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Abstract. Some representation formulas with rates for strongly continuous m-parame-
ter semigroups of operators are deduced by applying a vector-valued version of Shisha
and Mond’s quantitative approximation theorem to some m-dimensional approxima-
tion operators.

1. Introduction

For t = (t1,t2,....,tm) € R™, denote t := t; + 1o + --- + tp. Let T := {t =
(t1,t2, s tm);0 < t; < 1,i=1,..,m}and T := {t € T;0 < ¥ < 1}. Let X be
a Banach space. As usual, C(T, X) and C(T, X) denote the Banach spaces of
X-valued continuous functions on T and T, respectively.

Forn e N, k€ ({0} UN)™ with 0 < k; < n, i = 1,...,m, let the function
Pk € C(T,R) be defined as:

Prk(t) == H <IZ) (t)F (1 —t;)" % for t € T. (1)

For k with 0 < k < n, let the function Dk € C(ﬁ‘, R) be defined as:

Dnk(t) := (Z) <H(tz)k’> (1- f)"_E forteT (2)

i=1
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n(n—1)-(n— k+1)

here (') =
where k - kl |k32 km|

Using the above two functions one can define two kinds of m-dimensional
Bernstein operators. The first kind is the operator B, : C(T,X) — C(T, X)
defined (cf. [4]) as

Z Zf’“ b pat), FeC@mx) teT. (3)

k1=0
The second kind of m-dimensional Bernstein operator B, : C(T,X )
— C(T, X) is defined (cf. [6]) as
k - -
Zf S Z)Pu(t), fECT ), teT. (4)

Asisshownin[1, 6 - 9], a Korovkin-type approximation theorem [6, Theorem
2.1] can be used to derive many representation formulas of strongly continuous
semigroups of operators and cosine families of operators. In particular, by ap-
plying it to the above two m-dimensional Bernstein operators, one can deduce
two representation formulas for a strongly continuous m-parameter semigroup
of operators on X (see Theorem 4.1 of [6]).

In order to estimate convergence rates of representation formulas, we shall
first prove, in Sec. 2, a vector-valued version of the quantitative approximation
theorem of Shisha and Mond [10]. In Secs. 3 and 4, we shall use (3) and (4),
respectively, as a model to define two kinds of m-dimensional generalizations of
each of the approximation operators of Chung, Kantorovitch, and Durrmeyer,
and then obtain estimates of their convergence rates by applying Theorem 2.1.

Finally, we employ the estimates obtained in Secs. 3 and 4 to deduce the
following theorems about representation formulas with rates for strongly continu-
ous m-parameter semigroups of operators.

Let T(-) = {T'(t);t € R} } be an m-parameter semigroup of bounded linear
operators on a Banach space X. Let us assume that 7'(-) is strongly continuous
on Ry ={tcR™:t; >0, i=1,2,--- ,m}. If T3(-) = {T(;); 0 < t; < oo} de-
notes the restriction of T'(¢1,t2,- - ,tm) to the half line {(0,---,0,%;,0,---,0):
0 < t; < oo}, then T;(-) is an one-parameter semigroup which is strongly con-

tinuous on [0,00). T'(+) is the product of T;; T'(t1,t2, * ,tm) = H T;(t;). Let
i=1

A; be the infinitesimal generator of T;(-).
We can easily deduce from Theorems 3.2 and 4.2 the two formulas in the
following theorem.

Theorem 1.1. Let T(-) be a strongly continuous m-parameter semigroup. Then
we have for every r € X

[T+ (5 - 1)) e = s <20 (1027 i) e
H(I—Fiti(n(%)_I))nx—T(t)J?HSQQ}(T(-)Q:,T, z/n)’ teT.

()

(6)
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Next, we can deduce from Theorems 3.3, 4.3, 3.5, and 4.5 the respective four
formulas in the following two theorems.

Theorem 1.2. Let T'(-) be a strongly continuous m-parameter semigroup, and

A; be the infinitesimal generator of T;(t;), i =1,2,--- ,m. If x € X is such that
T(-)z is uniformly continuous on R, then

I ) o
1=1

< 2w(T(-)x,Rgg,\/ﬁ), tET;

[+ (1= 2) " =) e - 70|

1=

< QM(T(-)x,]Rgi, 1/2%/71), teT.

