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Abstract. The paper deals with an approach to the solution of stabilization prob-

lems for dynamic systems based on positional solutions of auxiliary optimal control

problems. The specific character of the approach consists in using bounded controls,

nonfixed beforehand structures of feedbacks. In addition, by choosing parameters of

control constraints and cost functions of optimal control problems in an appropriate

way, one can provide high characteristics of transients. Stabilization of linear and non-

linear dynamic systems is under discussion. Results of computer experiments on the

stabilization of an inverted pendulum and the damping of string oscillations are given.

1. Introduction

The stabilization problem of dynamic systems is one of central problems of
control theory and in a certain way it gave birth to the latter. Stabilization
theory can be considered as antipode to stability theory since it deals with the
synthesis of dynamic systems whereas subjects of stability theory is the analysis
of motions. The close relation between two problems (stability and stabilization)
allowed during a long period of time to use results of stability theory to create
dynamic systems which possessed stable behavior [1 - 3].

As is known, the classical statement of the problem consists in the following.
Let a control system

ẋ = f(x, u), x ∈ R
n, u ∈ R

n, f(0, 0) = 0. (1)

∗This work is partly supported by Belarus Republican Foundation of Basic Research (grant
F02R-008) and State program ”Mathematical structures – 16”.



522 R. Gabasov and F. M. Kirillova

be given. We assume that the equilibrium state x = 0 of the system without
controls (u ≡ 0) is not asymptotically stable. In addition to (1), a set of functions
{u = u(x), x ∈ R

n (u(0) = 0)} called feedbacks is given. If a control system is
linear

ẋ = Ax+Bu, x ∈ R
n, u ∈ R

r, (2)

then a linear feedback u = Kx is usually used.

The problem consists in constructing a feedback u∗ = u∗(x), x ∈ R
n, such

that it provides asymptotic stability of (1) or (2) [1, 2].

From the modern point of view the solution of the classical stabilization
problem has at least tree drawbacks:

(1) it does not take into account that control functions can be bounded;
(2) the domain of attraction of the zero solution of (1) or (2) can be not large;

(3) nothing is known (or demanded) about transients except for property of
asymptotic stability.

To overcome shortages of the classical approach one can use the optimal con-
trol methods. The first result on stabilization of linear dynamic systems (2) by
optimal control methods was obtained by Kalman and Lyotov [3, 4]. Their clas-
sical results on analytical design of optimal regulators had been at once applied
to stabilization problems. The prevalence and the success of their results can
partly be explained by absence of constraints on control functions due to which
the problem in question becomes a problem of calculus of variations. Later on
to solve stabilization problems linear-quadratic optimal control problems with
a finite horizon [5, 6] were used. The construction of stabilizing feedbacks in
[3 - 6] was based on possibility of explicit positional solutions of the problem
and the absence of any constraints on control functions as well. The construct-
ing of bounded stabilizing feedbacks in an explicit form represents an extremely
complex mathematical problem. Below one approach is suggested to solve the
stabilization problem which is based on constructing in real-time optimal feed-
backs for auxiliary optimal control problems [7, 8] and the principle of receding
horizon. At first consider linear control system (2).

2. Statement of the Problem

Let G be a neighborhood of the equilibrium state x = 0 of (2), u ≡ 0, L ∈
(0,+∞) be a given number, b a vector (u(t) is a scalar control).

Definition 1. A function

u = u(x), x ∈ G,

is called a bounded stabilizing feedback for system (2) if

(1) u(0) = 0;
(2) |u(x)| ≤ L, x ∈ G;

(3) equation (2) closed by u(x)

ẋ = Ax+ bu(x) (3)
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has a solution x(t), t ≥ 0, for all x0 ∈ G.
(4) system (3) is asymptotically stable in G.

Introduce an auxiliary (accompanying) optimal control problem

ẋ = Ax+ bu, x(0) = z, rank (b, Ab, . . . , An−1b) = n. (4)

For a fixed number Θ (a parameter of the method) put

V (z) = min
u

∫ Θ

0

|u(t)|dt, x(Θ) = 0, |u(t)| ≤ L, t ∈ T = [0,Θ]. (5)

Denote by G(Θ) the set of initial states z for which problem (4), (5) has optimal
open-loop solutions u0(t|z), t ∈ T. It can be proved that for any ε > 0 there
exists such Θ < +∞ that an ε-vicinity G(Θ) of G contains all initial states that
can be transferred to x = 0 by bounded controls.

Definition 2. A function u0(z) = u0(0|z), z ∈ G(Θ), is called a start optimal
positional control (a start optimal feedback control).

It can be proved that the function u(x) = u0(x), x ∈ G(Θ), is a bounded
stabilizing feedback for (2). As the construction of u(x), x ∈ G(Θ), is a rather
complex problem, one can use the mentioned approach to calculate a realization
u∗(t) = u0(x∗(t)), t ≥ 0, in real-time mode [7]. The essence of the approach
consists in introducing a concrete process and investigating a part of the feedback
which corresponds to real situations of control. Suppose the bounded stabilizing
feedback u(x), x ∈ G, is constructed. Consider the behavior of the closed control
system in a real situation

ẋ∗(t) = Ax∗(t) + bu(x∗(t)), x∗(0) = x∗0, x
∗
0 ∈ G.

