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Abstract. In this paper we consider the permanence of the system composed of two

hosts and one parasitoid focusing on dynamics of a subsystem, a two-host system. The

subsystem is classified into four cases, namely, dominance, coexistence, bistability and

special case. It is shown that the system with dominance or coexistence subsystem

can be permanent by the introduction of a parasitoid. Sufficient conditions for the

permanence are given with the forms which can be easily checked. It is also shown

that the systems with bistability and special subsystems are difficult to be permanent.

1. Introduction

In this paper, we consider the dynamics of the following system:



H1(t+ 1) = λ1H1(t) exp[−
∑2

j=1 µ1jHj(t)] exp[−a1P (t)],

H2(t+ 1) = λ2H2(t) exp[−
∑2

j=1 µ2jHj(t)] exp[−a2P (t)].

P (t+ 1) =
∑2

j=1 bjHj(t)(1 − exp[−ajP (t)]),

(1)

where λi > 1, µij > 0, ai > 0, bi > 0 (i, j ∈ {1, 2}) and (H1(0), H2(0), P (0)) ∈
R

3
+ := {(H1, H2, P ) ∈ R

3 : H1 ≥ 0, H2 ≥ 0, P ≥ 0}, t ∈ Z+ := {0, 1, 2, . . .}.
This system gives population dynamics of two hosts and one parasitoid which
interact with each other. The population densities of the two hosts at generation
t are denoted by H1(t) and H2(t). The population density of the parasitoid at
generation t is denoted by P (t). The system was proposed by Comins and
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Hassell [1] to investigate an effect of a parasitoid on the diversity of hosts. By
examining stability of a positive fixed point, which stands for coexistence state
of three species they showed that three species can coexist. However, it is known
that even if a positive fixed point is stable, it is possible that population density
converges to zero depending on initial population densities (see Neubert and
Kot [9]). Therefore, we use permanence, which ensures that there are no initial
population densities which result to extinction of species, as an evaluation for
coexistence, and consider the effect of a parasitoid on the coexistence of two
hosts.

This paper is organized as follows. In Sec. 2, some mathematical notations
are introduced. In Sec. 3, the dynamics of a two-host system, which is a sub-
system of (1), is investigated. The dynamics of the two-host system is classified
into four types. Sec. 4 considers permanence of the full system (1) focusing on
the dynamics of the two-host system. Sec. 5 contains future problems.

2. Preliminaries

We introduce some notations about a discrete dynamical system f : X → X .
The orbit starting at x is the set

γ+(x) = {y : y = f t(x) for some t ∈ Z+}.

The omega limit set is defined by

Ω(x) = {y : f tj (x) → y for some sequence tj → ∞}.

For a subset X0 ⊂ X put

γ+(X0) =
⋃

x∈X0

γ+(x), Ω(X0) =
⋃

x∈X0

Ω(x).

X0 is said to be forward invariant if f(X0) ⊂ X0 and strictly forward invariant
if f(X0) ⊂ intX0. The set M is absorbing for X0 if it is forward invariant and
γ+(x) ∩M 6= ∅ for every x ∈ X0. The system f is said to be dissipative if there
exists a compact set X0 ⊂ X such that for all x ∈ X there exists a T = T (x)
satisfying f t(x) ∈ X0 for all t ≥ T . If the system f is still dissipative for a
sufficiently small change in its parameters, then the system is said to be robustly
dissipative. Permanence is defined as follows:

Definition 1. Let X = R
n
+. The system f is said to be permanent if there exists

a compact absorbing set M ⊂ intRn
+ for intRn

+.

If the system f is still permanent for a sufficiently small change in its pa-
rameters, then the system is said to be robustly permanent.