Theorem 1.3. Let T'(-) be a strongly continuous m-parameter semigroup, and
A; be the infinitesimal generator of T;(t;), i = 1,2,--- ,m. If A; are invertible,
then we have for every x € X

HH{”H (T( 11) I)

. (I-i—ti(Ti(n_l’_l —I))n}x —T(t)xH (9)

[
—~

o
Nubd

< Zw(T(-)x,T, %) teT:
I o)

m

(I—’—Ztl( n—|—1 —I))nx—T(t)xH (10)

(3n —2)m
3(n+1)2

), teT.

2. The Shisha-Mond Theorem for Vector-Valued Functions

Let E, F be subsets of a normed linear space such that F C E. Let B(F,X)
denote the set of all bounded X-valued functions on F, and C(E,X) (resp.
UC(E, X)) the set of all continuous (resp. uniformly continuous) functions on
E. Let L be a linear operator from C(E, X) to B(F,X), and P be a positive
linear operator from C(E,R) to B(F,R). L is said to be dominated by P on F
it [(LH@®] < (PIfI)(¢) for all f € C(E,X) and t € F (cf. [5]). L is said to
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preserve constants if L(1gx)(t) = = for all z € X and t € F. Here 1 denotes
the constant function on £ with value 1.
For f e UC(E, X), w(f, E,¢) denotes the modulus of continuity of f,

w(f, E,6) :=sup{[[f(u) = f@)[;u,t € B, lu—t|| <6} (6>0). (11)

The quantitative approximation theorem of Shisha and Mond [10] can be mod-
ified in the following theorem for approximation of vector-valued functions.

Theorem 2.1. Suppose a linear operator L : C(E,X) — B(F,X) is domi-
nated by a positive linear operator P : C(E,R) — B(F,R). Then for every
feUC(E, X) and t € F we have

I(LH@) = FOI < NLFO1)E) = Ol +w(f, E,v@)[(PLe)(t) + 1] (12)
where v2(t) = P(|| - —t||?)(t). Moreover, if L and P preserve constants, then
I(LAE) = FON < 2w(f, E;A(1)), t € F. (13)

Proof. Fix f € UC(E, X). For any given § > 0, if § < ||u — ¢||, then

ot Bty <w(r ([P 4 1)s) < (] 4 1)wir .0
< (L+ 62 u—t|Hw(f, E,0).

If ||u —t|| < d, we also have
W(f, B llu—tl) < w(f, B,6) < (140672 u—t|*)w(f, E, ).
Hence we have
1f () = @O < w(f B lu—t]) < (14072 |lu — tl*)w(f, E,0)
for all u € F, t € F. Applying the positive operator P we have for t € F
P(|f = 1ef0)I)(#) < w(f, B,8)(P(1E)(t) +7**(t)).

As L is dominated by P, we have

LA = FOI < IL(f = LefO)O] + [LAef®) () - fO)l
< P(If = 1efOI)®) + ILAef®) @) = f@)l
S ILAfE)E) = fOIl +w(f, B,0)(P(1p)(t) +0724%(1))

for all ¢t € F. Now, (12) follows by taking 6 = ~(¢). If L and P preserve
constants, then L(1gf(t))(t) = f(¢) and P(1g)(t) = 1, we have

ILAE) = fOI < 20 (f, B, 7 (1))

The proof is complete. n
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3. Approximation of Functions on T

In this section we define some m-dimensional approximation operators for ap-
proximation of functions on T and then apply Theorem 2.1 to them.

Let p), (t:) == () (t:)¥ (1—t;)" % for t € [0, 1). Then p,x(t) = [ p\), (t:)
i=1
for t € T. We shall need the lemma.

Lemma 3.1. 31 _opll) () =1, Y5, zpﬁﬁk (t) =nty, and Y33, _y ki(ki 1)
psk (ti) =n(n—1)t2 for all t; € [0,1], i =1,2,--

For the m-dimensional Bernstein operator B,, : C(T, X) — C(T, X) as defined
in (3), we have the next theorem.

