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Abstract. For the second order time evolution equation with a general dissipation
term, we introduce a recurrence relation of Newmark’s method. Deriving an energy
inequality from this relation, we obtain the stability and the convergence theories of
Newmark’s method. Next we take up resistive MHD equation as an application of
Newmark’s method. We introduce a discrete energy of the solution derived from the
above energy inequality. We investigate this quantity using numerical experiments.

1. Introduction of Newmark’s Method

We recall the basic ideas of Newmark’s method [7, 10] for the second order time
evolution equation in the d-dimensional Euclidean space R%. Let M, C and K
be d x d real symmetric matrices on R? which are constant in time, and let
f(t) be a given Re-valued function on [0, 00). We use the usual Euclidean scalar
product (-,-) and the corresponding norm || - || in R%. Throughout this paper,
we assume that M is positive definite:

(Mz,x) >0, Ya#0, (1)
which is equivalent to the condition:
(Mz,x) > m(z,z), Ve, (2)

with a positive constant m. The identity matrix on R? is denoted by I. We
consider the approximation method for the following initial value problem of the
second order time evolution equation for an Re-valued function u(t):

du du du
M= () + O (t) + Ku(t) = £(2),  u(0) = uo,
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Let a,, v, and u,, be approximations of (d?/dt?)u(t), (d/dt)u(t) and u(t) respec-
tively at ¢ = 7n with a positive time step 7 and an integer n, and let f,, = f(mn).
Then Newmark’s method for (3) is defined through the following relations:

May, + Cv, + Ku,, = fn7
Untl = Up + TU, + %’7’20,” + B7%(ans1 — an), (4)

Un+4+1 = Un + Ta, + fYT(an—i-l - an)-

The first relation corresponds to the equation (3), and the second and the third
relations correspond to the Taylor expansions of u(t 4+ 7) and v(t+7) at t = ™
respectively. Here, 8 and +y are positive tuning parameters of the method.

An interpretation of the parameter 3 related to the acceleration (d?/dt?)u(t)
can be seen in [7]: The case 8 = 1/6 corresponds to the approximation where
the acceleration is a linear function of ¢ in each time interval; the case g = 1/4
corresponds to the approximation of the acceleration to be a constant function
during the time interval which is equal to the mean value of the initial and
final values of acceleration; the case 8 = 1/8 corresponds to the case where the
acceleration is a step function with the initial value for the first half of each time
interval and the final value for the second half of the interval. It is often the
case that v is equal to 1/2.

2. Iteration Scheme of Newmark’s Method
Based on the formulas in (4), Newmark’s method generates the approximation

sequence u,,n =0,1,2,... , N by the following iteration scheme:
Step 1. For n = 0, compute ag from the initial data ug and vg:

apg = M_l(f() - C’U() - KU())
Step 2. Compute a1 from f,11, un, v, and a, solving a linear equation:
any1 = (M +~47C + Br2K) ™!
1
X [— Kuy — (CH+7K)v, +{(v - 1)7C + (B — 5)72-7(}% + fn+1:|
Step 3. Compute u,41 from uy,, vy, an and any1:

1
Un+1 = Un + TU, + (5 - 6)7-2@77, + ﬁTzan-l—l-
Step 4. Compute v,4+1 from v, a, and apy1:
Unt1 = U + (L — y)Tan + YTCn41.

Step 5. Replace n by n + 1, and return to Step 2.
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Here, Step 1 is nothing but the first relation of (4) with n = 0. The expression
of a, 41 in Step 2 is obtained by eliminating u,1 and v,,+1 from the second and
the third equalities in (4) together with the first equality in (4) with n replaced
by n+ 1:

Man—i—l + C'Un-l—l + Kun-l—l = fn-{—l-

Step 3 and Step 4 are from the second and the third relations of (4).

3. Recurrence Relation of Newmark’s Method

Newmark’s method (4) for the second order equation (3) is reformulated as
follows in the recurrence relation [1, 11]. Eliminating v, and a, from (4) by a
series of lengthy computations, we have

1
(M + BT2K) D7y + yCDrup+ {1=%)C+71(y- i)K}D;un + Ku,
(5)
1
= {I + T(’Y - §)D-7— + ﬁTQDT‘F}fn;

where

Druy, = (unJrl - un)/Ta

D‘Fun = (un - unfl)/’ry

D zu, = (DTun - D'T-un)/T-
We confirmed this result by a formula manipulation software NCAlgebra [4] on
Mathematica [12]. Especially, in the case v = 1/2, we have:

1
(M + BT*K)Dy7u, + 50(1)7 + D:)up + Kup = (I + B72Dr7)fn. (6)

These recurrence relations are useful for the stability and error analysis of New-
mark’s method. See [6, 9] for the case with C' = 0.