In any concrete process the feedback u(x), x ∈ G, is not used as the whole.
All one needs is values of the feedback along an isolated curve x∗(t), t ≥ 0,
and these values are not supposed to be calculated beforehand but only at every
current moment τ ≥ 0, when system (3) turns out to be at the state x∗(τ).

Definition 3. A function u∗(t) = u(x∗(t)), t ≥ 0, is called a realization of the
stabilizing feedback.

Thus, the stabilization problem is reduced to constructing an algorithm of
functioning Optimal Controller for (4), (5). Two ways of realization of the
stabilizing feedbacks can be suggested: “continuous” and “discrete”. The con-
tinuous way deals with defining elements (switching points of optimal open-loop
controls and the Lagrange multipliers) which satisfy algebraic equations origina-
ting from the maximum principle (ψ′(tk|τ, x(τ))b = 0) and terminal constraints
(x(Θ) = 0). Under rather general conditions the Jacobi matrix of the equa-
tions is nonsingular that makes possible to use the Newton method to solve the
defining equations in real time [8]. Another approach is based on using dis-
crete (piecewise-constant) controls with a constant period of quantization that
reduces stabilization problems to linear programming problems solved by a dual
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methods [9 - 11]. In the paper we shall restrict ourselves by the class of discrete
controls and give new results on stabilization problems obtained by optimal
control methods in which constructive optimization methods combine with the
modern computer tools.

3. Stabilization of Time-varying Dynamic Systems

Consider a time-varying dynamic system

ẋ = A(t)x, T = {t ∈ R : t ≥ t∗}, (6)

where A(t), t ∈ T , is a piecewise continuous (n× n)- matrix function.
Suppose that system (6) is not asymptotically stable. For the purpose of the

solution of the stabilization problem we shall consider the dynamic system

ẋ = A(t)x + b(t)u, (7)

with a constrained piecewise continuous n-vector function b(t), t ∈ T .
A function

u = u(t, x), x ∈ Xt ⊂ R
n, t ∈ Th = {t∗, t∗ + h, . . . }; (8)

is called a bounded stabilizing discrete control of feedback type with a quanti-
zation period h > 0 if
(1) u(t, 0) = 0, t ∈ Th;
(2) |u(t)| ≤ 1, x ∈ Xt, t ∈ Th;
(3) a trajectory x(t), t ∈ Th, of closed system

ẋ = A(t)x + b(t)u(t, x), x(t∗) = x0 ∈ Xt∗ , (9)

is a trajectory of linear system (7) with the condition x(t∗) = x0 and the control

u = u(t) = u(t∗ + kh, x(t∗ + kh)), t ∈ [t∗ + kh, t+ (k + 1)h[, k = 1, 2, . . . ;

(4)x(t) ∈ Xt, t ∈ Th;
(5) the zero solution x(t) = 0, t ∈ T, of closed system (9) is asymptotically
stable in Xt∗ .

From practical point of view it is important that feedback (8) would possess
additional properties such as
(6) the domain of attraction Xt∗ of the zero solution is sufficiently large;
(7) transients (x(t) → 0, t → ∞) possess definite qualities with respect to a
cost function.

Let the functions A(t), b(t), t ∈ T, satisfy

λ1 = inf
τ∈Th

min
‖z‖=1

‖F (τ + θ, τ)z‖ > 0,

λ2 = inf
τ∈Th

min
τ+θ
∫

τ

|u(t)|dt=1

‖

τ+θ
∫

τ

F (τ + θ, t)b(t)u(t)dt‖ > 0.
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Here F (t, τ) = F (t)F−1(τ), t ∈ T, is the fundamental matrix of the solution
of (6), Ḟ = A(t)F , F (t∗) = E, θ = Nh > 0 is a parameter of the method. For
τ ∈ Th, z ∈ R

n in the class of discrete functions u(t), t ∈ T (τ) = [τ, τ + θ[:

u(t) = u(t∗ + kh), t ∈ [t∗ + kh, t∗ + (k + 1)h[, k = 0, ..., N − 1,

consider an accompanying problem of optimal control

B(τ, z) = min

τ+θ
∫

τ

|u(t)|dt, ẋ = A(t)x + b(t)u(t), (10)

x(τ) = z, x(τ + θ) = 0, |u(t)| ≤ 1, t ∈ T (τ).

Let u0(t|τ, z), t ∈ T (τ), be an optimal open-loop control to (10), Xτ be a set of
vectors z ∈ R

n for which problem (10) has a solution at the fixed τ .

Definition 3. A function

u0(τ, z) = u0(t|τ, z), z ∈ Xτ , τ ∈ Th, (11)

is called a start optimal control of feedback type.

