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Abstract. Some representation formulas with rates for strongly continuousm-parame-

ter semigroups of operators are deduced by applying a vector-valued version of Shisha

and Mond’s quantitative approximation theorem to some m-dimensional approxima-

tion operators.

1. Introduction

For t = (t1, t2, ..., tm) ∈ R
m, denote t := t1 + t2 + · · · + tm. Let T := {t =

(t1, t2, ..., tm); 0 ≤ ti ≤ 1, i = 1, ...,m} and T̃ := {t ∈ T; 0 ≤ t ≤ 1}. Let X be
a Banach space. As usual, C(T, X) and C(T̃, X) denote the Banach spaces of
X-valued continuous functions on T and T̃, respectively.

For n ∈ N, k ∈ ({0} ∪ N)m with 0 ≤ ki ≤ n, i = 1, ...,m, let the function
pn,k ∈ C(T,R) be defined as:

pn,k(t) :=
m
∏

i=1

(

n

ki

)

(ti)
ki(1− ti)

n−ki for t ∈ T. (1)

For k with 0 ≤ k ≤ n, let the function p̃n,k ∈ C(T̃,R) be defined as:

p̃n,k(t) :=

(

n

k

)

(

m
∏

i=1

(ti)
ki

)

(1− t)n−k for t ∈ T̃ (2)
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where

(

n
k

)

= n(n−1)···(n−k+1)
k1!k2!···km! .

Using the above two functions one can define two kinds of m-dimensional

Bernstein operators. The first kind is the operator Bn : C(T, X) → C(T, X)
defined (cf. [4]) as:

(Bnf)(t) :=

n
∑

k1=0

· · ·

n
∑

km=0

f(
k1
n
, ...,

km
n

)pn,k(t), f ∈ C(T, X), t ∈ T. (3)

The second kind of m-dimensional Bernstein operator B̃n : C(T̃, X)
→ C(T̃, X) is defined (cf. [6]) as:

(B̃nf)(t) :=

n
∑

k=0

f(
k1
n
, ...,

km
n

)p̃n,k(t), f ∈ C(T̃, X), t ∈ T̃. (4)

As is shown in [1, 6 - 9], a Korovkin-type approximation theorem [6, Theorem
2.1] can be used to derive many representation formulas of strongly continuous
semigroups of operators and cosine families of operators. In particular, by ap-
plying it to the above two m-dimensional Bernstein operators, one can deduce
two representation formulas for a strongly continuous m-parameter semigroup
of operators on X (see Theorem 4.1 of [6]).

In order to estimate convergence rates of representation formulas, we shall
first prove, in Sec. 2, a vector-valued version of the quantitative approximation
theorem of Shisha and Mond [10]. In Secs. 3 and 4, we shall use (3) and (4),
respectively, as a model to define two kinds of m-dimensional generalizations of
each of the approximation operators of Chung, Kantorovitch, and Durrmeyer,
and then obtain estimates of their convergence rates by applying Theorem 2.1.

Finally, we employ the estimates obtained in Secs. 3 and 4 to deduce the
following theorems about representation formulas with rates for strongly continu-
ous m-parameter semigroups of operators.

Let T (·) = {T (t); t ∈ R
m
0+} be an m-parameter semigroup of bounded linear

operators on a Banach space X . Let us assume that T (·) is strongly continuous
on R

m
0+ = {t ∈ R

m : ti ≥ 0, i = 1, 2, · · · ,m}. If Ti(·) = {Ti(ti); 0 ≤ ti < ∞} de-
notes the restriction of T (t1, t2, · · · , tm) to the half line {(0, · · · , 0, ti, 0, · · · , 0) :
0 ≤ ti < ∞}, then Ti(·) is an one-parameter semigroup which is strongly con-

tinuous on [0,∞). T (·) is the product of Ti; T (t1, t2, · · · , tm) =
m
∏

i=1

Ti(ti). Let

Ai be the infinitesimal generator of Ti(·).
We can easily deduce from Theorems 3.2 and 4.2 the two formulas in the

following theorem.