4. Derivation of an Energy Inequality

Taking a scalar product of (5) and (D, + D;)u,, we can derive an energy in-
equality for Newmark’s method. From this inequality, we obtain the stability
conditions for Newmark’s method.

From now on, let T be a fixed positive number and N be a positive integer,
and define 7 :=T/N and n =0,1,2,... ,N. Let C be nonnegative: (Cz,z) > 0,
K be positive definite: (Kx,x) > k(z,z) with & > 0, and m > 0 be the smallest
eigenvalue of M. We also assume that v > 1/2. We have the following theorem
for the energy inequality.

Theorem 1. Let {u,}_, be a sequence generated by the scheme in Sec. 2. Then
for a positive constant 19 determined as below, there exists a positive constant
Co such that the inequality

1 1 1 1
132D [24+72{ B3 (v=5 ) 5 K2 Do+ (1= 5= ) |2 < Co
(7)
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holds for all T < 19 and an arbitrary positive constant o, where Ty is determined
either as

70 >0 when B> %, (8)
or as
m v
0<m<,/———— when 0<8< . (9)
(37 - BIK] 2
Remark 1. The constant Cy is defined as follows:
1 -1 T 2
o= (1-30m)  |wo+ 5 {s+20) s 5001}
2 é 0<t<T
(10)
1 -1
X exp <5 (1 — 557’@) T) ,
where
1 1
wo = ||[MY2Dug|? + 72 {6 -3 <7 — 5)} | KY2D o
1 (1)
+ (K Drug,ug) + |\K1/2u0||2 + T('y — 5) ||Cl/2DTu0||2,
and § in (11) is defined as:
0<d <m, in the case (8), (12)
or
1
0<d<m-—1g (57—5) [|K]|, in the case (9). (13)

Proof of Theorem 1. Using (5), we derive an energy inequality as follows (see [1]
for the case v = 1/2). Rearranging (5), we have

(M+ ﬁTQK)DT?un + %C(D‘r + D'T-)Ufn

X i (14)
+(v = 5)0(Dr = Dr)un +7(y = 5)K Druy + Kun = gu,
where
1 2
Gn 1= {I + 7'(7 - i)D‘F + BT fo}fn- (15)

We take a scalar product of (14) and (D, + Dz )u,. Since C' is nonnegative, we
have

(M + BT*K) Dz, (D + D7)uy,) + ('y - %) (C(D7 — Dz)un, (Dr + D#)uy,)
47(7 = 5 ) (KD, (Dr 4 Do) + (K, (Dr -+ D)) — (g, (D 4 DrJun)
= (50D + Dyun, (D; + DrJuy ) <0, (16)

Using the assumption for M, C' and K, we obtain the following lemma;:
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Lemma 1. When we put
Wp = ((M + ﬁTzK)DTun; D‘run) + (Kun-l—la un)
1 1 1
+ T(’}/ - 5) (CD‘run; D‘run) - 57—2 (’7 - 5) (KD‘run; D‘run)v

we have
W, S Wp—1 + T(gna DTun + D'run—l)' (17)

Proof. Multiplying 7 to both side of (16) and using the relation:
TDT?' = DT - DFa

we have

(M+B72K)(Dy — Dz)un, (Dr + Dr)un)
(7~ 3 ) (€D ~ Doyun, (D- + Do)un)

2
—%7’2 (’y — %) (K(DT — Di—)un, (DT + D;-)’U,n)

+7(Ktn, (Dr + Dz)uy) — 7(gn, (Dr + D7)uy,) < 0.
Using the identities:

((DT - D;—)U,n, (DT + Di—)un) = (DTU'TU DTU'TL) - (D‘run—17 DTun—l))

and

1
Dzu,, = (D + Dz)u, — §(D‘r — Dz )un,

DN =

we have
(M + BT K)Dtty, Drty) — (M + B2 K) Dyt 1, Dyt 1)

+ T<'y — %) (CDrup,un) — T('y - %) (CDrtp—1,Un—1)

1 1

- 572(7 = (K (D7 + Dr)up, (Dr + Dz)un) (19)
1, 1 1, 1

+ 57— (’7 - 5)(KDTUTHDTUTL) - 57— (’Y - 5)(K-D‘run71;D‘run71)

+ 7(Ktn, (Dr + Dz)uy) — 7(gn, (Dr + Dz)uy,) < 0.