At first we prove that the feedback

u(t, x) = u0(t, x), x ∈ Xt, t ∈ Th, (12)

is a solution to the stabilization problem. The properties (1) - (3) are evident
due to (9), (11) and (12). Let x(τ) ∈ Xτ i.e. there exists an admissible control
u(t|τ, x(τ)), t ∈ T (τ), to (9), at which x(τ + θ) = 0. Under u(t) = u0(τ, x(τ)),
t ∈ [τ, τ + h[ , system (7) gets at x(τ + h) at the moment τ + h. For this state
the control u(t|τ, x(τ)), t ∈ [τ + h, τ + θ[; u(t) = 0, t ∈ [τ + θ, τ + h + θ[, is
admissible, i.e. x(τ + h) ∈ Xτ+h (property (4)).

To prove (5) let us investigate the function B(t, z), z ∈ Xτ , τ ∈ Th. It is
clear that B(τ, 0) = 0, τ ∈ Th. According to the Cauchy formula

F (τ + θ, τ)z +

τ+θ
∫

τ

F (τ + θ, t)b(t)u(t|τ, z)dt = 0, (13)

if u(t|τ, z), t ∈ T (τ), is admissible.
Hence

λ1‖z‖ ≤ ‖F (τ + θ, τ)z‖ ≤ max
t∈T (τ)

‖F (τ + θ, τ)b(t)‖

τ+θ
∫

τ

|u(t|τ, z)|dt

for all admissible controls. In particular, for u0(t|τ, z), t ∈ T (τ),

B(τ, z) =

τ+θ
∫

τ

|u0(t|τ, z)|dt ≥ µ1‖z‖, µ1 = const, (14)
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that proves the definite positiveness of B(τ, z), z ∈ Xτ , t ∈ Th.
The function B(τ, z), z ∈ Xτ , t ∈ Th, decreases along any trajectory x(t),

t ∈ T, of (9). Really, if x(τ), x(τ + h) are arbitrary neighboring states of (9),
then

B(τ, z) =

τ+θ
∫

τ

|u0(t|τ, z)|dt =

τ+h
∫

τ

|u0(t|τ, z)|dt+

τ+θ
∫

τ+h

|u0(t|τ, z)|dt ≥
(15)

≥

τ+θ+h
∫

τ+h

|u0(t|τ + h, x(τ + h))|dt = B(τ + h, x(τ + h)).

Let τ + ν(τ), ν(τ) > 0 be the first after τ moment when u0(τ + ν(τ), x(τ +
ν(τ))) 6= 0. Then from (15) it follows that B(τ +ν(τ), x(τ +ν(τ))) < B(τ, x(τ)).
Thus the function B(τ, z) z ∈ Xτ , t ∈ th, does not increase along the trajectory
x(t), t ∈ T of (9) and there exists such an increasing sequence of moments
tk ≤ Th, k = 1, 2 . . . , that B(tk+1, x(tk+1)) < B(tk, x(tk)), k = 1, 2 . . . .

The property takes place

B(tk, x(tk)) → 0, k → ∞, (16)

as the function B(τ, z), z ∈ Xτ , t ∈ th, possesses a superior limit. In fact, from
(13) it follows that

B(τ, z) =

τ+θ
∫

τ

|u0(t|τ, z)|dt ≤
1

λ2
‖

τ+θ
∫

τ

F (τ + θ, t)b(t)u0(t|τ, z)‖dt

≤
1

λ2
‖F (τ + θ, τ)‖‖z‖ ≤ µ2‖z‖.

Due to (14) from (16) one gets

x(tk) → 0, k → ∞. (17)

Let t ∈ T be a moment from [tk, tk+1[. Then

max
t∈[tk,tk+1]

‖x(t)‖ ≤ max
t∈[tk,tk+1]

‖F (t, tk)x(t)‖

+ max
s∈[tk,t[,t∈[tk,tk+1]]

‖F (t, s)b(s)‖

tk+1
∫

tk

|u(t)|dt.

As (16), (17) hold, then x(t) → 0, t→ ∞, that proves the property 5).
The set Xt∗ is widened if θ increases. Denote by X∗ the set of controllability

to the zero of (7) with the help of discrete bounded control. Then for any ε > 0
there exists such θ = θ(ε) that all elements of X∗ will be in the ε-vicinity [X∗]ε
of Xt∗ . So by selection of θ the domain Xt∗ can be made as close to a maximal
one as possible.
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An extremal property of transients generated by (9) with (8) satisfies the
inequality

∞
∫

τ∗

|u∗(t)|dt ≤

τ+θ
∫

τ

|u0(t)|dt, τ ∈ Th. (18)

Here u∗(t), t ∈ T , is values of the feedback along the trajectory x∗(t), t ∈ T ,
of system (9) with the initial state x(τ) ∈ Xτ , u

0(t), t ∈ T (τ), is an optimal
open-loop control damping at τ + θ system (9) with x(τ) ∈ Xτ .

If one interprets |u(t)| as fuel consumption per second at t, then property
(18) means that fuel consumption spent to stabilize x(τ) on [τ,∞[ does not
exceed the minimal value which is necessary to damp system (7) with the initial
state x(τ) on [τ, τ + θ[.