Theorem 1.1. Let T (·) be a strongly continuous m-parameter semigroup. Then

we have for every x ∈ X
∥

∥

∥

m
∏

i=1

(

I + ti

(

Ti(
1

n
)− I

))n

x− T (t)x
∥

∥

∥
≤ 2ω

(

T (·)x,T,
√

t/n

)

, t ∈ T;
(5)

∥

∥

∥

(

I +
m
∑

i=1

ti

(

Ti(
1

n
)− I

))n

x− T (t)x
∥

∥

∥
≤ 2ω

(

T (·)x,T,
√

t/n
)

, t ∈ T̃.
(6)
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Next, we can deduce from Theorems 3.3, 4.3, 3.5, and 4.5 the respective four
formulas in the following two theorems.

Theorem 1.2. Let T (·) be a strongly continuous m-parameter semigroup, and

Ai be the infinitesimal generator of Ti(ti), i = 1, 2, · · · ,m. If x ∈ X is such that

T (·)x is uniformly continuous on R
m
0+ , then

∥

∥

∥

m
∏

i=1

(

I + ti

((

I −
Ai

n

)

−1

− I
))n

x− T (t)x
∥

∥

∥

≤ 2ω
(

T (·)x,Rm
0+ ,
√

2t/n
)

, t ∈ T;

(7)

∥

∥

∥

(

I +

m
∑

i=1

ti

((

I −
Ai

n

)

−1

− I
))n

x− T (t)x
∥

∥

∥

≤ 2ω
(

T (·)x,Rm
0+ ,
√

2t/n
)

, t ∈ T̃.

(8)

Theorem 1.3. Let T (·) be a strongly continuous m-parameter semigroup, and

Ai be the infinitesimal generator of Ti(ti), i = 1, 2, · · · ,m. If Ai are invertible,

then we have for every x ∈ X

∥

∥

∥

m
∏

i=1

{

(n+ 1)A−1
i

(

Ti(
1

n+ 1
)− I

)

·
(

I + ti

(

Ti(
1

n+ 1
− I
))n}

x− T (t)x
∥

∥

∥

≤ 2ω
(

T (·)x,T,

√

(3n− 2)m

3(n+ 1)2

)

, t ∈ T;

(9)

∥

∥

∥

[

m
∏

i=1

(

(n+ 1)A−1
i

(

Ti(
1

n+ 1
)− I

))]

×
(

I +

m
∑

i=1

ti

(

Ti(
1

n+ 1
)− I

))n

x− T (t)x
∥

∥

∥

≤ 2ω
(

T (·)x, T̃,

√

(3n− 2)m

3(n+ 1)2

)

, t ∈ T̃.

(10)

2. The Shisha-Mond Theorem for Vector-Valued Functions

Let E,F be subsets of a normed linear space such that F ⊂ E. Let B(F,X)
denote the set of all bounded X-valued functions on F , and C(E,X) (resp.
UC(E,X)) the set of all continuous (resp. uniformly continuous) functions on
E. Let L be a linear operator from C(E,X) to B(F,X), and P be a positive
linear operator from C(E,R) to B(F,R). L is said to be dominated by P on F
if ‖(Lf)(t)‖ ≤ (P‖f‖)(t) for all f ∈ C(E,X) and t ∈ F (cf. [5]). L is said to
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preserve constants if L(1Ex)(t) = x for all x ∈ X and t ∈ F . Here 1E denotes
the constant function on E with value 1.

For f ∈ UC(E,X), ω(f, E, δ) denotes the modulus of continuity of f ,

ω(f, E, δ) := sup{‖f(u)− f(t)‖;u, t ∈ E, ‖u− t‖ ≤ δ} (δ > 0). (11)

The quantitative approximation theorem of Shisha and Mond [10] can be mod-
ified in the following theorem for approximation of vector-valued functions.

Theorem 2.1. Suppose a linear operator L : C(E,X) → B(F,X) is domi-

nated by a positive linear operator P : C(E,R) → B(F,R). Then for every

f ∈ UC(E,X) and t ∈ F we have

‖(Lf)(t)− f(t)‖ ≤ ‖L(f(t)1E)(t) − f(t)‖+ ω(f, E, γ(t))[(P1E)(t) + 1] (12)

where γ2(t) = P (‖ · −t‖2)(t). Moreover, if L and P preserve constants, then

‖(Lf)(t)− f(t)‖ ≤ 2ω(f, E, γ(t)), t ∈ F. (13)

Proof. Fix f ∈ UC(E,X). For any given δ > 0, if δ ≤ ‖u− t‖, then

ω(f, E, ‖u− t‖) ≤ ω
(

f, E,
([‖u− t‖

δ

]

+ 1
)

δ
)

≤
([‖u− t‖

δ

]

+ 1
)

ω(f, E, δ)

≤ (1 + δ−2‖u− t‖2)ω(f, E, δ).

