It follows from (A1) that if x ∈ X, then
Γnx ∈ B with ‖Γnx‖B ≤ K(1)‖x‖X.
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The following theorem yields a representation formula for solutions of (3) in
the phase space B, which plays an important role in the establishment of some
invariant manifolds for (1) in the next section:

Theorem 2.1. [12] The segment ut(σ, φ;h) of solution u(·, σ, φ, h) of (3) satis-
fies the following relation in B:

ut(σ, φ;h) = V (t, σ)φ + lim
n→∞

t
∫

σ

V (t, s)Γnh(s)ds, t ≥ σ.

3. Some Invariant Manifolds for Functional Differential Equations

Throughout the rest of this paper we will make as a standing assumption that
B is a uniform fading memory space, A is the generator of a compact semigroup
(T (t))t≥0, L : B 7→ X is a bounded linear operator satisfying the assumption
stated in Sec. 2 and f ∈ C1(B;X) with f(0) = f ′(0) = 0.

We say that the zero solution of the linearized equation

u̇(t) = Au(t) + L(ut) (4)

is hyperbolic, if for any λ ∈ C with ℜλ = 0, the null space of the characteristic
operatorA−λI−L(eλ·I) of (4) is trivial (equivalently, the characteristic operator
A − λI − L(eλ·I) is invertible in L(X)). In this section, we will establish some
(local) invariant manifolds for the functional differential equation

u̇(t) = Au(t) + L(ut) + f(ut) (5)

in each case where the zero solution of (4) is hyperbolic or it is not always
hyperbolic.

We now consider the set

Σ = {ℜλ ≥ 0 : A− λI − L(eλ·I) has a nontrivial null space}.

As was explained in [12, Sec. 5], correponding to the set Σ the space B is de-
composed as a direct sum

B = S ⊕ CN ⊕ U,

where S, CN and U are some closed subspaces of B which are invariant under the
solution semigroup (V (t))t≥0. In particular, CN and U are finite dimensional
subspaces of B which correspond to the subset ΣCN = {λ ∈ Σ : ℜλ = 0} and
ΣU = {λ ∈ Σ : ℜλ > 0}, respectively. Henceforth, we use the notation

V (t)|S = V S(t), V (t)|CN = V C(t),

V (t)|U = V U (t), V (t)|CN⊕U = V C,U (t),

and denote by ΠS (or ΠC , ΠU , ΠC,U ) the projection from B onto S (or CN , U ,
CN ⊕U , respectively) along to the above decomposition. The operator norm of
V S(t) decays exponentially as t → ∞, and V C,U (t) are extendable for all t ∈ R
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as a group of linear operators on the finite dimensional space CN ⊕ U . The
operators V S(t), V C(t) and V U (t) satisfy the following estimates:

∃ C ≥ 1, α > ǫ > 0 :











‖V S(t)‖ ≤ Ce−αt (∀t ≥ 0)

‖V U (t)‖ ≤ Ceαt (∀t ≤ 0)

‖V C(t)‖ ≤ Ceǫ|t| (∀t ∈ R)

Henceforth, we set
C1 = ‖ΠS‖+ ‖ΠC,U‖.

3.1. Stable Manifold and Unstable Manifold

In this subsection, we assume that the zero solution of (4) is hyperbolic, and
hence CN = {0}.

As in Sec. 2, the function u which satisfies

u(t) = T (t)φ(0) +

t
∫

0

T (t− s){L(us) + f(us)}ds,

u0 = φ ∈ B

is called a (mild) solution of (5) and is denoted by u(0, φ; f). For any positive
constant δ, we consider the set defined by

W s(δ) = {φ ∈ B : ‖ΠSφ‖B < δ/(2C), ‖ut(0, φ; f)‖B < δ (∀t ≥ 0)}.

The set W s(δ) is called the local stable manifold of (5). In fact, as the following
theorem shows, W s(δ) for some δ is a manifold which is homeomorphic to an
open subset of S, and moreover W s(δ) is tangent to S at zero; that is,

lim
φ∈W s(δ), φ→0

‖ΠUφ‖B
‖ΠSφ‖B

= 0.

In what follows, for any a > 0 we set Ba = {φ ∈ B : ‖φ‖B < a}.

Theorem 3.1. Assume that the zero solution of (4) is hyperbolic and that
f ∈ C1(B;X) with f(0) = f ′(0) = 0. Then there is a positive constant δ with
the following properties:
(i) The map ΠS is a Lipschitz homeomorphism fromW s(δ) to ΠS(B)∩Bδ/(2C),
(ii) W s(δ) is tangent to S at zero,
(iii) there are positive constants M, β such that

‖ut(0, φ; f)‖B ≤Me−βt‖φ‖B, t ≥ 0, φ ∈ W s(δ),

(iv) W s(δ) is locally positively invariant for (5); that is, uτ (0, φ; f) ∈ W s(δ)
whenever φ ∈ W s(δ) and ΠSuτ (0, φ; f) ∈ Bδ/(2C) for some τ ≥ 0.
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In order to establish the theorem, we need the following lemma.

Lemma 3.2. Let ψ ∈ S. If u is an R+-bounded solution of (5) with ΠSu0 = ψ
and supt≥0 ‖f(ut)‖X <∞, then

ut = V (t)ψ+ lim
n→∞

t
∫

0

V (t− s)ΠSΓnf(us)ds

+ lim
n→∞

+

t
∫

∞

V (t− s)ΠUΓnf(us)ds, t ≥ 0.

Conversely, if y ∈ BC(R+;B) satisfies the relation supt≥0 ‖f(y(t)‖X <∞ and

y(t) = V (t)ψ+ lim
n→∞

t
∫

0

V (t− s)ΠSΓnf(y(s))ds

+ lim
n→∞

+

t
∫

∞

V (t− s)ΠUΓnf(y(s))ds, t ≥ 0,

then the function ξ defined by

ξ(t) =

{

[y(t)](0), t ≥ 0

[y(0)](t), t < 0

is an R+-bounded solution of (5) with ΠSξ0 = ψ and ξt = y(t) in B for all
t ≥ 0.