Property (18) follows from inequalities

B(τ, x(τ)) =

τ+θ
∫

τ

|u0(t|τ, x(τ))|dt ≥

τ+h
∫

τ

|u∗(t)|dt

+

τ+h+θ
∫

τ+h

|u0(t|τ + h, x(τ + h))|dt ≥ . . . ≥

∞
∫

τ

|u∗(t)|dt.

The value
τ+θ
∫

τ

|u0(t)|dt, τ ∈ Th, does not increase if θ increases. Therefore,

by choosing θ the fuel consumption spent on stabilization can be reduced as
close as desired to minimal possible.

Realization of the method. Before the stabilization process we take a vicinity of
equilibrium state x = 0 that consists of perturbed initial states x(t∗) and cover
it with a dense network with nodes xk, k ∈ K. Steps for the realization are as
follows:
1. Optimal support Kk

sup is constructed for every node [11];
2. At the initial state of stabilization t∗ using the realizing x∗(t∗) we construct
the nearest node xm, and the support Km

sup is corrected by the duel method up
to the optimal support K0

sup(t∗) [11]. A number of nodes |K| of the network is
chosen in such a way that the time of correcting for any x ∈ Xt∗ does not exceed
h;
3. The function u∗(t) = u∗(t∗) = u0(t∗|t∗, x(t∗)), t ∈ [t∗, t∗ + h[ is calculated by
K0

sup(t∗). Under influence of u∗(t), t ∈ [t∗, t∗ + h[, and a disturbance system (9)
gets at the state x∗(t∗ + h) at t∗ + h. Under the condition x∗(t∗ + h) /∈ Xt∗+h,
the stabilization of (6) is impossible.
4. Let x∗(t∗ + h) ∈ Xt∗+h. For this state we construct the optimal support
K0

sup(t∗ + h) correcting K0
sup(t∗) by the mentioned duel method.

5. Repeat the procedure from the step 4 for t∗ + 2h and so on.
The process of stabilization can be realized in real time mode with computer

tools which is used in the procedure of correction. For that the time of correcting
at any current moment τ ∈ Th, of the stabilization process has not to exceed h.
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4. Stabilization of Nonlinear Dynamic Systems

Consider the problem of stabilization of a nonlinear system in the class of piece-
wise constant controls with a constant quantization period h > 0 :

ẋ = f(x), (x ∈ R
n, f(0) = 0), x ∈ X, (19)

Uh =
{

u(x(kh)), t ∈ [kh, (k + 1)h[, k = 0, 1, 2, . . .
}

. (20)

Suppose that the equilibrium state x = 0 of (19) is not asymptotically stable.
Construct a feedback which possesses the stabilizing property. Assume that

ẋ = a(x) + b(x, u), (a(x) + b(x, 0) = f(x), a(0) + b(0, 0) = 0) (21)

and
1) equation (21) has a unique solution x(t), t ≥ 0, for all x(0) ∈ X and controls
from class (20);
2) for any x(0) ∈ X there exist a finite t∗ and a control u(t), |u(t)| ≤ L, t ≥
0, u(t) ∈ Uh, such that the corresponding trajectory x(t), t ≥ 0, of (21) satisfies
the condition x(t∗) = 0.

Definition 4. A function

u = u(x), x ∈ X, (22)

is called a bounded discrete stabilizing feedback if
(1) u(0) = 0, |u(x)| ≤ L;
(2) a trajectory of the closed-loop system

ẋ = a(x) + b(x, u(x)), x(0) = x0 ∈ X, (23)

coincides with a solution of the equation

ẋ = a(x) + b(x, u(t)), x(0) = x0, (24)

u(t) = u(x(kh)), t ∈ [kh, (k + 1)h[, k = 0, 1, 2, . . . ;

(3) the zero solution x(t) = 0, t ≥ 0, of (23) is asymptotically stable in X.

To construct function (22) choose a parameter Θ, 0 < Θ < +∞, and consider
an auxiliary (accompanying) optimal control problem

VΘ(z) = min
u

Θ
∫

0

c(x(t), u(t))dt, ẋ = a(x) + b(x, u), x(0) = z, x(Θ) = 0, (25)

|u(t)| ≤ L, t ∈ T = [0,Θ = Nh], (c(x, u) > 0, x 6= 0, u 6= 0; c(0, 0) = 0)

taking u(t), t ≥ 0, from Uh.
Let u0Θ(t|z), t ∈ T, be an optimal open-loop control of (25), XΘ be a set of

z for which problem (25) has a solution.
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Definition 5. A function

u0Θ(z) = u0Θ(0|z), z ∈ XΘ, (26)

is called a start optimal control of feedback type.

Theorem 1. The function

u(x) = u0Θ(z), z ∈ XΘ, (27)

is a bounded discrete stabilizing feedback in XΘ.

Proof. Property 1) for function (27) follows from (25), (26) and the inequality
|u0(t|z)| ≤ L, t ∈ T, z ∈ XΘ. Property 2) originates from (20), (25). Consider
VΘ(z), z ∈ XΘ, to verify that it is the Lyapunov function providing asymptotic
stability of the zero solution of (21) with feedback (26) in XΘ.