3. Tow-host Systems

The dynamics of System (1) without a parasitoid is given by the following two-
species competitive system:
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{
H1(t+ 1) = λ1H1(t) exp[−µ11H1(t)− µ12H2(t)],

H2(t+ 1) = λ2H2(t) exp[−µ21H1(t)− µ22H2(t)].
(2)

The system is a special case of the following generalized Lotka-Volterra type
difference equation:

Hi(t+ 1) = λiHi(t) exp
[
−

n∑

j=1

µijHj(t)
]
, i ∈ {1, . . . , n}, (3)

where λi > 0 and µij ∈ R (i, j ∈ {1, . . . , n}). The dynamics of (3) has been
investigated in several papers. By using the results in the papers, we classify the
dynamics of System (2) as follows. The qualitative property of the dynamics of
System (2) is divided into four cases according to the value of the parameters,
λi, µij(i, j ∈ {1, 2}) (see Fig. 1). The first case is dominance, where the two
hosts cannot coexist. A certain host goes to extinction irrespective of the initial
population densities. The second case is coexistence, where two hosts coexist in
the sense of permanence. The third case is bistability, where both of the hosts
can go to extinction depending on the initial population densities. The final case
is very special. In this case, the system has an infinite number of fixed points in
intR2

+. Hereafter we consider each case in detail.

3.1. Dominance

The case of dominance of System (3) with µij > 0 (i, j ∈ {1, . . . , n}) was
investigated by Franke and Yakubu [2]. The dominance is defined as follows:

Definition 2. In System (3) with µij > 0 (i, j ∈ {1, . . . , n}) , the host Hi is
said to be dominated if there exists a k ∈ {1, . . . , n}\{i} such that Ni is a proper
subset of Nk, where

Nl := {(H1, . . . , Hn) ∈ R
n
+ : λl exp

[
−

n∑

j=1

µljHj

]
≥ 1}.

System (3) has the following dynamical property about the dominance:

Lemma 3. (Franke and Yakubu [2, Theorem 3.1]) If in System (3) with µij > 0
(i, j ∈ {1, . . . , n}) the host Hi is dominated, then Ω(intRn

+) ⊂ {(H1, . . . , Hn) ∈
R

n
+ : Hi = 0}.

By applying the lemma to (2), we obtain the following corollary:

Corollary 4. Let {(H1(t), H2(t))}t∈Z+
be a solution of System (2). Suppose

that

ln λi

µii
≤

lnλj

µji
and

lnλj

µjj
≥

lnλi

µij
(4)

with at least one strict inequality, where i, j ∈ {1, 2} and i 6= j. Then limt→∞ Hi(t)
= 0 for every (H1(0), H2(0)) ∈ intR2

+.
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Figure 1. The null clines for System (2). (a): The host Hi is dominated.

(b): The two hosts coexist in the sense of permanence. (c): The system is bistable.

(d): The system has an infinite number of fixed points.

3.2. Coexistence

Permanence of (3) was investigated by Hofbauer et al.[4] (see also Lu and Wang
[8] for (3) with n = 2). The necessary and sufficient condition for permanence
of (3) with n = 2 is given by

Lemma 5. (Hofbauer et al. [4, Theorem 5.1.]) Suppose that System (3) with
n = 2 is robustly dissipative. System (3) is permanent if and only if the interior
fixed point exists and detA = µ11µ22 − µ12µ21 > 0.

The following lemma gives a sufficient condition for dissipation of (3):

Lemma 6. (Hofbauer et al. [4, Lemma 3.3]) If the interaction matrix A = (µij)
is hierarchically ordered, that is there exists a rearrangement of the indices such
that µij ≥ 0 whenever i ≤ j and additionally µii > 0 for every i, then System
(3) is dissipative.

By applying the lemmas to (2), we have the following corollary:

Corollary 7. System (2) is permanent if and only if
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lnλ1

µ11
<

ln λ2

µ21
and

lnλ2

µ22
<

lnλ1

µ12
. (5)

3.3. Bistability

Definition 8. System (2) is said to be bistable if there exist compact sets Mi ⊂
{(H1, H2) ∈ R

2
+ : Hi = 0, Hj > 0} (i, j ∈ {1, 2}, i 6= j) which contain attractors,

that is there is a neighborhood U of Mi in R
2
+ such that Ω(x) ⊂ Mi for every

x ∈ U .

The bistability of (2) is investigated by using the following lemma:

Lemma 9. (Hofbauer et al. [4, Theorem 2.7]) Suppose (3) is dissipative. Assume
that there is a subset M of bdRn

+ which is strictly forward invariant (for the
system restricted to bdRn

+), and that there are positive numbers p1, . . . , pn > 0
such that

∑n
i=1 pi(ln λi−

∑n
j=1 µijH

∗
j ) < 0 for every fixed point (H∗

1 , . . . , H
∗
n) ∈

M . Then M contains an attractor.