Furthermore, using the relation:

T(Ktn, (Dr + Dz)up) = (Ktp, upt1 — un—1) = (Ktnt1,tn) — (Ktp, tn_1),

we have
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(M + Bm°K)Dtty, Drty) — (M + B2 K) Dyt 1, Dyt 1)
1 1
+ T(’y — 5) (CDrup,un) — T('y — 5) (CDrup—1,Upn-1)

1 1 1 1
+ 572 (7 — 5)(KDTun, Dyuy) — 572 (7 - 5) (KDsup—1,Drup—1)  (20)

1 1
+ (Kun—i-l; un) - (Kun; un—l) + 57'2 ('}/ - 5)
X (K(DT + D‘T’)una (DT + D‘T’)un) S T(gna (DT + D‘T’)un)

We neglect the nonnegative term (1/2)72(y—1/2)(K (D + D7)y, (Dr + D7)uy,)
in the left-hand side and obtain (17). ]

Proof of Theorem 1 (continued). Using the equality:
(KunJrla un) = T(KD-,—'LLn, un) + (Kun7 un);
we can modify the expression of w,, as
1/2 2 2 1 1 1/2 2
wn = [MY2Dun |2+ 72{8 = 57 = 5) HIKY2Dun|
1
+ (K Dyt un) + | K2 | + 7 (7 = 5 ) 1€V Do

Summing up (17) from n = 1 to n, we obtain

wn < wo+ Y 7(gi, Drtts + Dyuiy). (22)
=1

To modify (22), we show the next lemma.

Lemma 2. Under either the condition

(8) and 0 < d <m, (23)
or
(9) and 7 < 79 and 0<5§m—7§<%’y—5)||K1/2||2, (24)
we have
|| Dy || < w;. (25)

Proof. Let 6 be a positive number. Using the assumption that M and K are
positive definite, C' is nonnegative and v > 1/2, we have

1
wi = 8 Drui][2 = | M2 Drus |2 4 7 (B = 57 ) 1K/ Dy
1
+ ZHKW(TDTW + 2u;)[|? = 6] Dr |2
1
> (m = 0) | Druil® + 72(8 = 57) | KY/2D, i

1
+ ZHKUQ(TDTW + 2u7)||2
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If B and 7 satisfy the condition (8) and § < m, then w; — &/ Du;||* becomes

nonnegative for any i.
On the other hand, if 8 — /2 < 0, then we have

wi = 8 Drul? 2 ml Dl = 72 (37 = B) I 2P| D = 6D
= {m— (57— B)IK2? — 5| Dyl
If 7y satisfies the condition (9) and 7 < 7y then
m =72 (37 = B) 1K1 =8 > m - 737~ IV -5

Hence, if 6 < m — 72 (v — B)|[ K22, then w; — 5| Drus|[? > 0 for any i. Thus

we obtain (25). [
Using Lemma 2, we have the next lemma.

Lemma 3. Under either the condition
(8) and 0 < 6 < min{m,2/7}, (26)

or
1
(9) and 7 <79 and 0 < § < min {m - 73(57 - ﬁ) | K22, 2/70}, (27)

we have, for 7 < 79,
wy, < Co, n=0,1,2,... ,N — 1. (28)

Proof. Using (25), we modify (22) as follows:

w, <wo + T Z(gi, D;u; + Drui—q)
i=1

< wo+7 Y llgill (1 Drusll + | Drui—al])

i=1

7 762 762
<y + (ol + (o Drull? + oD )

i=1

5T — T —
< wo+ -5 Z(wi +wi—1) + 52 Z llg:1>

i=1 i=1
n—1

N-—1
ot T 9
§w0+7wn+57i§_;wi+5—2;|\gi|\.

If f(¢) is bounded on [0, T, then, for ¢ > 1, we have
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1
lgill = IRT +7(v = 5)D7 + BrDyz} fill

=|fi+ (- %)(fv — fic1) + B(fixr —2fi + fic1)|| < (48 +27v) sup || f(2)]-
0<t<T

Hence we have

n—1

oT r A=
wy, < wo + —wy + 0 w; + = 458 + 2v) su DI
0+ 3 TZ 5 ;{( B W)OStETHf( )i
5 n—1
2
<o G 073wt 45+ 2) s 171
Since 0 < 1 — §79/2 from (26) or (27), we have
wa < (1-30m)  [uo+ 572w la+2) sw 7).
n = 2 3 52
Using the Gronwall inequality, we then obtain
15 -1 15 -1
< _Z _Z
wn < (1= 36m) " [wo+ 55 {(45+29) s IO} | exp (6(1-507) 7).

where we use N7 = T. Thus, we can define Cy as follows

Coi= (1-30m) " [wo+ 55{45+2) swp |01} exp (5(1- 36m) 7).