Theorem 3.2. For every f € C(T, X), we have
I(Buf)®) — F(B)]lx < 20(f,T, @, teT. (14)

Proof. Using Lemma 3.1 we have (B,17)(t) = 1, (Bre;)(t) = t;, (Bne?)(t) =
t?—k%(tj—t?) forallt € T, j =1,2,...,m, n € N. Hence, B,, preserves constants,
and

m 12 -
t
B0 =Ball - =3 <L
j=1
The conclusion now follows from Theorem 2.1. m

If we replace f(£) = f(k1 oy 7m) in (3) with

c(f,n, k): 7 7(ﬁ (;Zl)'e_"“’uf_)f(ul,...,um)dul--~dum, (15)
o o =N

then we can define the m-dimensional Chung operator C, : BC(R[},X) —
C(T, X) as follows:

=) - Z (f,n, k)pni(t) for f € BC(RYL, X), teT. (16)
k1=0 , =0

Here R(} ={tcR™:t; >0, i=1,2,---,m}

This is a generalization of the one-dimensional Chung operator considered
in [6].
Theorem 3.3. For every f € BUC(RyY, X), we have

1(Cnf) () = F(B)llx < 2w(f REL, \/g), teT. (17)
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Proof. Using Lemma 3.1 we have ( () =

1
(Chej)( me )= E(nt ) =tj,

n
kj=1

(kj+1), 1
Z p(J) ; 7) = E{Qntj +n(n— l)t?}
k=1
=17+ E(2tj —t3)
forallt €T, j=1,2,....,m, n € N. Hence, C,, preserves constants, and
m 42 T
2 — 15 _ 28

1 (t) = Culll - —lI3) () = >

n ~n’

j=1
from which we conclude the proof. ™
Next, if we replace f(£) in (3) with
km+1
n+1
k(f,n, k) = (n+1)™ / / Fug, ey Uy )duy - - dum), (18)
77~+1 W+1

we obtain the m-dimensional Kantorovitch operator K, : C(T,X) — C(T, X) as
follows:

Z Z (f,n, k)pni(t) for f e C(T,X), t €T. (19)
k1=0  kp,=0
For this operator, we have the following theorem.

Theorem 3.4. For every f € C(T,X) and t € T,

(3n —2)m
K, f)(t) — < ow(f,T, [ 22T P
100 F)0) = FOllx < 20(1, T,y [ (20)
Proof. Using Lemma 3.1 we have (K, 11)(t) =1,
ke +1
n+1
(Knej)( Z Z Hp n—|—1 / dum
k1—0 knL—OZ_l km
n+1 n+
_ " G) A 1 2/€j +1 . 1 op
- kz_:opmkj (tl)(Q(n + 1) (n_|_ 1)2) - tj + 2(77, T 1) (]‘ 2t])a
=
(Kne3)(t)
k]‘+1
CESY

= Z pg)k7 (tl)((n +1) uf duj) = t? + m(g +2nt; — (3n+ 1)t§)
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forallt €T, j=1,2,...,m, n € N. Hence, K, preserves constants, and

’"3n—1 (t—t3)+1 (3n —2)

2

t) = K,(|]| - —t < .

22(t) = Kall - —tIB) ; A sy

The estimate now follows from Theorem 2.1. m

If we replace f(%) = f(&, ..., En) in (3) with

n’ ’n

1 1
d(f,n, k):=(nt1)™ / /pmk(ul,..,um)f(ul,..,um)dul---dum), (21)
b 0

then we obtain the m-dimensional Durrmeyer operator Dy, : C(T,X) — C(T, X)
defined as follows:

Z Z d(f,n, k)pnr(t) for fecC(T,X), teT. (22)

k1=0

The next theorem gives an estimate for this operator.

Theorem 3.5. For every f € C(T,X) and t € T,

I(Daf)(E) = F(B)llx < 2(f,T, | —n_2)m ). (23)

(n+2)(n+3

Proof. Using Lemma 3.1 we have forallt € T, j=1,2,....m, n €N

(Dlr)( =ﬁ{2pnk n+1>/1(,Z)u?%l—ui)"—’“dui}
k;=0

0
=ﬁ{ f:piffki(ti)(ml)(@B(k +1om = by 1) dug |

= ﬁ (30800 ) = 1.