Really, VΘ(0) = 0, VΘ(z) > 0, z ∈ XΘ, z 6= 0. Let x∗0 ∈ XΘ, x
∗
0 6= 0,

be an initial state of a process. At the moment h using the control u∗Θ(0) =
u0(x∗0) = u0Θ(0|x

∗
0) system (21) gets at the position x∗(h). Consider the control

uΘ(0|x
∗(h)) = u0Θ(h|x

∗
0), uΘ(h|x

∗(h)) = u0Θ(2h|x
∗
0), . . . , uΘ(Θ − 2h|x∗(h)) =

u0Θ(Θ− h|x∗0), uΘ(Θ− h|x∗0(0)) = 0 which is admissible for the state x∗(h) and
∫ Θ

0

c(xΘ(t), uΘ(t|x
∗(h))dt = VΘ(x

∗
0).

Due to the inequality c(x, u) > 0 at x 6= 0, u 6= 0, the function VΘ(x), x ∈
XΘ does not increase at passing x∗0 → x∗(h): VΘ(x

∗(h)) ≤ VΘ(x
∗
0). Mov-

ing along trajectory (21) with control (26) one can find l, 0 ≤ l ≤ N, such
that VΘ(x(lh)) < VΘ(x

∗
0). So we conclude that the positive definite function

VΘ(z), z ∈ XΘ, decreases strongly along any trajectory of (21) and its limit
value is equal to zero. According to the proof of the Lyapunov theorem on
asymptotic stability [1, 2] the zero solution of system (21) is asymptotically
stable in XΘ. �

Choosing Θ it is possible to make the domain XΘ close to the maximum
domain of the stabilizability X∗ of system (22), i.e., for any ε > 0 there exists
such Θ < +∞ that the ε-vicinity of XΘ contains X∗.

Stabilizing feedback (27) satisfies the inequality
∫ ∞

0

c(x∗Θ(t), u
∗
Θ(t))dt ≤

∫ Θ

0

c(x0Θ(t), u
0
Θ(t|x

∗
Θ))dt. (28)

Let the value
∫ τ

0

c(x∗Θ(t), u
∗
Θ(t))dt

be “the cost” of the damping of system (21) on the segment [0, τ ]. The value
∫ ∞

0

c(x∗Θ(t), u
∗
Θ(t))dt

represents “the cost” of all process of stabilization of (21). Inequality (28) means
that “the cost” of all process of stabilization of (21) does not exceed the minimal
cost of the system damping for the time Θ.
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The value

α0 = lim
Θ→∞

∫ Θ

0

c(x0Θ(t), u
0
Θ(t))dt

is called the minimal cost damping system (21).
From (28) it follows that for any ε > 0 there exists such a parameter Θ(ε)

of accompanying problem (25) that the inequality
∫ ∞

0

c(x∗Θ(ε)(t), u
∗
Θ(ε)(t))dt ≤ α0 + ε,

holds, i.e. “the cost” of stabilization of the system can be made as close as
desired to the minimal cost of its damping.

Remarks. By introducing special constraints in problem (25) one can get re-
quired properties of transients for closed-loop system (21). Transients with given
degree of asymptotic stability, given degree of oscillations and monotonicity are
more spread among them. More details are given in [9, 10].

Scheme of constructing stabilizing feedbacks.
Now let us pass to constructive realization of feedbacks. Divide the domain X
into subdomains Xi, i = 1, ..., q. At each Xi, i = 1, ..., q substitute the func-
tion a(x), x ∈ X, by a linear approximations aq(x), x ∈ X, and the func-
tion b(x, u), x ∈ X, u ∈ U = {u ∈ R : |u| ≤ 1} by the constant functions
bq(x, u), x ∈ X, u ∈ U. Choose p points u1, . . . , up in U and construct the
vector bqj(x) = bq(x, uj), j = 1, ..., p. The system

ẋ = aq(x) +

p
∑

j=1

bqj(x)νj , 0 ≤ νj ≤ 1, j = 1, ..., p,

p
∑

j=1

νj = 1, (29)

is called a piecewise-linear approximation of (21).
Two types of approximation of the criterion can be used to construct the

realization of stabilizing feedbacks:
1. Linear approximation of the criterion is made by substitution of an integral
criterion by a linear terminal one on account of increasing the dimension of the
state vector with the consequent linearization;
2. A quadratic approximation is made when the function c(x, u), x ∈ X, u ∈ U,
changes by a piecewise-quadratic function.

For both cases fast algorithms of open-loop and closed-loop optimization can
be justified [11]. The scheme is completed by using asymptotic improvement of
results of the approximation procedure [12].