If ‖u− t‖ < δ, we also have

ω(f, E, ‖u− t‖) ≤ ω(f, E, δ) ≤ (1 + δ−2‖u− t‖2)ω(f, E, δ).

Hence we have

‖f(u)− f(t)‖ ≤ ω(f, E, ‖u− t‖) ≤ (1 + δ−2‖u− t‖2)ω(f, E, δ)

for all u ∈ E, t ∈ F. Applying the positive operator P we have for t ∈ F

P (‖f − 1Ef(t)‖)(t) ≤ ω(f, E, δ)
(

P (1E)(t) + δ−2γ2(t)
)

.

As L is dominated by P , we have

‖(Lf)(t)− f(t)‖ ≤ ‖L
(

f − 1Ef(t)
)

(t)‖ + ‖L
(

1Ef(t)
)

(t)− f(t)‖

≤ P
(

‖f − 1Ef(t)‖
)

(t) + ‖L
(

1Ef(t)
)

(t)− f(t)‖

≤ ‖L(1Ef(t))(t) − f(t)‖+ ω(f, E, δ)
(

P (1E)(t) + δ−2γ2(t)
)

for all t ∈ F . Now, (12) follows by taking δ = γ(t). If L and P preserve
constants, then L(1Ef(t))(t) = f(t) and P (1E)(t) = 1, we have

‖(Lf)(t)− f(t)‖ ≤ 2ω
(

f, E, γ(t)
)

.

The proof is complete. �
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3. Approximation of Functions on T

In this section we define some m-dimensional approximation operators for ap-
proximation of functions on T and then apply Theorem 2.1 to them.

Let p
(i)
n,ki

(ti) :=
(

n
ki

)

(ti)
ki(1−ti)

n−ki for t ∈ [0, 1]. Then pn,k(t) =
m
∏

i=1

p
(i)
n,ki

(ti)

for t ∈ T. We shall need the lemma.

Lemma 3.1.
∑n

ki =0 p
(i)
n,ki

(ti)= 1,
∑n

ki=1 kip
(i)
n,ki

(ti)=nti, and
∑n

ki=2 ki(ki− 1)

p
(i)
n,ki

(ti) = n(n− 1)t2i for all ti ∈ [0, 1], i = 1, 2, · · · ,m.

For them-dimensional Bernstein operatorBn : C(T, X) → C(T, X) as defined
in (3), we have the next theorem.

Theorem 3.2. For every f ∈ C(T, X), we have

‖(Bnf)(t)− f(t)‖X ≤ 2ω(f,T,

√

t̄

n
), t ∈ T. (14)

Proof. Using Lemma 3.1 we have (Bn1T)(t) = 1, (Bnej)(t) = tj , (Bne
2
j)(t) =

t2j+
1
n
(tj−t2j) for all t ∈ T, j = 1, 2, ...,m, n ∈ N. Hence, Bn preserves constants,

and

γ2
n(t) = Bn(‖ · −t‖22)(t) =

m
∑

j=1

tj − t2j
n

≤
t̄

n
.

The conclusion now follows from Theorem 2.1. �

If we replace f( k
n
) = f(k1

n
, ..., km

n
) in (3) with

c(f, n, k) :=

∞
∫

0

· · ·

∞
∫

0

(

m
∏

i=1

nki

(ki–1)!
e−nuiuki−1

i

)

f(u1,...,um)du1· · ·dum, (15)

then we can define the m-dimensional Chung operator Cn : BC(Rm
0+ , X) →

C(T , X) as follows:

(Cnf)(t) :=

n
∑

k1=0

· · ·

n
∑

km=0

c(f, n, k)pn,k(t) for f ∈ BC(Rm
0+ , X), t ∈ T. (16)

Here R
m
0+ = {t ∈ R

m : ti ≥ 0, i = 1, 2, · · · ,m}
This is a generalization of the one-dimensional Chung operator considered

in [6].