Lemma 10. System (2) is bistable if

lnλ1

µ11
>

ln λ2

µ21
and

lnλ2

µ22
>

lnλ1

µ12
. (6)

Proof. By Lemma 6, we can apply Lemma 9 to System (2). Since (2) is dis-
sipative and the origin is a repellor, there exist δ > 0 and D > 0 such that
M1 = {(H1, H2) ∈ R

2
+ : H1 = 0, δ ≤ H2 ≤ D} is strictly forward invariant for

(2) restricted to bdR2
+. The point (H∗

1 , H
∗
2 ) = (0, lnλ2/µ22) is a unique fixed

point in M1. Then, for any p1 > 0,

2∑

i=1

pi(lnλi −
2∑

j=1

µijH
∗
j ) = p1(lnλ1 − µ12H

∗
2 ) + p2(lnλ2 − µ22H

∗
2 )

= p1

(
lnλ1 − µ12

lnλ2

µ22

)
< 0.

This and Lemma 6, imply the existence of the attractor in M1. Similarly, we
can prove that M2 contains an attractor. �

3.4. Special Case

Consider the special case where the parameters satisfy the following equa-
tions:

lnλ1

µ11
=

lnλ2

µ21
and

lnλ2

µ22
=

lnλ1

µ12
. (7)

The equations imply µ11µ22 = µ12µ21.

Lemma 11. If Eq. (7) holds, then the solution of System (2), {(H1(t), H2(t))}t∈Z+
,

with (H1(0), H2(0)) ∈ intR2
+ satisfies the following equation:
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H1(t)
1/µ11

H2(t)1/µ21
=

H1(0)
1/µ11

H2(0)1/µ21
for all t ∈ Z+.

Proof. By (2), we have

H1(t+ 1)p1

H2(t+ 1)p2
=

H1(t)
p1exp[p1(ln λ1 − µ11H1(t)− µ12H2(t))]

H2(t)p2exp[p2(ln λ2 − µ21H1(t)− µ22H2(t))]

for p1, p2 > 0. By putting p1 = 1/µ11 and p2 = 1/µ21, we obtain the following:

H1(t+ 1)1/µ11

H2(t+ 1)1/µ21
=

H1(t)
1/µ11

H2(t)1/µ21
,

where µ11µ22 = µ12µ21 is used. This completes the proof. �

It is clear that in this case each point (H1, H2) satisfying lnλ1 − µ11H1 −
µ12H2 = 0 (or lnλ2 − µ21H1 − µ22H2 = 0) is a fixed point.

The above results give Fig. 2.

4. Permanence

In this section, we consider the permanence of System (1) focusing on the dy-
namics of the system in which the parasitoid is removed (System (2)). One of
the successful approach to investigate the permanence is given by Hutson [5].

Lemma 12. (Hutson [5, Theorem 2.2]) Let (X, d) be a metric space. Consider
the system f : X → X, where f is continuous. Assume that X is compact and
that S is a compact subset of X with empty interior. Let S and X \S be forward
invariant. Suppose that there is a continuous function Φ : X → R+, which is
called an average Liapunov function, satisfying the following conditions:

(a) Φ(x) = 0 ⇐⇒ x ∈ S,

(b) sup
t≥0

lim inf
y→x

y∈X\S

Φ(f t(y))

Φ(y)
> 1 (x ∈ S).

Then S is a repellor, that is, there is a compact absorbing set M ⊂ X \ S for
X \ S.

Lemma 13. (Hutson [5, Corollary 2.3]) The conclusion of Lemma 12 remains
true if instead of (b) it is assumed that

sup
t≥0

lim inf
y→x

y∈X\S

Φ(f t(y))

Φ(y)
>

{
1 (x ∈ Ω(S))

0 (x ∈ S).

The following lemmas are used to apply the above lemmas to System (1):
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Figure 2. The lnλ1/µ11 − lnλ2/µ22 parameter space

Lemma 14. (Yakubu [11, Corollary 10]) System (1) is dissipative.