(29)
where
wo = |MY2Druoll? + 72— 2 (7 - 1)}||K1/2DTuo||2 "
+ 7(K Dy, o) + || K ?uq]|? +T( )IICI/QD uol|*. .
| |

Proof of Theorem 1 (continued). Lastly, under either the condition (8) or (9),
using the following inequality with an arbitrary a:

Y

1
— 7 |KY2 Dy || x v x —= x || KY?u,||

Ja
1 1
— 5{ar? 1K 2D + K 22,

T(KY2 Dy, K'Y ?u,,)

vV

we obtain the energy inequality (7) from (28) in Lemma 3. From (22) we have
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If f,=9,=0, then Cjy= wy.

Remark 2. When C =0, v=1/2 and f(t) = 0, we obtain
(M+4B7°K) D, Drg)+(K g1, un) = (M+B72K)Drug, Drug)+(Kuy, ug).
Namely, in this case, Newmark’s method conserves ‘energy’.

Remark 3. The constant Cj in the theorem depends primarily on the coeflicient
matrices M, C' and K, and secondarily on the tuning parameters g and v and
it also depends on the initial values uy and vy and the inhomogeneous term f,
and finally on 7y in the way described above.

Remark 4. In the case C' is negative or K is not positive, we consider v(t) :=
e Mu(t) instead of u(t). By choice of appropriate A > 0, we may obtain new
matrices satisfying the condition in Theorem 1 as coefficients of equation of v(t).

5. Stability and Convergence Conditions for Newmark’s Method

In this section, using the energy inequality (7) we derive stability conditions
for Newmark’s method. With respect to a parameter 3, we divide the stability
condition into two cases and lead to the next theorem.

5.1. Stability Theorem

Theorem 2. Let M and K be positive definite and C' be nonnegative. Let m and
k be the smallest eigenvalues of M and K. Assume v > 1/2. Then, Newmark’s
method for (3) in a time interval [0,T] is stable in the following two cases with
respect to (3:
Case 1: If (1/2)y < B, then with 70 > 0 and § given in (12) and (13) we have,
fort <19 and N =T/,

(48 —2v+1)
< =T e n=0,1,2,..., N. 1
Ju |_\/ ot la, e 31)
Case 2: If 0 < 8 < (1/2)7, then for 1o satisfying
m
O<m<,/4——, (32)
(37 = BIIK]

we have for 7 <19 and N =T/7

Co
[[unll < [luoll + ™, n=0,1,2,...,N. (33)
m =15 (57— B) K]

Here, in both cases, Cy is given by(10) together with (11).

Proof. First, we treat Case 1. We consider the following condition for the
coefficients in (7):



510 Chiba Fumihiro and Kako Takashi

1 1 1 1
—=(y—z2)—za= d 1—— .
B 2(7 2) 5 0 an 2a>0
This implies that
1 1 1 1
-50-3)=30>7
and hence we have
1 1
—y >
B>35724

Conversely, if we assume that § > /2 > 1/4 and put a = 28 — (v — 1/2), then
we have 1 —1/2a > 0. Using (7), we have

1
Ellun|? < [|KY2u,|? < (1 — —)"1C,.
[Junll” <l un||* < ( 2@) Co

Hence we have the stability estimate (31).
Next, we consider Case 2. Putting o = 1/2 in (7), we have

Co 2 M2 Dy 472 (8 = 37 1/ Dru
> || D +72(8 — G| KDy
Noticing the condition /2 — 8 > 0, we have
fm—7 (57— B)IK*? |} Drun” < Co.

Under the condition:

T < To < 1 = )
(37— 8) Ir272)2

the coefficient in the left-hand side becomes positive and we havevs

C 0 CO

| Drun|? < < ‘
m=72(37 = B)IKY2R T m =3 (3 - B) K2R

Thus we have (33) in the same way as in Case 1. (]

Remark 5. Fujii investigated in [2, 3] the stability condition for the Rayleigh
damping case with C' = aK + bM, a,b € R.