Theorem 3.3. For every f ∈ BUC(Rm
0+ , X), we have

‖(Cnf)(t)− f(t)‖X ≤ 2ω(f,Rm
0+ ,

√

2t̄

n
), t ∈ T. (17)
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Proof. Using Lemma 3.1 we have (Cn1)(t) = 1,

(Cnej)(t) =

n
∑

kj=1

p
(j)
n,kj

(tj)(
kj
n
) =

1

n
(ntj) = tj ,

(Cne
2
j)(t) =

n
∑

kj=1

p
(j)
n,kj

(tj)(
kj(kj + 1)

n2
) =

1

n2
{2ntj + n(n− 1)t2j}

= t2j +
1

n
(2tj − t2j)

for all t ∈ T, j = 1, 2, ...,m, n ∈ N. Hence, Cn preserves constants, and

γ2
n(t) = Cn(‖ · −t‖22)(t) =

m
∑

j=1

2tj − t2j
n

≤
2t̄

n
,

from which we conclude the proof. �

Next, if we replace f( k
n
) in (3) with

κ(f, n, k) := (n+ 1)m
(

km+1

n+1
∫

km
n+1

· · ·

k1+1

n+1
∫

k1
n+1

f(u1, ..., um)du1 · · · dum

)

, (18)

we obtain the m-dimensional Kantorovitch operator Kn : C(T, X) → C(T, X) as
follows:

(Knf)(t) :=

n
∑

k1=0

· · ·

n
∑

km=0

κ(f, n, k)pn,k(t) for f ∈ C(T, X), t ∈ T. (19)

For this operator, we have the following theorem.

Theorem 3.4. For every f ∈ C(T, X) and t ∈ T,

‖(Knf)(t)− f(t)‖X ≤ 2ω
(

f,T,

√

(3n− 2)m

3(n+ 1)2

)

. (20)

Proof. Using Lemma 3.1 we have (Kn1T)(t) = 1,

(Knej)(t)=
n
∑

k1 =0

· · ·
n
∑

km =0

m
∏

i=1

p
(i)
n,ki

(ti)
(

(n+1)m

km +1

n +1
∫

km
n +1

· · ·

k1 + 1

n +1
∫

k1
n +1

ujdu1· · ·dum

)

=

n
∑

kj=0

p
(j)
n,kj

(ti)
(1

2
(n+ 1)

2kj + 1

(n+ 1)2
)

= tj +
1

2(n+ 1)
(1 − 2tj),

(Kne
2
j)(t)

=

n
∑

kj=0

p
(j)
n,kj

(ti)
(

(n+ 1)

kj+1

n+1
∫

kj

n+1

u2
j duj

)

= t2j +
1

(n+ 1)2
(1

3
+ 2ntj − (3n+ 1)t2j

)
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for all t ∈ T, j = 1, 2, ...,m, n ∈ N. Hence, Kn preserves constants, and

γ2
n(t) = Kn(‖ · −t‖22)(t) =

m
∑

j=1

3(n− 1)(t− t2) + 1

3(n+ 1)2
≤ m

(3n− 2)

3(n+ 1)2
.

The estimate now follows from Theorem 2.1. �

If we replace f( k
n
) = f(k1

n
, ..., km

n
) in (3) with

d(f, n, k):=(n+1)m
(

1
∫

0

· · ·

1
∫

0

pn,k(u1,..., um)f(u1,..., um)du1· · ·dum

)

, (21)

then we obtain the m-dimensional Durrmeyer operator Dn : C(T, X) → C(T, X)
defined as follows:

(Dnf)(t) :=

n
∑

k1=0

· · ·

n
∑

km=0

d(f, n, k)pn,k(t) for f ∈ C(T, X), t ∈ T. (22)

The next theorem gives an estimate for this operator.