Proof. First, we shall establish the former part of the lemma. Set h(t) = f(ut)
for t ≥ 0. Then h ∈ BC(R+;X), and u is a solution of (3) on R+. By virtue of
Theorem 2.1, we get

ut = V (t− σ)uσ + lim
n→∞

t
∫

σ

V (t− s)Γnh(s)ds, ∀t ≥ σ ≥ 0.

Therefore

ΠSut = V (t− σ)ΠSuσ + lim
n→∞

t
∫

σ

V (t− s)ΠSΓnh(s)ds,

and hence

ΠSut = V (t)ψ + lim
n→∞

t
∫

0

V (t− s)ΠSΓnh(s)ds, ∀t ≥ 0.

Also, we get

ΠUut = V (t− σ)ΠUuσ + lim
n→∞

t
∫

σ

V (t− s)ΠUΓnh(s)ds,
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or

ΠUuσ = V (σ − t)

[

ΠUut − lim
n→∞

t
∫

σ

V (t− s)ΠUΓnh(s)ds

]

= V (σ − t)ΠUut − lim
n→∞

t
∫

σ

V (σ − s)ΠUΓnh(s)ds, ∀t ≥ σ ≥ 0.

Since ‖V (σ − t)ΠUut‖B ≤ CC1e
α(σ−t) supt≥0 ‖ut‖B → 0 as t → ∞, it follows

that

ΠUuσ = − lim
t→∞

lim
n→∞

t
∫

σ

V (σ − s)ΠUΓnh(s)ds, ∀σ ≥ 0.

Observe that if t1 ≥ t2 ≥ σ, then

∥

∥

∥

t1
∫

σ

V (σ − s)ΠUΓnh(s)ds−

t2
∫

σ

V (σ − s)ΠUΓnh(s)ds‖B

=
∥

∥

∥

t2
∫

t1

V (σ − s)ΠUΓnh(s)ds‖B ≤ (CC1K0/α)‖h‖e
α(σ−t2) → 0

as t2 → ∞, where K0 = K(1) and ‖h‖ = supt≥0 ‖h(t)‖X. Therefore the limit

lim
t→∞

t
∫

σ

V (σ − s)ΠUΓnh(s)ds =

∞
∫

σ

V (σ − s)ΠUΓnh(s)ds

converges in B uniformly for n. On the other hand, the sequence
{

∞
∫

σ

V (t – s)

ΠUΓnh(s)ds
}

n≥1
must converge in B, because it is a Cauchy sequence in B

since

lim sup
n, m→∞

∥

∥

∥

∞
∫

σ

V (σ − s)ΠUΓnh(s)ds−

∞
∫

σ

V (σ − s)ΠUΓmh(s)ds
∥

∥

∥

B

≤ (2CC1K0/α)‖h‖e
α(σ−t)

+ lim sup
n, m→∞

∥

∥

∥
ΠU

(

t
∫

σ

V (σ − s)Γnh(s)ds−

t
∫

σ

V (σ − s)Γmh(s)ds
)∥

∥

∥

B

= (2CC1K0/α)‖h‖e
α(σ−t)

for any t > σ. Hence
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lim
n→∞

∞
∫

σ

V (σ − s)ΠUΓnh(s)ds = lim
n→∞

lim
t→∞

t
∫

σ

V (σ − s)ΠUΓnh(s)ds

= lim
n→∞

lim
n→infty

t
∫

σ

V (σ − s)ΠUΓnh(s)ds

= −ΠUuσ

or

ΠUut = lim
n→∞

t
∫

∞

V (t− s)ΠUΓnh(s)ds, ∀t ≥ 0.

Thus

ut = ΠSut +ΠUut

= V (t)ψ + lim
n→∞

t
∫

0

V (t− s)ΠSΓnh(s)ds

+ lim
n→∞

t
∫

∞

V (t− s)ΠUΓnh(s)ds, ∀t ≥ 0,

which proves the former part of the lemma.
Next, we shall prove the latter part of the lemma. Set g(t) = f(y(t)) for

t ≥ 0. Then g ∈ BC(R+;X), and moreover by the same reasoning as in the

proof of the former part of the lemma, the limit lim
n→∞

t
∫

∞

V (t− s)ΠUΓng(s)ds

converges in B for each t ≥ 0. Let v(t) be the solution of Eq. (3) with h = g
on R+ and v0 = y(0). By virtue of Theorem 2.1, we get

vt = V (t)y(0) + lim
n→∞

t
∫

0

V (t− s)Γng(s)ds

= V (t){ψ + lim
n→∞

0
∫

∞

V (−s)ΠUΓng(s)ds}+ lim
n→∞

t
∫

0

V (t− s)Γng(s)ds

= V (t)ψ+ lim
n→∞

0
∫

∞

V (t – s)ΠUΓng(s)ds+ lim
n→∞

t
∫

0

V (t – s)(ΠS +ΠU )Γng(s)ds

= V (t)ψ+ lim
n→∞

t
∫

0

V (t – s)ΠSΓng(s)ds+ lim
n→∞

t
∫

∞

V (t – s)ΠUΓng(s)ds

= y(t)
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for t ≥ 0. In particular, we get

v(t) = [y(t)](0) = ξ(t), ∀t ≥ 0,

and hence ξ is continuous on R+. It follows from (A1) that ξt ∈ B and
‖ξt − y(t)‖B = 0 for all t ≥ 0 because of

‖ξt − y(t)‖B = ‖ξt − vt‖B

≤ K sup
0≤s≤t

‖ξ(s)− v(s)‖X +M(t)‖ξ0 − y(0)‖B

= 0.