5.2. Convergence Theorem

Using the recurrence relation (5) and the stability theorem, we can show in this
section the convergence of Newmark’s method together with its convergence
order.

Let u(t) be the solution of (3) and u, (n =0,1,2,...,N) be the solution of
Newmark’s method for (3). We assume that M and K are positive definite and
C is nonnegative.
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The discretization error e, is defined as e,, := u(mn) — u,. Then we have the
following theorem.

Theorem 3. We assume that f € C%([0,T]), then we have the estimate ||e,|| =
O(7"), where

{122 ; for 7:%,
l=1 for 7>%.

Proof. To prove this theorem, we first show the following two lemmas.
Lemma 4. At the mesh points t = ™n with n = 0,1, we have

€ = 0, €1 = O(T3).

Proof. Since ug = u(0), we have ¢y = u(0) — ug = 0. Next we estimate e;. From
Step 3 in the iteration scheme in Sec. 2, we have

1
(5 :u0+7v0+(§ — B)2ag + Brias,
where

du 0 d?u

Vo = E( ), ap = F(O)

and
a1 = (M+y7C+Br*K) ™ x [fl—(C+TK)U0—K'LL0+{(’7—1)7’C+(ﬁ—%)TQK}(L()].

On the other hand, by Taylor’s theorem, we have

1 1
u(T) = ug + TV + 57'2&() +O(73) = ug + Tvo + (5 — B)t%ap + Briag + O(T3).

So, we obtain

e1 =u(r) —u = Brlag + 0(7'3) — pr%a; = BTQ(aO —a1)+ 0(73),

and from the relation
ag = Mﬁl(f() — Cvg — K'LL()),

and the above expression of a1, we have

a1 = (M~ +0(7)) x [(fo + O(7)) = (Cvg + O(7)) — Kug + O(7)]
= M~ (fo — Cvg — Kug) + O(7).

Thus we obtain e; = O(73). [



512 Chiba Fumihiro and Kako Takashi

At the mesh points t = 7n, n =0,1,2,..., N, we have u,, = u(tn) — e,, and
fn = f(mn). Using the recurrence relation (5), we can prove the next technical
lemma.

Lemma 5. Define p, as

1
Pn = (M + B72K)Drren + [{yCDs + (1 — 7)CD:} + T(y - §)KD;]en + Kep.
(34)

Then it is expressed as follows:

1 d3u

po=—7(7 = 5) Mg (n) +062) (35)

Proof. Substituting u(7n) — e, for u, in the recurrence relation (5), we have

Pn = (M + 6T2K)DT?€W, + [{’)/CD-,— + (1 - 'Y)CDF} + T('Y - %)KD?]en + Ke,
= (M + BrK)Dru(rn) + [{(yCD, + (1 = 7)CD:} +7(7 - %)KD;]U(Tn)

+ Ku(mn) —{I+7(y — %)D; + B72D,7} f(Tn).
Using the expressions
Dru(rn) = {u(r(n +1)) —u(rn)}/7, Dzf(mn) ={f(mn) — f(r(n— 1))}/,
Do-u(tn) = {u(r(n + 1)) — 2u(tn) + u(r(n — 1))} /72, etc.,

we rewrite the right hand side of the above formula. Applying Taylor’s theorem
to u(r(n+ 1)), f(r(n — 1)), etc. at t = mn, we have

2
D = M((liTg(Tn) —I—C%(TTL) +KU(7'n) - f(Tn)

+ 7'(7 - %) (C%(Tn) + K%(Tﬂ) - %(7%)) +O(7?).

Using the equalities:

d?u du
ME(TTL) + CE(TTL) + Ku(tn) — f(mn) = 0,
and , ;
d“u du df d°u
C@(Tﬂ) + KE(TTL) — E(’Tn) = —M@(Tn),
we obtain (35). ]

Proof of Theorem 3 (continued). Using Lemmas 4, 5, and the stability theorem
we can obtain the estimate of |le,||. To apply Theorem 2 to (34) we consider a
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modification of (10). If we look the proof of Theorem 1 again, we can replace
(48 + 27) supg<s<r [1f(1)]|? With sup;<,,<x_1 [|Pnll*. Then we have in this case

Co = (1 — %57’0)71{100 + 522 1<:1<1§_1 lpnall®} exp (5(1 — %57’0)71T).