Theorem 3.5. For every f ∈ C(T, X) and t ∈ T,

‖(Dnf)(t)− f(t)‖X ≤ 2ω
(

f,T,

√

2(n− 2)m

(n+ 2)(n+ 3)

)

. (23)

Proof. Using Lemma 3.1 we have for all t ∈ T, j = 1, 2, ...,m, n ∈ N

(Dn1T)(t) =

m
∏

i=1

{

n
∑

ki=0

p
(i)
n,ki

(ti)(n+ 1)

1
∫

0

(

n

ki

)

uki

i (1− ui)
n−kidui

}

=

m
∏

i=1

{

n
∑

ki=0

p
(i)
n,ki

(ti)(n+ 1)

(

n

ki

)

B(ki + 1, n− ki + 1) dui

}

=

m
∏

i=1

(

n
∑

ki=0

p
(i)
n,ki

(ti)
)

= 1,

(Dnej)(t) =

n
∑

kj=0

p
(j)
n,kj

(tj)
(

(n+ 1)

(

n

kj

)

1
∫

0

u
kj+1
j (1− uj)

n−kj duj

)

=
n
∑

kj=0

p
(j)
n,kj

(tj)
(

(n+ 1)

(

n

kj

)

B(kj + 2, n− kj + 1)
)

=

n
∑

kj=0

p
(j)
n,kj

(tj)(
kj + 1

n+ 2
) = tj +

1

n+ 2
(1− 2tj),
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(Dne
2
j)(t) =

n
∑

kj=0

p
(j)
n,kj

(tj)
(

(n+ 1)

(

n

kj

)

B(kj + 3, n− kj + 1)
)

=

n
∑

kj=0

p
(j)
n,kj

(tj)
(

a
(kj + 2)(kj + 1)

(n+ 3)(n+ 2)

)

= t2j +
1

n2 + 5n+ 6

(

2 + 4ntj − 6n(n+ 1)t2j
)

,

where B(·, ·) is the Beta function, B(k + 1, n − k + 1) = k!(n−k)!
(n+1)! . Hence Dn

preserves constants and

γ2
n(t) = Dn(‖ · −t‖22)(t) =

m
∑

j=1

2(n− 3)(t− t2) + 2

(n+ 2)(n+ 3)
≤ m

2(n− 2)m

(n+ 2)(n+ 3)
.

From Theorem 2.1 we conclude the proof. �

4. Approximation of Functions on T̃

In this section we define some m-dimensional approximation operators for ap-
proximation of functions on T̃ and then apply Theorem 2.1 to them. We need
the next Lemma.

Lemma 4.1.
∑n

k=0 p̃n,k(t) = 1,
∑n

k=1 kip̃n,k(t) = nti, and
∑n

k=2 ki(ki−1)p̃n,k(t) =

n(n− 1)t2i for all t ∈ T̃, i = 1, 2, ...,m.

For them-dimensional Bernstein operator B̃n : C(T̃, X) → C(T̃, X) as defined
in (4), we have the next theorem.

Theorem 4.2. For every f ∈ C(T̃, X), we have

‖(B̃nf)(t)− f(t)‖X ≤ 2ω(f, T̃,

√

t̄

n
), t ∈ T̃. (24)

Proof. Using Lemma 4.1 we have (B̃n1T̃)(t) =
n
∑

k=0

p̃n,k(t) = 1, (B̃nej)(t) =

t2j + (1/n)(tj − t2j ) for all t ∈ T̃, j = 1, 2, ...,m, n ∈ N. Hence, B̃n preserves
constants, and

γ2
n(t) = B̃n(‖ · −t‖22)(t) =

m
∑

j=1

tj − t2j
n

≤
t̄

n
.

The conclusion now follows from Theorem 2.1. �

If we replace f(k/n) = f(k1/n, ..., km/n) in (4) with (15) then we define the
m-dimensional Chung operator C̃n : BC(Rm

0+ , X) → C(T̃, X) as follows:
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(C̃nf)(t) :=
n
∑

k=0

c(f, n, k)p̃n,k(t) for f ∈ BC(Rm
0+ , X), t ∈ T̃. (25)

This is another generalization of the one-dimensional Chung operator considered
in [6].