Also, it follows that

ΠSξ0 = ΠSy(0) = ΠS(ψ + lim
n→∞

0
∫

∞

V (−s)ΠUΓnh(s)ds) = ψ.

Moreover, we get

ξ(t) = v(t) = u(t, 0, ξ0;h), ∀t ≥ 0,

and hence ξ is a solution on R+ of (3) with h = g. Since g(t) = f(y(t)) = f(ξt)
for t ≥ 0, we see that ξ is a solution of (5) on R+, which completes the proof
of the latter part of the lemma. �

Now we are in a position to prove Theorem 3.1. Since f ∈ C1(B;X) with
f(0) = f ′(0) = 0, there exist a constant δ0 > 0 and a nonincreasing continuous
function ζ : [0, δ0] 7→ [0,∞) with the property that ζ(0) = 0 and

‖f(φ)− f(ψ)‖X ≤ ζ(σ)‖φ − ψ‖B, ∀φ, ψ ∈ Bσ.

Choose a constant δ ∈ (0, δ0) so small that

8C2C1K0ζ(δ) < α.

Let ψ ∈ S with ‖ψ‖B < δ/(2C) be given. We claim that there is a unique
R+-bounded solution u of (5) satisfying ΠSu0 = ψ and supt≥0 ‖ut‖B < δ.
To check the claim, we define a closed subset S(ψ, δ) of the Banach space
BC(R+;B) (equipped with the supremum norm ‖ · ‖) by

S(ψ, δ) = {y ∈ BC(R+;B) : ΠSy(0) = ψ and ‖y‖ ≤ δ},

and consider a mapping T : S(ψ, δ) 7→ BC(R+;B) defined by

(T y)(t) = V (t)ψ + lim
n→∞

t
∫

0

V (t− τ)ΠSΓnf(y(τ))dτ

+ lim
n→∞

t
∫

∞

V (t− τ)ΠUΓnf(y(τ))dτ, t ≥ 0.
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We assert that T is a contraction on S(ψ, δ). Let y ∈ (R+;B). By the same
reasoning as in the proof of the latter part of Lemma 3.2, we see that (T y)(t) =
ut(0, (T y)(0);h) with h(t) = f(y(t)), and hence T y ∈ C(R+;B). Also, since
‖f(y(t)‖X ≤ ζ(δ)‖y(t)‖B and ‖Γnx‖B ≤ K0‖x‖X for x ∈ X, we get

T y)(t)‖B = Ce−αt‖ψ‖B + CC1K0ζ(δ)

t
∫

0

e−α(t−τ)‖y(τ)‖Bdτ

+ CC1K0ζ(δ)

∞
∫

t

eα(t−τ)‖y(τ)‖Bdτ

≤ C‖ψ‖B + CC1K0ζ(δ)(2δ/α)

< δ(1/2 + 2CC1K0ζ(δ)/α) ≤ (3/4)δ,

and hence T y ∈ S(ψ, δ). Thus T (S(ψ, δ)) ⊂ S(ψ, δ).
Next, let y and z be the elements in S(ψ, δ). Then

‖(T y)(t)− (T z)(t)‖B = CC1K0ζ(δ)

t
∫

0

e−α(t−τ)‖y(τ)− z(τ)‖Bdτ

+ CC1K0ζ(δ)

∞
∫

t

eα(t−τ)‖y(τ)− z(τ)‖Bdτ

≤

(

2CC1K0ζ(δ)/α

)

‖y − z‖ ≤ (1/4)‖y − z‖,

or
‖T y − T z‖ ≤ (1/4)‖y− z‖.

Thus, T is a contraction on S(ψ, δ). By virtue of the contraction mapping
theorem, the mapping T has a unique fixed point in S(ψ, δ) which we denote
by y∗(·, ψ). Then it follows from Lemma 3.2 that the function u defined by
u(t) = [y∗(t, ψ)](0) if t ≥ 0, and u(t) = [y∗(0, ψ)](t) if t < 0, is a unique
R+-bounded solution of (5) satisfying ΠSu0 = ψ and supt≥0 ‖ut‖B < δ.

For each ψ ∈ S with ‖ψ‖B < δ/(2C), let y∗(·, ψ) be the one ensured in
the above paragraph. It is obvious that y∗(t, 0) ≡ 0. We will establish the
following estimate:

‖y∗(t, ψ) – y∗(t, ψ̄)‖B ≤ 2Ce – (α/2)t‖ψ – ψ̄‖B, ψ, ψ̄ ∈ S ∩ Bδ/(2C), t ≥ 0. (6)

Indeed, it follows that

‖y∗(t, ψ)− y∗(t, ψ̄)‖B = ‖(T y∗(·, ψ))(t) − (T y∗(·, ψ̄))(t)‖B

= ‖V (t)(ψ − ψ̄) + lim
n→∞

t
∫

0

V (t− τ)ΠSΓn(f(y∗(τ, ψ)) − f(y∗(τ, ψ̄)))dτ

+ lim
n→∞

t
∫

∞

V (t− τ)ΠUΓn(f(y∗(τ, ψ))− f(y∗(τ, ψ̄)))dτ‖B
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≤ Ce−αt‖ψ − ψ̄‖B + CC1K0ζ(δ)

t
∫

0

e−α(t−τ)‖y∗(τ, ψ)− y∗(τ, ψ̄)‖Bdτ

+ CC1K0ζ(δ)

∞
∫

t

eα(t−τ)‖y∗(τ, ψ)− y∗(τ, ψ̄)‖Bdτ,

and hence letting µ := 2CC1ζ(δ)K0/α (< 1/4) we get by [5, Lemma 6.2, p.110]
that

‖y∗(t, ψ)− y∗(t, ψ̄)‖B ≤ [1/(1− µ)]C‖ψ − ψ̄‖B × e−(α−CC1ζ(δ)K0/(1−µ))|t|

≤ 2Ce−(α/2)t‖ψ − ψ̄‖B, t ≥ 0,

which is the desired estimate.
Now we set

Gψ = y∗(0, ψ) = ψ + lim
n→∞

0
∫

∞

V (−τ)ΠUΓnf(y∗(τ, ψ))dτ

for ψ ∈ S ∩ Bδ/(2C). G is a mapping from S ∩ Bδ/(2C) to Bδ. In fact, from
Lemma 3.2 and the claim in this proof we see that the range of G exactly equals
the set W s(δ). Also, it follows from (6) that ‖Gψ−Gψ̄‖B ≤ 2C‖ψ− ψ̄‖B, and
hence G is Lipschitz continuous.