Example. An inverted pendulum
Consider the mathematical model of an inverted pendulum which is controlled
by horizontal movements of the pin [13]

ẍ− sinx+ u cosx = 0. (30)

Here x is an angle between the vertical and the pendulum. Let x = x1, ẋ = x2.
The state (π, 0) is the lower stable equilibrium of (30), (0, 0) is the upper unstable
one. Denote
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X = {(x1, x2) : −π ≤ x1 ≤ π} (31)

and divide domain (31) into subdomains X1 = {(x1, x2) : −π ≤ x1 ≤ −3π/4},
X2 = {(x1, x2) : −3π/4 ≤ x1 ≤ −π/2}, X3 = {(x1, x2) : −π/2 ≤ x1 ≤ −π/4},
X4 = {(x1, x2) : −π/4 ≤ x1 ≤ π/4}, X5 = {(x1, x2) : π/4 ≤ x1 ≤ π/2},
X6 = {(x1, x2) : π/2 ≤ x1 ≤ 3π/4}, X7 = {(x1, x2) : 3π/4 ≤ x1 ≤ π}. In
computer experiments a piecewise linear approximation for sinx and a piecewise-
constant approximation for cosx were used (see (29)).

Let the initial state x0 = (π, 0), values L, Θ, and h be given. The problem
is to transfer the pendulum to the upper unstable state (0, 0) and stabilize it at
this position. Consider the linearized optimal control problem

∫ Θ

0

|u(t)|dt −→ min
u,Θ1,Θ2,Θ3

, (32)

ẍ1 = − x1 + π − u, x1(0) = z1, ẋ
1(0) = z2, t ∈ [0,Θ1];

ẍ2 = (1− π/4)x2 + 3/2− π/2− u(1− 4/π), t ∈ [Θ1,Θ2];

ẍ3 = (π/4− 1)x3 + π/2− 1 + u(4/π − 1), t ∈ [Θ2,Θ3];

ẍ4 = x4 − u, t ∈ [Θ3,Θ];

x1(Θ1) = π/4, x2(Θ2) = π/2, x3(Θ3) = 3π/4,

x4(Θ) = 0, ẋ4(Θ) = 0; |u(t)| ≤ L, t ∈ T.

Let the optimal trajectory of (30) on the phase plane go through four domains
I: X4, II: X5, III: X6, IV: X7 and

Θ0
1 = Θ0

1(0) = Θ0
1(x(0), ẋ(0)), Θ0

2 = Θ0
2(0) = Θ0

2(x(0), ẋ(0)),

Θ0
3 = Θ0

3(0) = Θ0
3(x(0), ẋ(0))

are optimal moments of crossing boundaries of the corresponding domains: I →
II, II → III, III → IV.

At testing the algorithm the influence of parameters L, Θ was studied. The
results are given in Table 1. The values of minimal cost functions are given in
the first line (corresponds to the problem of damping the pendulum to (0, 0))
and in the second line (corresponds to the solution of problem (32) which gives
a realization of the stabilizing feedback on the interval (0, 20)).

On Fig. 1 the trajectories of the closed-loop system for different L, Θ are
pictured. The curve number 1 corresponds to numbers given in Table 1. The
stabilizing feedback realized for the piecewise linear approximation of (30) by
solving problem (32) manages to damp out oscillations for nonlinear model (30).
The corresponding phase trajectories are presented on Fig. 2 for Θ = 3, L = 4.
Both the piecewise-linear system and the original nonlinear system were closed
by the optimal feedback for (32). The curve 1 and the curve 2 correspond to
them. It can be seen from Table 1 that inequality (28) holds.
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Table 1. Influence of Θ, L

Θ(h) L = 4 L = 2 L = 1

3 (0.1) 40.54041
21.770211

4 (0.1) 25.44218
21.647501

5 (0.2) 16.34493 17.79221
15.412921 16.574281

6 (0.2) 15.72967 16.70155
14.411511 16.414951

8 (0.2) 15.45285 16.44656 16.90072
15.411291 16.105312 16.459422

10 (0.4) 12.24193 13.22911 13.61861
12.237751 13.105272 13.459202

12 (0.4) 12.23832 12.62847 12.92553
12.237751 12.598362 12.895412

14 (0.4) 12.23457 12.57533 12.75824
12.233312 12.564702 12.742392

16 (0.4) 12.23309 12.56614 12.74453
12.228913 12.566473 12.742383

18 (0.4) 12.22947 12.46490 12.74237
12.228913 12.464703 12.742383

Fig. 1 Fig.2

5. Damping Oscillations of a String

Consider one generalization of the approach. Given a string the right end of
which is fixed but the left end can be removed to damp oscillations generated
by initial disturbances of its equilibrium state. The mathematical model of the
string behavior is as follows

∂2y(t, x)

∂t2
= a2

∂2y(t, x)

∂x2
, (33)

y(t, 0) = u(t), y(t, l) = 0, t ≥ 0;

y(0, x) = ϕ(x), yt(0, x) = ψ(x), x ∈ Ω = {x : x ∈ [0, l]}.
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A piecewise-continuous function u(t), t ≥ 0, is called an open-loop control,
the corresponding solution y(t, x), ;x ∈ Ω, t ≥ 0, of equation (33) is called a
trajectory of dynamic system (33) with distributed parameters.

Let z = (z1(x), z2(x); x ∈ Ω), z(t) = (z(t, x), x ∈ Ω), z(t, x) = (z1(t, x),
z2(t, x)); z1(t, x) = y(t, x), z2(t, x) = yt(t, x); G = {z : |z1(x)| ≤ L0, |z2(x)| ≤
L1; x ∈ Ω} be a vicinity of z = 0,

||z(t)|| = max

{

max
x∈Ω

|z1(t, x)|,max
x∈Ω

|z2(t, x)|

}

.