Theorem 4.3. For every f ∈ BUC(Rm
0+ , X), we have

‖(C̃nf)(t)− f(t)‖X ≤ 2ω(f,Rm
0+ ,

√

2t̄

n
), t ∈ T̃. (26)

Proof. Using Lemma 4.1 we have (C̃n1)(t) = 1,

(C̃nej)(t)

=

n
∑

k̄=0

p̃n,k(t)
(

∞
∫

0

· · ·

∞
∫

0

(

m
∏

i=1

nki

(ki − 1)!
e−nuiuki−1

i )uj du1 · · · dum

)

=
n
∑

k̄=0

p̃n,k(t)
( nkj

(kj − 1)!

∞
∫

0

e−nuju
kj

j duj

)

=
n
∑

k̄=0

p̃n,k(t)(
kj
n
) = tj ,

(C̃ne
2
j)(t)

=

n
∑

k̄=0

p̃n,k(t)
( nkj

(kj − 1)!

∞
∫

0

e−nuju
kj+1
j duj

)

=

n
∑

k̄=0

p̃n,k(t)(
kj(kj + 1)

n2
)

=
1

n2
{(2ntj) +

(

n(n− 1)t2j
)

} = t2j +
1

n
(2tj − t2j)

for all t ∈ T̃, j = 1, 2, ...,m, n ∈ N. Hence C̃n preserves constants and

γ2
n(t) = C̃n(‖ · −t‖22)(t) =

m
∑

j=1

2tj − t2j
n

≤
2t̄

n
.

Thus Theorem 2.1 implies the estimate in (26). �

Next, if we replace f( k
n
) in (4) with (18), we obtain the m-dimensional

Kantorovitch operator K̃n : C(T, X) → C(T̃, X) as follows:

(K̃nf)(t) :=

n
∑

k=0

κ(f, n, k)p̃n,k(t) for f ∈ C(T, X), t ∈ T̃. (27)

This is another generalization of the original one-dimensional Kantorovitch op-
erator. For this operator, we have the following theorem.

Theorem 4.4. For every f ∈ C(T̃, X) and t ∈ T̃,

‖(K̃nf)(t)− f(t)‖X ≤ 2ω(f, T̃,

√

(3n− 2)m

3(n+ 1)2
). (28)
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Proof. Using Lemma 4.1 we have (K̃n1T̃)(t) =
∑n

k̄=0 p̃n,k(t) = 1,

(K̃nej)(t) =

n
∑

k̄=0

p̃n,k(t)
(

(n+ 1)m(

km+1

n+1
∫

km
n+1

· · ·

k1+1

n+1
∫

k
n+1

uj du1 · · · dum)
)

=

n
∑

k̄=0

p̃n,k(t)
(1

2
(n+ 1)

2kj + 1

(n+ 1)2
)

= tj +
1

2(n+ 1)
(1− 2tj),

(K̃ne
2
j)(t) =

n
∑

k̄=0

p̃n,k(t)
(

(n+ 1)(

kj+1

n+1
∫

kj

n+1

u2
j duj

)

=

n
∑

k̄=0

p̃n,k(t)
(1

3
(n+ 1)

3k2j + 3kj + 1

(n+ 1)3
)

= t2j +
1

(n+ 1)2
(1

3
+ 2ntj − (3n+ 1)t2j)

for all t ∈ T̃, j = 1, 2, ...,m, n ∈ N.
Hence K̃n preserves constants, and

γ2
n(t) = K̃n(‖ · −t‖22)(t) =

m
∑

j=1

3(n− 1)(t− t2) + 1

3(n+ 1)2
≤ m

(3n− 2)

3(n+ 1)2
.

Then the estimate (28) follows from Theorem 2.1. �

If we replace f( k
n
) = f(k1

n
, ..., km

n
) in (4) with (21), then we obtain the m-

dimensional Durrmeyer operator D̃n : C(T, X) → C(T̃, X) defined as follows:

(D̃nf)(t) :=

n
∑

k=0

d(f, n, k)p̃n,k(t) for f ∈ C(T, X), t ∈ T̃. (29)

Theorem 4.5. For every f ∈ C(T, X) and t ∈ T̃,

‖(D̃nf)(t)− f(t)‖X ≤ 2ω(f,T,

√

2(n− 2)m

(n+ 2)(n+ 3)
). (30)

Proof. Using Lemma 4.1 we have (D̃n1T̃)(t) = 1,

(D̃nej)(t)