We will establish the following estimate:

‖ψ − ψ̄‖B ≤ 2‖Gψ −Gψ̄‖B, ψ, ψ̄ ∈ S ∩ Bδ/(2C). (7)

Indeed, by using (6) we get

‖Gψ –Gψ̄‖B

≥ ‖ψ – ψ̄‖B –CC1K0ζ(δ)

∞
∫

0

e –ατ‖y∗(τ, ψ) – y∗(τ, ψ̄)‖Bdτ

≥ ‖ψ − ψ̄‖B{1− CC1K0ζ(δ)

∞
∫

0

2Ce−3ατ/2dτ}

≥ ‖ψ − ψ̄‖B{1− 4C2C1K0ζ(δ)/(3α)} ≥ (1/2)‖ψ − ψ̄‖B,

which implies the estimate (7).
From the estimate (7) we see that G is a Lipschitz homeomorphism from

S ∩ Bδ/(2C) onto W
s(δ). Since ΠSGψ = ψ for ψ ∈ S ∩ Bδ/(2C), it follows that

ΠS equals the inverse mapping G−1 of G. Thus Property (i) holds true.
Set ψ = G−1φ for φ ∈W s(δ). Since

(1/2)‖ψ‖B ≤ ‖Gψ‖B ≤ 2C‖ψ‖B

by (6), (7) and the fact that G0 = 0, we get
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‖ut(0, φ; f)‖B = ‖y∗(t, ψ)‖B ≤ 2Ce−(α/2)t‖ψ‖B

≤ 4Ce−(α/2)t‖Gψ‖B = 4Ce−(α/2)t‖φ‖B,

which implies Property iii) with M = 4C and β = α/2.
Observe that φ (∈ W s(δ)) → 0 if and only if ψ := G−1φ ∈ (S ∩Bδ/(2C)) →

0. Therefore, if φ (∈W s(δ)) → 0, then

‖ΠUφ‖B/‖Π
Sφ‖B = ‖ΠUGψ‖B/‖Π

SGψ‖B

= ‖ lim
n→∞

0
∫

∞

V (−τ)ΠUΓnf(y∗(τ, ψ))dτ‖B/‖ψ‖B

≤ (2C2C1K0/α)ζ(2C‖ψ‖B) → 0,

where we used the estimate (6). Thus Property (ii) holds true.
Finally, we will check Property (iv). Set χ = ΠSuτ (0, φ; f). Then χ ∈

S ∩ Bδ/(2C), and z(t) := u(t + τ, 0, φ; f) is an R
+-bounded solution of (5).

By the first claim in this proof, one can easily see that zt = y∗(t, χ) for all
t ≥ 0, and hence uτ (0, φ; f) = z0 = y∗(0, χ) = Gχ ∈ W s(δ), as required. This
completes the proof of Theorem 3.1. �

Next we shall establish the local unstable manifold of Eq. (5). For any
positive δ, we consider the set defined by

Wu(δ) = {φ ∈ B : ‖ΠUφ‖B < δ/(2C), and ∃R− -bounded solution u

of Eq. (5) such that u0 = φ and ‖ut‖B < δ (∀t ≤ 0)}.

The set Wu(δ) is called the local unstable manifold of (5). In fact, if δ is
sufficiently small, for any φ ∈ B with ‖ΠUφ‖B < δ/(2C), Eq. (5) possesses
one and only one solution u with the property that R−-bounded, u0 = φ and
‖ut‖B < δ for all t ≤ 0. In what follows, we denote the solution by u(·, 0, φ; f),
again.

Theorem 3.3. Assume that the zero solution of (4) is hyperbolic and that
f ∈ C1(B;X) with f(0) = f ′(0) = 0. Then there is a positive constant δ with
the following properties:
(i) The map ΠU is a Lipschitz homeomorphism fromWu(δ) to ΠU (B)∩Bδ/(2C),
(ii) Wu(δ) is tangent to U at zero,
(iii) there are positive constants M, β such that

‖ut(0, φ; f)‖B ≤Meβt‖φ‖B, t ≤ 0, φ ∈Wu(δ),

(iv) Wu(δ) is locally negatively invariant for (5); that is, uτ (0, φ; f) ∈ Wu(δ)
whenever φ ∈ Wu(δ) and ΠUuτ (0, φ; f) ∈ Bδ/(2C) for some τ ≤ 0.

Indeed, by utilizing the following lemma which is a counterpart of Lemma
3.2, one can prove the theorem by modifying slightly the proof of Theorem 3.1.
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So, we omit the proof of the above theorem, together with the proof of the
lemma.

Lemma 3.4. Let ψ ∈ U. If u is an R
−-bounded solution of (5) with ΠUu0 = ψ

and supt≥0 ‖f(ut)‖X <∞, then

ut = V (t)ψ + lim
n→∞

t
∫

0

V (t− s)ΠUΓnf(us)ds

+ lim
n→∞

t
∫

−∞

V (t− s)ΠSΓnf(us)ds, t ≤ 0.