Lemma 15. (Hutson [5, Lemma 2.1] and Hofbauer et al. [4, Lemma 2.1])
Consider the system f : X → X, where f is a continuous function. Let U be
open with compact closure, and suppose that V is open and forward invariant,
where U ⊂ V ⊂ X. Then if γ+(x) ∩ U 6= ∅ for every x ∈ V , γ+(U) is compact
and absorbing for V .

Since System (1) is dissipative, the lemma with X = V = R
3
+ shows that

System (1) has a compact absorbing set for R
3
+. Therefore for considering the

permanence of (1) it is enough to investigate the dynamics in such a compact
absorbing set, which, hereafter, is denoted by X . We divide X ∩ bd R

3
+ into

three faces as follows:

Si := {(H1, H2, P ) ∈ X : Hi = 0}, i ∈ {1, 2}

S3 := {(H1, H2, P ) ∈ X : P = 0}.

Define the following continuous functions Φi : X → R+ (i ∈ {1, 2, 3}) by setting

Φi(x) = Hi (i ∈ {1, 2}) and Φ3(x) = P.
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Put

σi(x) = sup
t≥0

lim inf
y→x

y∈X\Si

Φi(f
t(y))

Φi(y)
, i ∈ {1, 2, 3},

where f is defined as the right-hand side of System (1). By using (1) and the

notations Hi(t) =
∑t−1

k=0 Hi(k)/t (i = 1, 2) and P (t) =
∑t−1

k=0 P (k)/t, we have:

σi(x) = sup
t≥0

lim inf
y→x

y∈X\Si

Ii(t)

Ii(t− 1)
· · ·

Ii(1)

Ii(0)

= sup
t≥0

lim inf
y→x

y∈X\Si

t−1∏

k=0

Ii(k)exp [lnλi −
∑2

j=1 µijIj(k)− aiQ(k)]

Ii(k)

= sup
t≥0

(
exp

[
lnλi − µijHj(t)− aiP (t)

])t
, x ∈ Si (i, j ∈ {1, 2}, j 6= i)

σ3(x) = sup
t≥0

lim inf
y→x

y∈X\S3

Q(t)

Q(t− 1)
· · ·

Q(1)

Q(0)

= sup
t≥0

lim inf
y→x

y∈X\S3

t−1∏

k=0

2∑

i=1

(
biIi(k)

1− exp[−aiQ(k)]

Q(k)

)

= sup
t≥0

t−1∏

k=0

2∑

i=1

aibiHi(k), x ∈ S3,

where (H1(t), H2(t), P (t)) = f t(x) for x ∈ Si and (I1(t), I2(t), Q(t)) = f t(y) for
y ∈ X \ Si, and the continuity of f is used. The σi(x) is clearly positive for all
x ∈ Si (i ∈ {1, 2}), and the σ3(x) is also positive for all x ∈ S3 \ Si (i ∈ {1, 2}).

4.1. Dominance

Permanence of System (1) with dominant subsystem (2) was investigated by
Kon and Takeuchi [7]. They showed that under some conditions the system can
be permanent (see Fig. 3 for an example of population dynamics of (1) satisfying
the conditions):

Theorem 16. (Kon and Takeuchi [7, Theorem 15]) If the following conditions
hold, then System (1) is permanent:

lnλi

µii
<

lnλj

µji
,

lnλi

µij
=

lnλj

µjj
,

lnλi

ai
>

lnλj

aj
{{ajbjlnλj

µjj
> 1, 0 < lnλj ≤ 2

}
or

{ajbjexp[ξj lnλj + ζj ]

µjj
> 1, 2 < lnλj

}}
,

{aibilnλi

µii
< 1 or

{aibilnλi

µii
≥ 1,

1

aibi
> Ĥi

}}

where i, j ∈ {1, 2}, i 6= j,
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ηj := exp[2lnλj − 1− exp[lnλj − 1]]

ξj :=
(ln λj − 1)− ln ηj
exp[lnλj − 1]− ηj

ζj := lnηj − ξjηj

Ĥi :=
aj lnλi − ailnλj

ajµii − aiµji
> 0.

Figure 3. An example of the population dynamics of System (1) with the parameters

satisfying the conditions in Theorem 16. In this case the two-host system is dominance.