=
n
∑

k̄=0

p̃n,k(t)
(

(n+ 1)m
1
∫

0

· · ·

1
∫

0

m
∏

i=1

(

n

ki

)

uki

i (1 − ui)
n−kiuj du1 · · · dum

)
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=

n
∑

k̄=0

p̃n,k(t)
(

(n+ 1)

(

n

kj

)

1
∫

0

u
kj+1
j (1− uj)

n−kj duj

)

=

n
∑

k̄=0

p̃n,k(t)(
kj + 1

n+ 2
) = tj +

1

n+ 2
(1− 2tj),

(D̃ne
2
j)(t) =

n
∑

k̄=0

p̃n,k(t)
(

(n+ 1)

(

n

kj

)

1
∫

0

u
kj+2
j (1− uj)

n−kj duj

)

=

n
∑

k̄=0

p̃n,k(t)
( (kj + 2)(kj + 1)

(n+ 3)(n+ 2)

)

= t2j +
1

n2 + 5n+ 6

(

2 + 4ntj − 6(n+ 1)t2j
)

for all t ∈ T̃, j = 1, 2, ...,m, n ∈ N. Hence D̃n preserves constants and

γ2
n(t) = D̃n(‖ · −t‖22)(t) =

m
∑

j=1

3(n− 1)(2(n− 3)(t− t2) + 2

(n+ 2)(n+ 3)

≤ m
2(n− 2)

(n+ 2)(n+ 3)
.

Hence Theorem 2.1 implies the estismate in (30). �

5. Derivation of Representation Formulas for m-Parameter

Semigroups

The following lemmas present some representation formulas for an m-parameter
semigroup T (·). Then the estimates (5) - (10) in Theorems 1.1 - 1.3 follow
immediately from the theorems in Secs. 3 and 4.

First, because of the nice semigroup property: Ti(kiti) =
(

Titi
)ki

, we can
write for t ∈ T

Bn

(

T (·)x
)

(t)=

n
∑

k1=0

· · ·

n
∑

km=0

(

m
∏

i=1

(

n
ki

)

(ti)
ki(1–ti)

n–ki

)

T (
k1
n
,· · ·,

km
n

)x

=
n
∑

k1=0

· · ·
n
∑

km=0

m
∏

i=1

(

(

n
ki

)

(ti)
ki(1 – ti)

n– ki

(

Ti

( 1

n

))ki
)

x

=
m
∏

i=1

{

n
∑

ki=0

(

(

n
ki

)

(

tiTi

( 1

n

))ki

(1 − ti)
n−ki

)

x

}

=

m
∏

i=1

(

1 + ti

(

Ti(
1

n
)− 1

))n

x.

This and Theorem 3.2 yield formula (5).
Next, let t ∈ T̃. Since
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B̃n

(

T (·)x
)

(t) =

n
∑

k̄=0

(

n

k

)

(

m
∏

i=1

(ti)
ki(1− t̄ )n−k̄

)

T (
k1
n
, · · · ,

km
n

)x

=
n
∑

k̄=0

(

n

k

) m
∏

i=1

(

(ti)
ki(1− t̄ )n−k̄

(

Ti(
1

n
)
)ki

)

x

=
(

1− t̄+

m
∑

i=1

tiTi(
1

n
)
)n

x =
(

1 +

m
∑

i=1

ti
(

Ti(
1

n
)− 1

)

)n

x,

(6) follows from this and Theorem 4.2.
Next, using the property that

Ai

t
∫

0

T (s)xds = Ti(t)x − x and (λ −Ai)
−1x =

∞
∫

0

e−λTi(t)xdt

for all x ∈ X, t ≥ 0 and large λ, we have for t ∈ T

Cn

(

T (·)x
)

(t)

=

n
∑

k1=0

· · ·

n
∑

km=0

(

m
∏

i=1

(

n
ki

)

(ti)
ki(1− ti)

n−ki

)

×

∞
∫

0

· · ·

∞
∫

0

(

m
∏

i=1

nki

(ki − 1)!
e−nuiuki−1

i

)

T (u1, · · · , um)x du1 · · · dum

=

n
∑

k1=0

· · ·

n
∑

km=0

m
∏

i=1

(

(

n

ki

)

(ti)
ki(1− ti)

n−ki
nki

(ki − 1)!