Conversely, if y ∈ BC(R−;B) satisfies the relation supt≤0 ‖f(y(t))‖X <∞ and

yt = V (t)ψ + lim
n→∞

t
∫

0

V (t− s)ΠUΓnf(y(s))ds

+ lim
n→∞

t
∫

−∞

V (t− s)ΠSΓnf(y(s))ds, t ≤ 0,

then the function ξ defined by

ξ(t) = [y(t)](0), t ≤ 0

is an R
−-bounded solution of (5) with ΠUξ0 = ψ and ξt = y(t) in B for all t ≤ 0.

3.2. Center-Unstable Manifold

In this subsection, we will treat the case where the zero solution of (4) is not
always hyperbolic.

Let d = dim(CN ⊕ U). Take a basis {φ1(s), · · · , φd(s)} in CN ⊕ U , and set
Φ := (φ1(s), · · · , φd(s)). Then there exist d elements ψ1, · · · , ψd in B∗ (the dual
space of B) such that 〈ψi, φj〉 = 1 if i = j, 0 if i 6= j, and that ψi = 0 on S.
Here and hereafter, 〈 , 〉 denotes the canonical pairing between the dual space
and the original space. Denote by Ψ the transpose of (ψ1, · · · , ψd) to use the
expression 〈Ψ,Φ〉 = Id (here Id is the d × d unit matrix). Then the projection
operator ΠC,U is given by

ΠC,Uφ = Φ〈Ψ, φ〉, φ ∈ B.

Since (V C,U (t))t≥0 is a strongly continuous semigroup on the finite dimen-
sional space CN ⊕ U , there is a d× d matrix G such that

V C,U (t)Φ = ΦeGt (∀t ≥ 0),
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where σ(G) = Σ. As shown in [12, Proposition 4.2], the (CN⊕U)-component of
the solution of Eq. (5) relates to a solution of some ordinary differential equation.
Indeed, if u(t) is a solution of Eq. (5), then the function y(t) determined by
Φy(t) = ΠC,Uut is a solution of the ordinary differential equation

ẏ(t) = Gy(t) + 〈x∗, f(Φy(t) + ΠSut)〉, (8)

where x∗ is a d-column vector in X∗ which is determined by Ψ through the
relation

〈x∗, x〉 = lim
n→∞

〈Ψ,Γnx〉, x ∈ X;

also, refer to [13].
The set W cu(V ) which we will give in the next theorem is called the local

center-unstable manifold of (5).

Theorem 3.5. Assume that f ∈ C1(B;X) with f(0) = f ′(0) = 0. Then
there is an open neighborhood V of 0 in B and a Lipschitz continuous mapping
H : CN ⊕ U 7→ S, H(0) = 0, with the following properties:
(i) The set W cu(V ) := {ξ = φ +H(φ) : φ ∈ (CN ⊕ U) ∩ V } is homeomorphic

to (CN ⊕ U) ∩ V ,
(ii) W cu(V ) is tangent to CN ⊕ U at zero,
(iii) W cu(V ) is locally invariant for Eq. (5); that is,
(a) for any ξ ∈W cu(V ) there is some tξ > 0 such that ut(0, ξ; f) ∈W cu(V ) for

|t| ≤ tξ,
(b) if ξ ∈ W cu(V ) and ut(0, ξ; f) ∈ V on [0, b], then ut(0, ξ; f) ∈ W cu(V ) on

[0, b],
(iv) if u is a solution of Eq. (5) on an interval J with ut ∈ W cu(V ) on J ,

then the function y(t) determined by Φy(t) = ΠC,Uut satisfies the ordinary
differential equation

ẏ(t) = Gy(t) + 〈x∗, f(Φy(t) +H(Φy(t)))〉, t ∈ J. (9)

Conversely, if y(t) satisfies the equation (9) on an interval J with Φy(t) ∈ V
on J , then there is a solution u of (5) on J such that ut ∈ W cu(V ) and
ΠC,Uut = Φy(t) on J .

Proof. The theorem can be established by almost the same argument employed
in the proof of [7, Theorem 10.2.1, pp.314–316] (cf. [2]). In what follows, we will
give the proof of the theorem for completeness.

Let χ : Rd 7→ [0, 1] be a C∞ function with χ(y) = 1 if |y| ≤ 1, and χ(y) = 0
if |y| > 2. For any δ > 0 we set

f̃δ(y, φ
S) = f

(

χ(
y

δ
)Φy + φS

)

for all (y, φS) ∈ Rd × S, where Rd × S is equipped with the norm ‖(y, φS)‖ =
|y|+‖φS‖B. There is a positive constant C0 such that ‖Φy‖B ≤ C0|y| for y ∈ Rd.
Define constants C̄ and C2 by

C̄ = 2C0 + 1, C2 = 1 + C0 sup
|y|≤2

|(d/dy)(yχ(y))|.
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It is not difficult to check the following inequalities:

‖f̃δ(y, φ
S)‖X ≤ ζ(C̄δ)min{C̄δ, C0|y|+ ‖φS‖B}, (10)

‖f̃δ(y, φ
S)− f̃δ(z, ψ

S)‖X ≤ C2ζ(C̄δ)‖(y, φ
S)− (z, ψS)‖B. (11)

In the above, (y, φS) and (z, ψS) are any elements in Rd× (S ∩Bδ), and ζ is the
one appeared in the proof of Theorem 3.1.

Now we take a positive constant δ such that

ζ(C̄δ) < min{1, α/(CC1C̄K0), (α− ǫ)/(2CC2(‖x
∗‖+ CC1K0)),

α/(4CC1C2K0), ǫ(α− ǫ)/(2CC2‖x
∗‖(ǫ+ 4CC1C2K0))},

where K0 := K(1). Let us consider a closed subset M of the Banach space
BC(Rd, S) (equipped with the supremum norm ‖ · ‖) defined by

M = {h ∈ BC(Rd, S) : h(0) = 0, ‖h‖ ≤ δ,

‖h(y)− h(ȳ)‖B ≤ |y − ȳ| (∀y, ȳ ∈ R
d)}.