Hence we have from (31) or (33)

llenll < Civ/Co + |leo]l = C1v/Co,

where C; is independent of wg, vg and p,. By Lemma 4 and (11), where wuq is
replaced by ey, we have

1 1
wo = |MY2D, el + 72{8 — 5(7 - 5)}”[(1/21)7—60”2
1
+ (K Do, e0) + | K20l +7(5 = 5 ) 1CY/2Dreal
1 1 1 1 1 1

— M2 12 4 52 __( __) K122, 12 ( __) o2, 12

M2 s 47208 — 2 (7= DMK er | 7 (3 = 5 )€ e
= 0.

From this we obtain with another constant Cy

Co < C2{O(T) +  sup  |pall?}.
1<n<N-1

On the other hand, from Lemma 5, we have

sup |lpn[? = O(r*) for =3,
1<n<N-1

sup ||pn|l? = O(7%) for ~ > 5
1<n<N-1
Thus we obtain the results. n

5.3. Energy Inequality and Discrete Energy

Related to an energy inequality, we define the following quantity:
1
Wy, = (M Dy, Druy) + 7 ('y — 5) (CDrup, Druy)

2

(oo (o- - D))o
+ (Ktpg1,tn) = (MDrtiy, Drtig) + (Ktina1, tn),

MZZM—FT(’Y—%)C—FTQ (6—%(7—%)>K2M.

g {5 _ % (7 _ 1) } (K Dy, Drttg) + (K1, ) (36)

where
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We call w,, a discrete energy. We also define other quantities w], and w:
w), = (M Dy, Druy) + (K, uy,), (37)

and
w;{ = (MUn, 'Un) + (Kun; un); (38)

where v, is a velocity given in Newmark’s method together with u,. These are
discrete analogues of the continuous energy:

E(t) = (M%u(t), %«m) +(Ku(t), u(t)). (39)

The difference quotient D, u,, approximates the derivative of u at t = Tn+7/2
with the second order in 7. So the average of (MD,u,, D u,) and (MD w1,
D;uy,—1) is a second order approximation of (M (d/dt)u, (d/dt)u) at t = Tn. The
average of (Kup41,uy) and (Kup,u,—1) is represented as follows:

1 1
5{(Kun+17un) + (Kuna unfl)} = (Kuna §{un+1 + unfl})a

where we use the assumption that K is symmetric. Since (1/2){un41 + tn—1}
is a second order approximation in 7 of u(t) at t = ™, (1/2){(Ktnt1,un) +
(Ktp,un—1)} is a second order approximation of (Ku,u) at t = 7n. Now we
define the following quantity W, as a second order approximation in 7 of (39)

at t = mn:
{ Wo forn =0,
W, =

(1/2)(wy, + wp—1) forn > 1.

5.4. Convergence Theorem of W,

Theorem 4. For a fixed T > 0, the convergence order of E(T) — Wx with
T = 1N is estimated as follows:

O(r?) for v=1,
e -wal={ o) o123
(r) for v> 3.
Proof. Using e, = u(tn) — u, in Theorem 3, we replace u, = u(rn) — e, in
E(tn)—W, and using the Taylor expansion of u(t) and the fact e,, = O(7!),l = 1
or 2, we obtain

1

E(tn) =Wy = — 53 {(M(ent1 —€n),ent1 —en) + (M(en — €n—1),€n —€n_1)}

+ % (M(en+1 —en_1), %(Tﬂ)) +O(rh.

So, we consider the estimation of e,11 — e, and e,4+1 — e,—1. We define the
quantities
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1
En = - (en—i-l - en—l) for n > 17
T

and, using p,, defined in Lemma 5, we put

Py = (M + B7°K) Dz E, + [{7CD- + (1 —7)CD=}
+7(y - %)KD‘F]En + KE, = % (Pn41 —pn-1) for n>1. “
By the similar calculation in the proof of Theorem 3, we have
E; =0(t%) and E, = 0(r?),
and also we get
Py=71(2y-1) (%(T) + c%(T)) +0(7%).

Hence we have P, = O(73) when v = 1/2 and P, = O(7?) when v > 1/2. In
the same way as the proof of Theorem 3, we have the estimate of E,,

||En||§\/0(r4)+0( sup  ||Pa][°).

0<n<N-—1

In the same way as for E,,, we have the estimate of e,,41 — ey,
O(r3) for yv=1/2,
lensr = eall = { O(r?) for ~v>1/2.
Thus we obtain the following estimation:
O(r%) for y=1/2,

E(T) = Win| < O(En) = { O(r) for v>1/2.