The solid, broken and dotted lines indicate the population densities H1(t), H2(t) and

P (t), respectively. The parameters are set by lnλ1 = 1, lnλ2 = 3, µ11 = 1,
µ12 = 1/3, µ21 = 1, µ22 = 1, a1 = 1, a2 = 5, b1 = 0.5, b2 = 1.

The initial population density is (H1(0), H2(0), P (0)) = (0.1, 0.1, 0.1).

4.2 Coexistence

The following lemmas are used to show the permanence condition for (1) with
coexistence subsystem (2):

Lemma 17. (Wang and Lu [10, Theorem 2]) Suppose that System (2) is per-
manent, that is Eq. (5) holds. If 0 < lnλi ≤ 1 for i = 1 and 2, then the positive
fixed point (H∗

1 , H
∗
2 ) of System (2) is globally asymptotically stable, where

H∗
1 =

µ22ln λ1 − µ12lnλ2

µ11µ22 − µ12µ21
, H∗

2 =
µ11lnλ2 − µ21lnλ1

µ11µ22 − µ12µ21
.

Lemma 18. (Kon and Takeuchi [7, Lemma 4]) Let {(H1(t), H2(t), P (t))}t∈Z+

be a solution of System (1) with Hj(0) = 0, j ∈ {1, 2}. Suppose that there are
real numbers hm > 0 and hM , and a sequence {tk} with tk → ∞ such that
hm ≤ Hi(tk) ≤ hM , 0 ≤ P (tk) ≤ hM , i ∈ {1, 2}, i 6= j. Then there is a
subsequence {tl} with tl → ∞ of {tk} such that
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lnλi = µii lim
l→∞

Hi(tl) + ai lim
l→∞

P (tl).

Lemma 19. (Kon and Takeuchi [7, Lemma 12]) Let {(H1(t), H2(t), P (t))}t∈Z+

be a solution of System (1) with Hi(0) > 0, P (0) > 0 and Hj(0) = 0, i, j ∈ {1, 2},
i 6= j. Suppose that there are real numbers hm > 0 and hM , and a sequence {tk}
with tk → ∞ such that hm ≤ P (tk) ≤ hM . Then there is a subsequence {tl}
with tl → ∞ of {tk} such that

lim
l→∞

Hi(tl) ≥
1

aibi
.

Lemma 20. (Kon and Takeuchi 7, Lemma 13]) Let {(H1(t), H2(t), P (t))}t∈Z+

be a solution of System (1) with Hj(0) = 0, j ∈ {1, 2}. If (aibi lnλi)/µii < 1
(i ∈ {1, 2}, i 6= j), then limt→∞ P (t) = 0 for every (Hi(0), P (0)) ∈ R

2
+.

Theorem 21. Suppose that System (2) is permanent, that is Eq. (5) holds. If
the following conditions hold, then System (1) is permanent:

lnλi

ai
≥

lnλj

aj
,
{aibi lnλi

µii
< 1 or

{aibilnλi

µii
≥ 1,

1

aibi
> Ĥi

}}

{ 2∑

k=1

akbkH
∗
k > 1, 0 < lnλ1 ≤ 1, 0 < lnλ2 ≤ 1

}
,

where i, j ∈ {1, 2}, i 6= j.

Proof. We give the proof only for i = 1, j = 2. Before we show that each face Si

(i ∈ {1, 2, 3}) is a repellor by using the average Liapunov functions successively,
we have to show that P -axis is a repellor for the system restricted to each face
Si (i ∈ {1, 2}). This property is proven by using the fact that the omega limit
set on P -axis, Sp := {(H1, H2, P ) ∈ R

3
+ : H1 = H2 = 0}, is composed only of the

origin, that is Ω(Sp) = {(0, 0, 0)}, and σi(0, 0, 0) = supt≥0(λi)
t > 1 (i ∈ {1, 2}).

Hence, we can use Lemma 18 for the system restricted to each Si (i ∈ {1, 2}).
Hereafter, we shall show that both S1 and S2 are repellor. For x ∈ Si,

i ∈ {1, 2}

σi(x) = sup
t≥0

(
exp

[
lnλi − µijHj(t)− aiP (t)

])t

= sup
t≥0

(
exp

[ 1

aj
{(aiµjj − ajµij)Hj(t)− (ailnλj − aj lnλi)}

+
ai
aj

(lnλj − µjjHj(t)− ajP (t))
])t

.