Let h ∈ M be given. For any y0 ∈ R
d the ordinary differential equation

ẏ = Gy + 〈x∗, f̃δ(y, h(y))〉 (12)

has a unique solution on R such that y(0) = y0 (which will be denoted by
y(·, y0;h)). Set

(Gh)(y0) = lim
n→∞

0
∫

−∞

V (−τ)ΠSΓnf̃δ(y(τ, y0;h), h(y(τ, y0;h)))dτ, y0 ∈ R
d.

Then Gh is a function mapping Rd into S. We assert that GM ⊂ M. Since
y(·, 0;h)≡0, it follows that (Gh)(0)=0.Also, we get ‖f̃δ(y(τ, y0;h), h(y(τ, y0;h)))‖X
≤ ζ(C̄δ)C̄δ by (10), and hence ‖(Gh)(y0)‖B ≤ (CC1C̄K0δ/α)ζ(C̄δ) < δ. Fur-
thermore, since ‖eGτ‖ ≤ Ce−ǫτ for τ ≤ 0, using the inequality (11) and applying
Gronwall’s inequality one can see that

|y(τ, y0;h)− y(τ, z0;h)| ≤ C|y0 − z0|e
−τ(ǫ+2CC2‖x

∗‖ζ(C̄δ)), ∀τ ≤ 0, (13)

from which it follows that

‖(Gh)(y0)− (Gh)(z0)|B

≤ 2CC1C2K0ζ(C̄δ)

0
∫

−∞

eατ |y(τ, y0;h)− y(τ, z0;h)|dτ

≤
(

2C2C1C2K0ζ(C̄δ)/(α− ǫ − 2CC2‖x
∗‖ζ(C̄δ))

)

|y0 − z0|

≤ |y0 − z0|
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for any y0, z0 ∈ Rd. Thus GM ⊂ M, as required.
We next assert that G is a contraction on M. Indeed, using the inequality

(11) and applying Gronwall’s inequality again, one can see that

|y(τ, y0;h1)− y(τ, y0;h2)|

≤ ‖h1 − h2‖(CC2‖x
∗‖ζ(C̄δ)/ǫ)e−τ(ǫ+2CC2‖x

∗‖ζ(C̄δ)), ∀τ ≤ 0,

and

‖(Gh1)(y0)− (Gh2)(y0)‖B

≤ CC1C2K0ζ(C̄δ)

0
∫

−∞

eατ{2|y(τ, y0;h1)− y(τ, y0;h2)|+ ‖h1 − h2‖}dτ

≤ (2C2C1C
2
2‖x

∗‖K0ζ(C̄δ)/ǫ)‖h1 − h2‖

0
∫

−∞

e(α−ǫ−2CC2‖x
∗‖ζ(C̄δ))τdτ

+ (CC1C2K0ζ(C̄δ)/α)‖h1 − h2‖

≤ (1/4)‖h1 − h2‖+ (1/4)‖h1 − h2‖ = (1/2)‖h1 − h2‖

for any y0 ∈ Rd and h1, h2 ∈ M. Consequently, G is a contraction on M, as
required. By virtue of the contraction mapping theorem, the mapping G has a
unique fixed point in M which we denote by h∗. Then

h∗(y0) = lim
n→∞

0
∫

−∞

V (−τ)ΠSΓnf̃δ(y(τ, y0;h
∗), h∗(y(τ, y0;h

∗)))dτ, ∀y0 ∈ R
d.

Noting that y(τ, y(t, y0;h
∗);h∗) = y(t+ τ, y0;h

∗), we get

h∗(y(t, y0;h
∗)) = lim

n→∞

0
∫

−∞

V (−τ)ΠSΓnf̃δ(y(t+ τ, y0;h
∗), h∗(y(t+ τ, y0;h

∗)))dτ

= lim
n→∞

t
∫

−∞

V (t− τ)ΠSΓnf̃δ(y(τ, y0;h
∗), h∗(y(τ, y0;h

∗)))dτ.

Hence it follows that

Φy(t, y0;h
∗) + h∗(y(t, y0;h

∗))

= Φ
(

eGty0 +

t
∫

0

eG(t−s)〈x∗, f̃δ(y(s, y0;h
∗), h∗(y(s, y0;h

∗)))〉ds
)

+ h∗(y(t, y0;h
∗))
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= V (t)(Φy0) +

t
∫

0

V (t− s)Φ〈x∗, f̃δ(y(s, y0;h
∗), h∗(y(s, y0;h

∗)))〉ds

+ h∗(y(t, y0;h
∗))

= V (t)(Φy0) + lim
n→∞

t
∫

0

V (t− s)Φ〈Ψ,Γnf̃δ(y(s, y0;h
∗), h∗(y(s, y0;h

∗)))〉ds

+ h∗(y(t, y0;h
∗))

= V (t)ΠC,U (Φy0) + lim
n→∞

t
∫

0

V (t− s)ΠC,UΓnf̃δ(y(s, y0;h
∗), h∗(y(s, y0;h

∗)))ds

+ lim
n→∞

t
∫

−∞

V (t− s)ΠSΓnf̃δ(y(s, y0;h
∗), h∗(y(s, y0;h

∗)))ds.