1

n kj+1 e

kj) /uj (1—uy) ki du; )
0

&
Il
—

=Y Pl )+ 1) k)B(k +2,n—k;+ 1))
k;=0 J

N D) gkl

= Y o, GG =+ (- 2ty),
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Zp;”k n+1)<k)3(kj+3,n—kj+1))
= ) ) (kj +2)(k; + 1)
—Zp ( (n—|—3)(n—|—2))

9 1
— 2
I 24 5n+6

_|_

(2+4nt; — 6n(n + l)t?),

where B(-,-) is the Beta function, B(k + 1,n —k + 1) = ké(nnT_ll;,)' Hence D,

preserves constants and

" 2(n —3)(t —t?) 42 2(n —2)m
2
t) = D,(|| - —t <m———-"7—:.
() (IF- 1) ; n—|—2 Y(n+3) —  (n+2)(n+3)
From Theorem 2.1 we conclude the proof. n

4. Approximation of Functions on T

In this section we define some m-dimensional approximation operators for ap-
proximation of functions on T and then apply Theorem 2.1 to them. We need
the next Lemma.

Lemma 4.1. > 7_ Pr(t) =1, Sty kb (t) = nti, and Y7, ki(ki—1)pnk(t) =
nn—1)t2 forallt€T,i=1,2,...m

For the m-dimensional Bernstein operator B,, : C(T, X) — C(T, X) as defined
in (4), we have the next theorem.

Theorem 4.2. For every f € C(’]T,X), we have

I(Baf)(t) = Ft)llx < 20(f, T, \/g)v teT. (24)

Proof. Using Lemma 4.1 we have (B,13)(t) = 3 pux(t) = 1, (Buej)(t) =
k=0
24+ (1/n)(t; — t?) forallt € T, j =1,2,...,m, n € N. Hence, B, preserves
constants, and
. Lt —t2
Y(t) = Ba(ll - =tl3) (1) =D =

=1

.
SIPH

The conclusion now follows from Theorem 2.1. ™

If we replace f(k/n) = f(ki/n,...,kn/n) in (4) with (15) then we define the
m-dimensional Chung operator Cy, BC( 0%, X) — C(T, X) as follows:
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n

(Cuf)(t) =D e(f,n, k)pn(t) for f € BCRYL, X), teT. (25)
k=0
This is another generalization of the one-dimensional Chung operator considered
in [6].

Theorem 4.3. For every f € BUC(R]'., X), we have

I(Cuf)(t) = F()llx < 20(f, R, \/g), teT. (26)

Proof. Using Lemma 4.1 we have (C,1)(t) = 1,

[ee]

,nuiufi—l)uj duy - dum)

’Uz
\8
::13

k‘—l

s
Il
-

i

e_"“7u I duj an k —J = tj,

=
3
=
—
3
0\8

—~ (kj — 1)' o
(Cue?)(1)
n nkj s 1 n . .
= S )Gy [ ) = 3 sy
k=0 J "0 k=
= S {@aty) + (n(n — D)} =&+~ (2t~ )

for all t € ']T, 7=1,2,....,m, n € N. Hence Cn preserves constants and
T2t — 2 of

R0 =Cull- 1) =Y 2 < =

: n n
j=1
Thus Theorem 2.1 implies the estimate in (26). (]

Next, if we replace f(£) in (4) with (18), we obtain the m-dimensional
Kantorovitch operator K,, : C(T,X) — C(T, X) as follows:

= K(f,n, k)pn.i(t) for f € C(T,X), t €T, (27)
k=0

This is another generalization of the original one-dimensional Kantorovitch op-
erator. For this operator, we have the following theorem.

Theorem 4.4. For every f € C(T,X) and t € T,

(3n —2)m

ETE v .

I(Enf) (&) = FBllx < 20(f, T,
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Proof. Using Lemma 4.1 we have (K’nlfr)(t) =3 r oPni(t) =1,

ko +1 kq+1
n n+1 n—+1
(Roe)® = Y pus®((n+ 1" [ wyduy - du,))
k=0 km _k_
n+1 n+1
“ 2k; + 1
= k() (= 1)—2 =t 1—2t;
Eiop k( )( (n+ )(n+1)2) J+2(n )( J)
kj+1
n nl
(Knei)(t) = Zﬁn,k(t)((n—i—l)( / u? duy)
k=0 kj
e}
u 1 3k? +3k; + 1
= pn i (t) (= 1)—L—
5 peato(gn - n L
k=0
B S (1+2nt»—(3n+1)t2)
J (n+ 1)2 3 J J
for all t € ']~I:, 7=12,...m, neN.
Hence K, preserves constants, and
. m3n—1 t—t2)+1 (3n —2)
2
t) =K, —t .
Then the estimate (28) follows from Theorem 2.1. (]