Let us consider the σ1(x). We claim that limk→∞(a1µ22 − a2µ12)H2(tk) −
(a1lnλ2 − a2ln λ1) > 0 for some sequence {tk} with tk → ∞ and all x ∈ S1 \Sp.
If a1µ22 − a2µ12 = 0, then the claim is true since a1lnλ2 − a2lnλ1 is negative
under the assumption (Eq. (5)). Therefore, we assume that a1µ22 − a2µ12 6= 0.
In this case
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σ1(x) = sup
t≥0

(
exp

[ 1

a2
{(a1µ22 − a2µ12)(H2(t)− Ĥ2)}

+
a1
a2

(lnλ2 − µ22H2(t)− a2P (t))
])t

.

If a1µ22 − a2µ12 > 0, then Ĥ2 < 0. Moreover, H2(t) ≥ 0 for all t ≥ 0 since R
2
+

is invariant. Therefore, in this case the claim is true. If a1µ22 − a2µ12 < 0, then
Ĥ2−lnλ2/µ22 > 0. Moreover, Lemma 18 shows that lnλ2/µ22 ≥ limk→∞ H2(tk)
for some sequence {tk} with tk → ∞ and for all x ∈ S1 \ Sp. Therefore, the
claim is true. By the above claim and Lemma 18, we see that σ1(x) > 1 for
all x ∈ S1 \ Sp. Moreover, since σ1(x) > 1 for x ∈ Ω(Sp), then σ1(x) > 1 for
x ∈ Ω(S1). This implies that S1 is a repellor.

Let us consider the σ2(x). Since lnλ1/a1 ≥ lnλ2/a2 and lnλ1/µ11 <
lnλ2/µ21, we see that a2µ11 − a1µ21 > 0. Then,

σ2(x) = sup
t≥0

(
exp

[ 1

a1
{(a2µ11 − a1µ21)(H1(t)− Ĥ1)}

+
a2
a1

(lnλ1 − µ11H1(t)− a1P (t))
])t

.

If a1b1lnλ1/µ11 < 1, then Lemmas 18 and 20 show that limk→∞ H1(tk) =
lnλ1/µ11 for some sequence {tk} with tk → ∞ and for all x ∈ S2\Sp. Therefore,

the fact that lnλ1/µ11 − Ĥ1 > 0 and Lemma 18 show that σ2(x) > 1 for all
x ∈ S2 \ Sp. If a1b1lnλ1/µ11 ≥ 1, then for all x ∈ S2 \ Sp, limt→∞ P (t) = 0
or there exist real numbers hm > 0 and hM , and a sequence {tk} with tk → ∞
such that hm ≤ P (tk) ≤ hM . In the former case, we see that σ2(x) > 1 for all
x ∈ S2 \ Sp similarly to the case a1b1lnλ1/µ11 < 1. In the latter case, Lemma
19 shows that limk→∞ H1(tk) ≥ 1/a1b1 for some sequence {tk} with tk → ∞
and for all x ∈ S2 \Sp. Therefore, σ2(x) > 1 for all x ∈ S2 \Sp. Moreover, since
σ2(x) > 1 for x ∈ Ω(Sp), then σ1(x) > 1 for x ∈ Ω(S2). This implies that S2 is
a repellor.

Since both S1 and S2 are repellor, all solutions in intR3
+ eventually enter a

compact set X1 ⊂ X with X1 ⊂ X \ (S1 ∪ S2) and remain there.
Hereafter, we consider the dynamics inX1 and show that S3∩X1 is a repellor.

By Lemma 17, Ω(S3∩X1) = {(H∗
1 , H

∗
2 )}, where (H

∗
1 , H

∗
2 ) is a positive fixed point

of (2). Then,

σ3(x) = sup
t≥0

t−1∏

k=0

2∑

i=1

aibiH
∗
i > 1

for x ∈ Ω(S3 ∩X1). Lemma 13 completes the proof. �

Fig. 4 shows an example of population dynamics of (1) with a permanent
two-host system.