Therefore, if we define a f̄δ ∈ C(B;X) by

f̄δ(Φy + φS) = f̃δ(y, φ
S), (y, φS) ∈ R

d × S,

then the B-valued function ν(t) := Φy(t, y0;h
∗) + h∗(y(t, y0;h

∗)) satisfies the
equation

ν(t) = V (t)ΠC,Uν(0) + lim
n→∞

t
∫

0

V (t− s)ΠC,UΓnf̄δ(ν(s))ds

+ lim
n→∞

t
∫

−∞

V (t− s)ΠSΓnf̄δ(ν(s))ds, t ∈ R,

and by the same reasoning as in the latter part of the Lemma 3.2. we get

ν(t) = V (t− σ)ν(σ) + lim
n→∞

t
∫

σ

V (t− s)Γnf̄δ(ν(s))ds, ∀t ≥ σ. (14)

Then, by virtue of [12, Theorem 4.2], it follows that u(t) := [ν(t)](0) is a solution
of Eq. (3) with h(t) = f̄(ν(t)), and it satisfies ut = ν(t) on R.We now consider an
open neighborhood of 0 in B and a Lipschitz continuous mapping H : CN⊕U →
S defined by

V = {ξ ∈ B : |〈Ψ, ξ〉| < δ}

and
H(Φy) = h∗(y), y ∈ R

d.

In what follows, we will certify the properties (i)–(iv) in the theorem. Observe
that W cu(V ) = {ξ = Φy + h∗(y) : y ∈ Rd, |y| < δ} and (CN ⊕ U) ∩ V = {Φy :
y ∈ Rd, |y| < δ}. Then Property (i) holds true.
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In oreder to check Property (iii)-(a), let ξ ∈ W cu(V ) be given. Then ξ =
Φy0 + h∗(y0) for some y0 ∈ Rd with |y0| < δ. There exists a t0 > 0 such that
|y(t, y0 : h∗)| < δ on |t| < t0. Since χ(y(t, y0;h)/δ) = 1 on |t| < t0, we see that
the B-valued function ν(t) := Φy(t, y0;h

∗) + h∗(y(t, y0;h
∗)) satisfies f̄δ(ν(t)) =

f(ν(t)) on |t| < t0. Then Property (iii)-(a) follows from this observation.
Next, let us assume that ξ ∈W cu(V ) and ut(0, ξ; f) ∈ V on [0, b]. It follows

that ut(0, ξ; f) = Φz(t) + ΠSut(0, ξ; f) for some z(t). Observe that |z(t)| =
|〈Ψ, ut(0, ξ; f)〉| < δ or f̄δ(ut(0, ξ; f)) = f(ut(0, ξ; f)), and hence

ut(0, ξ; f) = V (t)ξ + lim
n→∞

t
∫

0

V (t− s)Γnf(us(0, ξ; f))ds

= V (t)ξ + lim
n→∞

t
∫

0

V (t− s)Γnf̄δ(us(0, ξ; f))ds

for all t ∈ [0, b]. Since the solution of Eq. (5) with f = f̄δ is unique for the initial
value problem, we get

ut(0, ξ; f) ≡ ut(0, ξ; f̄δ), ∀t ∈ [0, b].

By the same reasoning as above, it follows from the relation (14) that ut(0, ξ; f̄δ)
= ν(t) := Φy(t, y0;h

∗) + h∗(y(t, y0;h
∗)) for all t ≥ 0. Hence we get z(t) =

y(t, y0;h
∗), and consequently ut(0, ξ; f) = Φz(t) + h∗(z(t)) ∈ W cu(V ) for all

t ∈ [0, b], which proves (iii)-(b).
Next we will certify Property (iv). If u is a solution of Eq. (5) with ut ∈

W cu(V ) on J , we get ut = Φy(t) +ΠSut with |y(t)| < δ and ΠSut = h∗(y(t)) =
H(Φy(t)) on J . Then it follows that f(Φy(t)+ΠSut) = f(Φy(t)+H(Φy(t))) on
J , which proves the first part of Property (iv) because y satisfies Eq. (8).

Conversely, let y be a solution of Eq. ; (9) on J with Φy(t) ∈ V on J . y can
uniquely be extended on R as a solution of (12) with h = h∗ on R, which will be
denoted by y again. Set z(t) = y(t, y(0);h∗) for t ∈ R. By virtue of the unique-
ness of solutions for the initial value problems of ż = Gz + 〈x∗, f̃δ(z, h∗(z))〉, we
get y(t) ≡ z(t) on J. Define a B-valued function ξ by ξ(t) = Φz(t)+h∗(z(t)). By
the same reasoning as for (14), one can see that ξ satisfies

ξ(t) = V (t− σ)ξ(σ) + lim
n→∞

t
∫

σ

V (t− s)Γnf̃δ(z(s), h
∗(z(s))ds, ∀t ≥ σ,

and consequently it follows from [12, Theorem 4.2] that u(t) := [ξ(t)](0) is a
solution of Eq. (3) with h(t) = f̃δ(z(t), h

∗(z(t)) and satisfies ut = ξ(t). Since
Φy(t) ∈ V on J , we get |z(t)| = |y(t)| < δ on J . Moreover, we get ΠSut =
ΠSξ(t) = h∗(z(t)), and

f̃δ(z(t), h
∗(z(t)) = f(χ(z(t)/δ)Φz(t) + h∗z(t))

= f(Φz(t) + h∗(z(t)))

= f(ΠC,Uut + ΠSut) = f(ut)
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on J . Therefore, u is a solution of Eq. (5) on J which satisfies ΠC,Uut = Φy(t)
on J .

Finally, we will certify Property (ii). To do this, it suffices to establish that

lim sup
y0∈Rd, y0→0

‖h∗(y0)‖B
|y0|

= 0.

Note that y(τ, 0;h) ≡ 0, and consequently

|y(τ, y0;h)| ≤ C|y0|e
−τ(ǫ+2CC2‖x

∗‖ζ(C̄δ)), ∀τ ≤ 0,

by (13). Let us write y(t) = y(t, y0;h
∗). By using (10), we get

‖h∗(y0)‖B ≤ CC1K0

(

−L
∫

−∞

eατζ(C̄δ)(C0|y(τ)| + |h∗(y(τ))|B)dτ

+

0
∫

−L

eατ |f(χ(
y(τ)

δ
)Φy(τ) + h∗(y(τ)))|Xdτ

)

≤
C2C1(C0 + 1)K0ζ(C̄δ)

α− ǫ− 2CC2‖x∗‖ζ(C̄δ)
|y0|e

−(α−ǫ−2CC2‖x
∗‖ζ(C̄δ))L

+
C1CK0

α
sup

−L≤τ≤0
|f(χ(

y(τ)

δ
)Φy(τ) + h∗(y(τ)))|X

for any L > 0.