Definition 6. A functional

u(z), z ∈ G, (34)

is called a damping feedback control if
(1) equation (33) at u(t) = u(z(t)), t ≥ 0, has a solution y(t, x), x ∈ Ω, t ≥ 0;
(2) ||z(t)|| → 0 under t→ ∞.

From the practical point of view it is important that the feedback is bounded.
Let

|u(z)| ≤ L, z ∈ G, L = const. (35)

Bounded damping feedback (34), (35) providing at a given L ≥ 0 suffi-
ciently large domain of damping G has very complex structure. Its realization
is the difficult problem due to the extreme demand to computer storage. In
this connection to construct the feedback in question one can use measurements
y(t, x), x = kh, k = 1, ...,m− 1; yt(t, x), x = kh, k = 0, ...,m− 1, t ≥ 0; h =
l/m, m > 1.

Denote z(m) = (z1(m), z2(m)), z1(m) = (z1(xk), k = 1, ...,m − 1), z2(m) =
(z2(xk), k = 0, ...,m − 1), z1(m)(t) = (yk(t), k = 1, ...,m − 1), z2(m)(t) =
(ytk(t), k = 0, ...,m− 1), z(m)(t) = (z1(m)(t), z2(m)(t)), yk(t) = y(t, xk), ytk =
yt(t, xk), Gm = {z(m) : ||z1(m)|| ≤ L0, ||z2(m)|| ≤ L1}.

Definition 7. A function

u(z(m)), z(m) ∈ Gm,

is called to be a finite bounded damping feedback if it possesses the following
properties
(1) |u(z(m))| ≤ L, z(m) ∈ Gm;
(2) problem (33) at u(t) = u(z(m)(t)), t ≥ 0, has the solution y(t, x), x ∈

Ω, t ≥ 0;
(3) ||z(t)|| → 0 if t→ ∞.

As in the previous consideration we shall use discrete control functions. Let
control signals are fed to (33) only at discrete moments: ti = iν, i = 0, 1, . . . (ν >
0 is a quantization period).

Definition 8. A function

uν(z(m)), z(m) ∈ Gm (36)
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is called a bounded discrete damping feedback if
(1) |uν(z(m))| ≤ L, z(m) ∈ Gm;
(2) problem (33) at u(t) = uν(z(m)(ti)), t ∈ [iν, (i + 1)ν[, i = 0, 1, . . . has the

solution y(t, x), x ∈ Ω, t ≥ 0;
(3) ||z(t)|| → 0 if t→ ∞.

Suppose that a finite bounded discrete damping feedback (36) was con-
structed. Close system (33), put z∗0 = (ϕ∗(x), ψ∗(x), x ∈ Ω), and obtain
the transient z∗(t), t ≥ 0. In the process under question the left end of the
string y∗(t, 0), t ≥ 0, is moving according to the law

u∗(t) = uν(z
∗
(m)(ti)), t ∈ [iν, (i+ 1)ν[, i = 0, 1, . . . .

Definition 9. The function u∗(t), t ≥ 0, is called a realization of (36) in the
concrete process of damping oscillations of the string.

A device which is able to compute in real time the realization u∗(t), t =
iν, i = 0, 1, 2, . . . in the course of any concrete process of damping is called
Damper.

So the problem is reduced to constructing algorithms for Damper.
Algorithms suggested are based on positional solutions of auxiliary optimal

control problems to a finite dimensional dynamic system. Choose an integer
m > 1 and approximate equation (33) by ordinary differential equations

d2yk(t)

dt2
= a2

yk−1(t)− 2yk(t) + yk+1(t)

h2
, k = 1, . . . ,m− 1; (37)

y0(t) = u(t), ym(t) = 0, t ≥ 0.

Denote

yk(0) = z1(xk),
dyk(0)

dt
= z2(xk), ; æ2k−1 = y2k−1, æ2k =

dy2k−1

dt
,

g = g(z(m)) = (g2k−1, g2k), ; g2k−1 = z1(xk),

g2k = z2(xk), k = 1, . . . ,m− 1, n = 2m,

and write system (37) as a linear system of ordinary n-order differential equations

æ̇ = Aæ+ bu, æ(0) = g. (38)

Here æ = æ(t) is a n-vector of the state of (38) at the moment t. Choose
an integer N < ∞, a real ν > 0, put Θ = Nν. A piecewise-constant function
u(t), t ∈ T = [0,Θ] : u(t) = uj , t ∈ [(j − 1)ν, jν[, j = 1, . . .N, is called
accessible control. An accessible control u(t), t ∈ T, is said to be admissible for
a state g ∈ R

n if the corresponding trajectory æ(t), t ∈ T, of (38) satisfies the
condition æ(Θ) = 0. Introduce the cost function
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ρ(u) = max
t∈[0,Θ]

|u(t)|.