6. Application to Resistive MHD Equation
6.1. Simplified Resistive MHD Equation

We investigate the behavior of solution to resistive MHD equation(see [8, 5] for
details). Let ¥ (t,x) := B.(t,x) be the z-component of magnetic field at time
t which we assume depends only on x—variable in space direction and periodic
with period one, and hence the function on R x S, where S = R/N (the unit
circle). Then 1) satisfies the following second order equation in ¢ if we neglect a
weak interaction term along magnetic lines:

D — ALy + H(z)2p =0,
A=2

- 6$27

(41)

where 7 is a nonnegative constant called resistivity, and H(z) is a smooth real
periodic function which represents the Alfvén frequency at . We call the prob-
lem (41) a model equation of magnetic line for the solution and the resistive
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linearized MHD. Based on Newmark’s scheme, we compute the time evolution
of the discrete approximations of energy defined in the formulas in (36) - (38).
For general discussion, we formulate the model problem to the abstract equa-
tion for wu(t):
o L 0 Huy = 42
@u—i—n au—i— u=0, (42)
and we consider this equation in a Hilbert space H. We assume that L is a
nonnegative self-adjoint operator and the inverse operator (L +1)~! is compact
in # and H is a bounded operator. We refomulate the equation (42) to the first

order system:
d (u u 0 I
%(U,I)_Fn(ul>’ Fn'_<_H _77L>. (43)

We define the domain of F}, as follows:
D(F,) :=H x D(L).

The operator F;, is the generator of a Cyp-semigroup and its resolvent is given as
follows:

1, 1p-1 —1
_ ~14i1p-'F _D
_ 1 _ X Xn n
(Fn )‘) < D;lH _)‘Dnl) ’ (44)
where D, (\)(= D, for short) is defined as follows:
D,(\) :== X +n9\L+ H, D(D,)="D(L). (45)

Since H is bounded and (L + 1)~ is compact, D, has a compact inverse for suf-
ficient large positive A. Hence, (44) is well defined and has its essential spectrum
{0, oo}.

We consider (43) on H x H. In the weak form, (43) becomes to find {v,w} €
‘H x H such that

0

& (’va) + (’LU, C)}(wvw) - (HU, C) - U(Lwa <)7 for all wv C €EH. (46)

We factorize L in the third term of the left-hand side and adopt the representa-
tion:

(Lv,¢) = (LY?v, LY3().

Then we can finally formulate the equation in V x V with V =D (L'/?) to find
{v,w} € V x V such that

% (Uv w) + (’LU, C)} = (wa w) B (HU, C) 7T](L1/2’LU, Ll/QC)a for all wv C eV (47)
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6.2. Numerical Method for the Model Problem

The weak formulation (47) introduces the following discrete approximation. We
takes as an approximate space V, X Vj, where V;, is a finite dimensional ap-
proximate subspace of V. Then the finite element approximation problem is to
restrict the problem on V, to find {vs,wp} € Vi X V), such that

O ons ) + (wns )} = (wny ton) — (Hom, Cu) — (LM 2wn, LV2G),

ot (48)
for all o, € V.

Since L = —A with D(L) = H?(S), we have
D(LY?) =V = HY(S).

We define a finite dimensional subspace V} of V as a set of piecewise linear
continuous functions for the equipartition of S = [0,1) with N mesh points.
Namely, we take h = 1/N and define V}, as

Vi :={up : up is periodic with period 1 and continuous,

49
and linear on [k h, (k+ 1)h], k=0,1,... ,N —1}. (49)

6.3. Numerical Tests of Newmark’s Method Applied to the Model MHD Equation

We investigate numerically the convergence order of Newmark’s method. We
calculate the numerical solution at ¢t = T by Newmark’s method with a time
step 7, =T/2P,p=1,2,3,.... We put H(z) =2+ sin27z and h = 1/256. Let
us denote by u, , the numerical solution with a time step 7 at ¢t = 7n of (41),
we assume the convergence order as follows:

l[ug16 71g — 2w 7, | L2(0,1) = CaTys (50)

where we use ugie ., as the fine enough approximation to the exact solution
at t = T(= 10). We compute numerically the convergence order ! based on
the above assumption (50). In these calculations, we set n = 0.001,0.0001, 0,
B =1/6,v=1/2,0.51, 2/3, 3/4 and p=6,7,...,16. We use the least square
method for estimating [. Table 1 shows the estimation of the convergence order
I for each . The results are consistent with the theoretical orders in Theorem
3.