Since ‖χ(y(τ)δ )Φy(τ) + h∗(y(τ))‖B ≤ C(C0 + 1)|y0|eL(ǫ+2CC2‖x
∗‖ζ(C̄δ)) for

τ ∈ [−L, 0], it follows that

sup
−L≤τ≤0

|f(χ(
y(τ)

δ
)Φy(τ) + h∗(y(τ))|X

≤ C(C0 + 1)|y0|e
L(ǫ+2CC2‖x

∗‖ζ(C̄δ)) × ζ(C(C0 + 1)|y0|e
L(ǫ+2CC2‖x

∗‖ζ(C̄δ))).

Note that ζ is continuous with ζ(0) = 0. Thus we get

lim sup
y0∈Rd, y0→0

‖h∗(y0)‖B
|y0|

≤
C2C1(C0 + 1)K0ζ(C̄δ)

α− ǫ− 2CC2‖x∗‖ζ(C̄δ)
e−(α−ǫ−2CC2‖x

∗‖ζ(C̄δ))L.

Since L > 0 is an arbitrary positive number, the required one follows from the
above inequality. This completes the proof of Theorem 3.5. �

4. Linearized Stabilities and Instabilities

As an application of the results in the preceding section, we will give some results
on stabilities and instabilities of the zero solution of Eq. (5) which is sometimes
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called the principle of linearization in the theory of ordinary differential equa-
tions.

Theorem 4.1. Let f ∈ C1(B;X) satisfy f(0) = f ′(0) = 0, and suppose that the
operator λI −A−L(eλ·I) is invertible in L(X) for any λ with ℜλ ≥ 0. Then the
zero solution of (5) is exponentially asymptotically stable.

Proof. Since Σ = ∅ by the assumption of the theorem, we get U = {0} and
W s(δ) = Bδ/(2C) in Theorem 3.1. Hence it follows from Property (iii) in Theorem
3.1 that

‖ut(σ, φ; f)‖B = ‖ut−σ(0, φ; f)‖B

≤Me−β(t−σ)‖φ‖B, t ≥ σ, φ ∈ Bδ/(2C),

which shows that the zero solution of (5) is exponentially asymptotically stable.

�

Theorem 4.2. Let f ∈ C1(B;X) satisfy f(0) = f ′(0) = 0, and suppose that the
operator λI − A − L(eλ·I) is not invertible in L(X) for some λ with ℜλ > 0.
Then the zero solution of (5) is not stable.

Proof. By virtue of Theorem 3.5, there exists the local center-unstable manifold
W cu(V ) of Eq. (5). Observe that the function p(z) := 〈x∗, f(Φz + H(Φz))〉
satisfies h(z) = o(z) as z → 0 because of the inequality |f(Φz + H(Φz))| ≤
ζ(‖Φz+H(Φz)‖B)(C0+1)|z|. Therefore, by [3, Theorem 13.1.2, p.317], the zero
solution of Eq. (14) is unstable, because σ(G) = Σ contains a number λ with
ℜλ > 0 by the assumption. Then this observation and Property (iv) of Theorem
3.5 yield that the the zero solution of (5) is unstable. This completes the proof
of the theorem. �

Example 4.3. We consider the following (scalar) partial-integrodifferential equa-
tion

∂u

∂t
(t, x) =

∂2u

∂x2
(t, x) + u(1− au− b

0
∫

−∞

eθu(t+ θ)dθ), t > 0, 0 < x < π (15)

with the boundary condition
∂u

∂t
(t, 0) =

∂u

∂t
(t, π) = 0 for t > 0, where a and b are

positive constants. Take X = C([0, π];R) and set Aξ = ξ′′ for ξ ∈ D(A) = {ξ ∈
C2([0, π];R) : ξ′(0) = ξ′(π) = 0}. Then Eq. (15) can be set up as a functional
differential equation with the phase space B = C−1/2(X). The linearized equation
of (15) for the zero solution is given by u̇ = Au + u with the characteristic
equations

λ− 1 = −n2, n = 0, 1, 2, · · · .

Then 1 ∈ Σ, and the zero solution of (15) is unstable by Theorem 4.2. On the
other hand, the linearized equation for the solution u ≡ 1/(a + b) is given by



Invariant Manifolds for Abstract Functional Differential Equations 457

v̇ = Av − (av + b
0
∫

−∞

esv(t+ s)ds)/(a+ b)2 with the characteristic equations

λ+
1

(a+ b)2
(a+

b

λ+ 1
) = −n2, n = 0, 1, 2, · · · .

Observe that ifℜλ ≥ 0, then ℜ
[

λ+
1

(a+ b)2
(a+

b

λ+ 1
)
]

≥
a

(a+ b)2
> 0. Hence

Σ = ∅, and the the solution u ≡ 1/(a+ b) of (15) is exponentially asymptotically
stable by Theorem 4.1.

Remark 4.4. Throughout this paper, ‖ · ‖B is assumed to be a norm. In fact,
by introducing some cumbersome ones such as the quotient space, the quotient
operator and so on as in [11], one can establish all the theorems in this paper
under a weaker situation that ‖ · ‖B is a complete seminorm; that is, (B, ‖ · ‖B)
is a complete seminormed linear space.

Remark 4.5. We can derive the smoothness of the manifolds established in The-
orems 3.1, 3.3 and 3.5. Indeed, replacing the number δ in the proofs of the
theorems by a smaller one if necessary, one can see that the manifolds are con-
tinuously differentiable by applying [7, Lemma 10.1.2]; the details are omitted.
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