An admissible control u0(t) = u0(t|g), t ∈ T, is called the optimal open-loop
control for g ∈ R

n if

ρ(u0) = min
u

max
t∈[0,Θ]

|u(t)|.

Thus, the optimal open-loop control is a solution of the following problem

ρ(g) = min ρ, æ̇ = Aæ + bu, (39)

æ(0) = g, æ(Θ) = 0, |u(t)| ≤ ρ, t ∈ T.

Problem (39) is called an accompanying optimal control problem. Introduce
the set Gmu = {g : ρ(g) ≤ L}. Let [Gmu]ε ⊂ SL, be an ε-vicinity of Gmu, SL

be a set of controllability of (39) with |u(t)| ≤ L, t ∈ T.

Definition 10. The function

u0ν(g) = u0(0|g), g ∈ Gmu (40)

is called the start bounded (finite, discrete) feedback.

Fig. 3

It can be proved [14] that the start feedback possesses the damping property.
Below we give a short description of realization of the damping feedback.
1. τ = 0. The task of Damper is to construct the optimal open-loop control to
(38) for g∗ = g(z∗(m)) at m, N, ν given beforehand, corresponding to a realized

initial state (ϕ∗, φ∗). It can be done by LP methods [7, 9].
2. The control u(t) = u∗(t) = u0(0|g∗), t ∈ [0, ν[, is fed to the input of system
(33) and generates z∗(ν) = (y∗(ν, x), y∗t (ν, x), x ∈ Ω).
3. Suppose that Damper worked at 0, ν, . . . , (s− 1)ν and system (33), closed by
(36) is turned out to be at z∗(sν). The vectors z∗(m)(sν) and g

∗(sν) (the state of

(38)) correspond to z∗(sν)).
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4. At [sν, (s + 1)ν[ Damper uses the value of the optimal open-loop control to
problem (39) u∗(t) = u∗(sν) = u0(0|g∗(z∗(m)(sν))), t ∈ [0, ν[, to feed it to system

(33) on the segment [sν, (s+ 1)ν[.
More details on the problem are given in [14].

Computer experiments. Parameters: m = 2, Θ = 6, ν = 0.3, L = 1. Let
l = 1, a = 1, ϕ∗(x) = sin(πx), ψ∗(x) = −0.3. The transient is given on Fig. 3.
As is seen from Fig. 3 Damper successfully damps the oscillations.

Acknowledgement. The authors thank Dr. E.A.Ruzhitskaya for her help in computer

experiments.

References

1. Ye.A. Barbashin, Introduction to Stability Theory, Nauka, Moscow, 1967.

2. N.N. Krasovsky, Some Problems of Stability Theory of Motion, Fizmatgiz, Moscow,

1959.

3. R. Kalman, On the general theory of control systems, In Proceedings of the 1st

IFAC Congress, Izd. Akad. Nauk SSSR, Moscow 2 (1961) 521–547.

4. A.M. Letov, Analytical design of regulators, Avtomatica i Telemekhanika 4 (1960)

436–441; 5 (1960) 561–568; 6 (1960) 661–665.

5. W.N. Kwon, and A.E. Pearson, A modified quadratic cost problem and feedback

stabilization of a linear system IEEE Trans. Automat. Contr. 22 (1977) 838–842.

6. D.Q. Mayne and H. Michalska, Receding control of nonlinear systems, IEEE

Trans. Automat. Contr. 35 (1990) 814–824.

7. R. Gabasov, F.M. Kirillova, and S.V.Prischepova, Optimal Feedback Control,

Lecture Notes in Control and Information Sciences Vol. 207 Springer –Verlag, M.

Thoma (ed.) 1995.

8. R. Gabasov, F.M.Kirillova, and O. I. Kostyukova, On stabilization methods for

dynamic systems, Technical Cybernetics. 3 (1994) 67–77.

9. R. Gabasov and E.A.Ruzhitskaya, Robust stabilization of dynamical systems by

means of bounded controls, Appl. Math. Mech. 62 (1998) 133–143.

10. R. Gabasov, F.M. Kirillova, and E.A.Ruzhitskaya, Stabilization of dynamical

systems with the help of optimization methods In Proceedings of the IFAC Work-

shop on Nonsmooth and Discontinuous Problems of Control and Optimization,

Chelyabinsk, Russia, Pergamon (1998), V.D. Batukhtin, F.M. Kirillova, V. I.

Ukhobotov (eds.), 35–41.

11. R.Gabasov, F.M. Kirillova, and N.V. Balashevich, Open-loop and closed loop

optimization of linear control systems, Asian J. Control 2 (2000) 55–168.

12. R. Gabasov et al., Constructive methods of optimization, Part 5, Nonlinear sys-

tems, University Publishing House, Minsk,1998.

13. K. J. Astrom, and K.Furuta, Swinging up a pendulum by energy control, Proc.

IFAC 13th World Congress B (1996), 37–42.

14. R. Gabasov, F.M. Kirillova, and E.A. Ruzhitskaya, Damping oscillations of a

string, Dokl. of National Academy of Sci. of Belarus 43 (1999) 9–12.