×
(

∞
∫

0

e−nuiuki−1
i Ti(ui) dui

)

)

x

=

n
∑

k1=0

· · ·

n
∑

km=0

m
∏

i=1

(

(

n

ki

)

(ti)
ki(1− ti)

n−kinki(n−Ai)
−ki

)

x

=

m
∏

i=1

(

1− ti + nti(n−Ai)
−1
)n

x =

m
∏

i=1

(

1 + ti
(

(1−
Ai

n
)−1 − 1

)

)n

x.

Thus (7) follows from this and Theorem 3.3.
Next, since for t ∈ T̃

C̃n

(

T (·)x
)

(t)

=

n
∑

k̄=0

(

n

k

)

(

m
∏

i=1

(ti)
ki(1− t̄ )n−k̄

)

×

∞
∫

0

· · ·

∞
∫

0

(

m
∏

i=1

nki

(ki − 1)!
e−nuiuki−1

i

)

T (u1, · · · , um)x du1 · · · dum
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=

n
∑

k̄=0

(

n

k

)

(1 − t̄ )n−k̄

m
∏

i=1

(

tki

i

nki

(ki − 1)!

(

∞
∫

0

e−nuiuki−1
i Ti(ui) dui

)

)

x

=

n
∑

k̄=0

(

n

k

)

(1 − t̄ )n−k̄

m
∏

i=1

(

(nti)
ki(n−Ai)

−ki

)

x

=
(

1− t̄+

m
∑

i=1

ti(1−
Ai

n
)−1
)n

x =
(

1 +

m
∑

i=1

ti
(

(1−
Ai

n
)−1 − 1

)

)n

x,

(8) follows from this and Theorem 4.3.
Next, since for t ∈ T

Kn

(

T (·)x
)

(t)

= (n+ 1)m
n
∑

k1=0

· · ·

n
∑

km=0

m
∏

i=1

(

(

n
ki

)

(ti)
ki(1 − ti)

n−ki

(

ki+1

n+1
∫

ki
n+1

Ti(ui) dui

))

x

= (n+ 1)m
n
∑

k1=0

· · ·
n
∑

km=0

m
∏

i=1

(

(

n
ki

)

(ti)
ki(1 − ti)

n−ki

×A−1
i

(

Ti(
ki + 1

n+ 1
)− Ti(

ki
n+ 1

)
)

)

x

= (n+ 1)m
n
∑

k1=0

· · ·

n
∑

km=0

m
∏

i=1

(

(

n
ki

)

(

tiTi(
1

n+ 1
)
)ki

(1 − ti)
n−ki

×A−1
i

(

Ti(
1

n+ 1
)− I

)

)

x

=

m
∏

i=1

(

(n+ 1)A−1
i

(

Ti(
1

n+ 1
)− I

)(

1− ti + tiTi(
1

n+ 1
)
)n
)

x,

(9) follows from this and Theorem 3.4. Next, let t ∈ T̃. Since

K̃n

(

T (·)x
)

(t) = (n+ 1)m
n
∑

k̄=0

(

n
k

)

(1 − t̄ )n−k̄









m
∏

i=1

(

tki

i

ki+1

n+1
∫

ki
n+1

Ti(ui) dui

)









x

= (n+ 1)m
n
∑

k̄=0

(

n
k

)

(1− t̄ )n−k̄

[

m
∏

i=1

(

tki

i A−1
i

(

Ti(
ki + 1

n+ 1
)− Ti(

ki
n+ 1

)
)

)

]

x

= (n+ 1)m
n
∑

k̄=0

(

n
k

)

(1− t̄ )n−k̄

m
∏

i=1

(

tki

i A−1
i

(

Ti(
1

n+ 1
)− I

)(

Ti(
1

n+ 1
)
)ki

)

x

=

[

m
∏

i=1

(

(n+ 1)A−1
i

(

Ti(
1

n+ 1
)− I

)

)

]

(

1− t̄+

m
∑

i=1

tiTi(
1

n+ 1
)
)n

x,
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(10) follows from this and Theorem 4.4.
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