4.3. Bistability and Special Case

It is known that the system with a bistable subsystem is difficult to be perma-
nent. For example, the following theorem shows that System (3) with n = 3
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cannot be robustly permanent if it has a bistable subsystem (see also Hofbauer
and Sigmund [3, pp.206-207]):

Theorem 22. (Hofbauer et al. [4, Theorem 4.2]) Suppose that (3) is robustly
dissipative. Then the following conditions are necessary for (3) to be robustly
permanent:

(i) (3) has an interior fixed point.

(ii) detA > 0, where A = (µij).

(iii) If there exists a fixed point y∗ with y∗k = 0 and y∗i ≥ 0 for i 6= k, then the
submatrix A(k) with k -th row and column deleted has a positive determi-
nant.

Figure 4. An example of the population dynamics of System (1) with the parameters

satisfying the conditions in Theorem 21. In this case the two-host system is permanent.

The solid, broken and dotted lines indicate the population densities H1(t), H2(t)
and P (t), respectively. The parameters are set by lnλ1 = 1, lnλ2 = 1, µ11 = 2,

µ12 = 1, µ21 = 1, µ22 = 2, a1 = 1, a2 = 5, b1 = 1, b2 = 5.
The initial population density is (H1(0), H2(0), P (0)) = (0.1, 0.1, 0.1).

Suppose that System (3) with n = 3 is robustly permanent and it has a
bistable subsystem. Then the parameters of the system satisfy Eq.(6). The
condition (6) implies that the submatrix A(k) with respect to the subsystem has
a negative determinant. This is a contradiction to (iii) in the theorem.

Under the strict assumption (the existence of the x∗ defined below), we can
show that System (1) has a similar property to (3) with n = 3.

Theorem 23. Assume that lnλi/ai ≥ lnλj/aj and System (1) has a fixed point
x∗ = (H∗

1 , H
∗
2 , P

∗) with H∗
i > 0, H∗

j = 0 and P ∗ > 0 (i, j ∈ {1, 2}, i 6= j).
Suppose that one of Eqs.(6) and (7) holds, then System (1) is not permanent.

Proof. First, we assume that Eq. (6) and lnλi/ai ≥ lnλj/aj hold, or Eq.(7)
and lnλi/ai > lnλj/aj hold. We focus on the stability of the fixed point x∗. It
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satisfies

lnλi − µiiH
∗
i − aiP

∗ = 0

(lnλi)/µii > H∗
i > 0, P ∗ > 0.

(8)

The stability of x∗ with respect to the Hj-direction are determined by

Λj = exp[lnλj − µjiH
∗
i − ajP

∗],

which is an eigenvalue of the Jacobian matrix of (1) at x∗ with respect to the
Hj-direction. By (8),

Λj = exp[−
1

ai
(ajµii − aiµji)(Ĥi −H∗

i )].

Note that ajµii − aiµji 6= 0. If ajµii − aiµji < 0, then the Λj is clearly less than

one since Ĥi < 0. If ajµii − aiµji > 0, then Ĥi −H∗
i > 0 since H∗

i < lnλi/µii.
Hence Λj < 1. This implies that there exists an interior orbit which converges
to the rest point on bdR3

+.
Finally, we consider the case where Eq.(7) and lnλi/ai = lnλj/aj (i, j ∈

{1, 2}, i 6= j) hold. In this case, System (1) has a constant of motion, that is all
solutions of (1) with (H1(0), H2(0), P (0)) ∈ intR3

+ satisfy

H1(t)
1/µ11

H2(t)1/µ21
=

H1(0)
1/µ11

H2(0)1/µ21
.

This property is proved similarly to Lemma 11. Then, it is clear that an eventual
location of orbits depends on the initial condition (H1(0), H2(0), P (0)). This
implies that there is no compact absorbing set M ⊂ intR3

+ for intR3
+.

5. Future Work

We considered the permanence of the system composed of two hosts and one par-
asitoid focusing on the dynamics of a two-host system. If one host is dominated
in a two-host system, then the system with the parasitoid can be permanent. If
a two-host system is permanent, then the system with the parasitoid can also
be permanent. However, the sufficient conditions in Theorem 21 do not contain
the case where lnλi > 1 (i = 1 or 2). To consider the case is a future work.
Under the strict assumption, we see that a bistable two-host system cannot be
permanent even with the help of a parasitoid. To remove the strict assumption
from Theorem 23 is also a future work.
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