Table 1. Convergence order [ for various 7y

5 1/2 | 051 | 2/3 | 3/4

n = 0.001 2.0371 | 1.2517 | 1.0149 | 0.9841
n =0.0001 | 2.0331 | 1.2019 | 1.0158 | 0.9873
n=20 2.0302 | 1.1995 | 1.0165 | 0.9884
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6.4. Numerical Tests of Discrete Energy

We estimate the convergence order of the quantities wy,, w},, w! and W,,. We
calculate these quantities at ¢ = T with a time step 7, = T/2P,p = 1,2,3,....
We put 8 =1/6, v = 1/2 and H(z) = 2 + sin27x. In the case of wy,, let us
denote by wy, r the numerical solution with a time step 7 at t = 7n, and we

assume the relation of convergence order as follows:
!
|w216,716 - w2p77—p| = 027}” (51)

where we use wais -, on behalf of the exact solution at t = T'(= 10) as its
fine enough approximation to the exact solution. We estimate the convergence
order ! based on the above assumption (51). In these calculations, we put n =
0.001,0.0001,0, h = 1/256 and p = 6,7,... ,16. We use the least square method
for estimating [. In other cases of w!,, w) and W,,, we estimate ! similarly. Table
2 shows the estimation of [ in each case. It shows that W, and w, have very
good performance.

Fig. 1. The case 7 = 0.5: Frame 1=w,,, Frame 2=w!,, Frame 3 =w// and Frame 4=W,
Table 2. Estimates of [ at h = 1/256

n = 0.001 1.0774 | 1.1038 | 2.0311 | 2.1457
n = 0.0001 | 1.3514 | 1.0940 | 2.0422 | 2.0265
n=20 2.0242 | 1.0480 | 2.0182 | 2.0242

Fig. 1,2,3 and 4 show the time evolution behaviors of wy,, w),, w! and W,.
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Fig. 2. The case 7 = 0.5: the lower one is W,,, and another one is w!,

Fig. 3. The case 7 = 0.125: Frame 1=w,,, Frame 2=w),, Frame 3 =w/ and Frame 4=W,,

Fig. 4. The case 7 = 0.125: the lower one is W,,, and another one is w!,



520 Chiba Fumihiro and Kako Takashi
References

1. F. Chiba and T. Kako, On the stability of Newmark’s 8 method, Research Insti-
tute of Mathematical Sciences, Kyoto University, RIMS Kokytroku 1040 (1998)
39-44.

2. H. Fujii, Finite-Element Galerkin Method for Mixed Initial-Boundary Value Prob-
lems in Elasticity Theory, (Center for Numerical Analysis, The University of
Texas at Austin, 1971).

3. H. Fujii, A Note on Finite Element Approximation of Evolution Equations, Re-
search Institute of Mathematical Sciences, Kyoto University, RIMS Kokytroku
202 (1974) 96-117.

4. J.W. Helton and R. L. Miller, NC Algebra, Department of Mathematics, Univer-
sity of California San Diego, 1994.

5. T. Kako, Spectral and numerical analysis of resistive linearized magnetohydro-
dynamic operators, In Series on Applied Mathematics 5, Proceedings of the First
China-Japan Seminar on Numerical Mathematics, Shi Z-C. and T. Ushijima
(eds.), Kinokuniya (1993), pp. 60-66.

6. M. Matsuki and T. Ushijima, Error estimation of Newmark method for conserva-
tive second order linear evolution, Proc. Japan Acad. Ser. A. 69 (1993) 219-223.

7. N.M. Newmark, A method of computation for structural dynamics, Proceedings
of the American Society of Civil Engineers, J. Engineering Mechanics Division
85 (1959) 67-94.

8. Y. Pao and W. Kerner, Analytic theory of stable resistive magnetohydrodynamic
modes, Phys. Fluids. 28 (1985) 287-293.

9. P.A. Raviart and J. M. Thomas, Introduction a I’Analyse Numérique des Equa-
tions aux Dérivées Partielles, Masson, Paris, 1983.

10. W.L. Wood, Practical Time-Stepping Schemes, Clarendon Press Oxford, 1990.

11. W.L. Wood, A further look at Newmark, Houbolt, etc., time-stepping formulate,
Inter. J. Numerical Methods in Engineering 20 (1984) 1009-1017.

12.  S. Wolfram, The Mathematica Book, 3" Edition, Addison-Wesley, 1998.