If we replace f( ) = f(E ., kT’") in (4) with (21), then we obtain the m-

n’

dimensional Durrmeyer operator D, : C(T,X) — C('ﬁ‘, X)) defined as follows:

(Daf)() := S d(fym, k) p(t) for f € C(T, X), t e T. (29)
k=0

Theorem 4.5. For every f € C(T, X) and t € T,

2(n—2)m

I(Duf)®) = FO)llx < 201, Ty | 5 gy

)- (30)
Proof. Using Lemma 4.1 we have ([)an)(t) =1,
(Dnej)(t)
Dn, ()(n—l—lm/ /H( > B (1 — )" R dug - dugy)
0

=1

|
M:

Eall

=0
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= f:o]an,k(t)((nnt 1)(]:;) 0/1u?7+1(1 — ;)" duy)

(Dne2)(t) = Z]Bmk(t)((n 1) (:) /u§j+2(1 ) duy)
0

1
— 42 2
)—tj+n2+5n+6(2+4mj—6(n+1)tj)

for all t € ']T, 7=1,2,....,m, n € N. Hence D, preserves constants and

W2 (t) = Du(l| -t = > 3(n —1)(2(n —3)(t —t2) +2

= (n+2)(n+3)
2(n—2)
<m-———-—-———.
=" 2)n+3)
Hence Theorem 2.1 implies the estismate in (30). m

5. Derivation of Representation Formulas for m-Parameter
Semigroups

The following lemmas present some representation formulas for an m-parameter
semigroup T'(-). Then the estimates (5) - (10) in Theorems 1.1 - 1.3 follow
immediately from the theorems in Secs. 3 and 4.

First, because of the nice semigroup property: T;(k;t;) = (Tﬂfz)k, we can
write for t € T

bk
n’ n

& )6 )

This and Theorem 3.2 yield formula (5).
Next, let t € T. Since
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=0 =1
:§®EWW4WWh%

(6) follows from this and Theorem 4.2.
Next, using the property that

A; / s)zds = T;(t)x — 2z and (A — A;) 1o = / () zdt
for all x € X, ¢t > 0 and large A\, we have for t € T

m

= Xn: Xn: (H (,?) (ti)’“(l—ti)n*’w)

k1=0  km=0 i=1

Thus (7) follows from this and Theorem 3.3.
Next, since for t € T

-3 () dea-orh

[ et e

0 z:l

<.
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[ee]

= “~ (n _ \n—k . e~ k;fl uz y
; (k) (1-1t) 71;[1 0/ T (u;) d ))

— EZ:O (Z) (1 — 7)”*’5 };[1 ((ntl)k (n B Al)*k )x

= 1_f+§:t7(1_%_1) (1—|—Zt 1___ _1))nx,

(8) follows from this and Theorem 4.3.
Next, since for t € T

Ko (T()z)(t)

=n+1)™ Z ZH(

k1=0 km=01i=1

) (L —t;)m ke
k1=0 km=01i=1

k-l—l )
x
n+1

=n+1)m Z ZH(

’L

x Ay (Tl(

1:
:n+1)—1))x

= H ((n + 1)A;1(Ti(n Jlr )~ nHi-t +tiTi(%+1))")x,

2": ﬁ ( </:L) ))ki(l — )k

km=01i=1

Ko (T()z)(t) = (n+1) ;J(Z)(l—f)n—ﬁ E(tfz / T(uq)dw) x

:(n+1)m§n: L) a=ant [ﬁ(tf A7 (I:HT) l(nl—tl)))]x
—o i=1

:(n+1)m2(z) (1_E)H7EH(75§1A:1( 1(n—1kl)_ )( z(n—lkl))k )x
k=0 =1

_ [_ ((”Jrl)Afl(Tl(nil)_I))] (1—t+Ztsz(nil))nx,
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(10) follows from this and Theorem 4.4.
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