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Abstract. In this paper, we discuss the existence of asymptotically periodic solutions
of asymptotically periodic Volterra difference equations by using Schauder’s first fixed
point theorem, and show two examples of a linear equation and a nonlinear equation.
Next, similarly we discuss the existence of periodic solutions of periodic Volterra differ-
ence equations obtained as limiting equations of the asymptotically periodic Volterra
difference equations. Finally, we discuss relations between solutions of the two equa-
tions.

1. Introduction
Many results have been obtained for periodic and asymptotically periodic solu-

tions of integral and integro-differential equations. In [1], we studied the behavior
of solutions of

x(t):a(t)—/o Dt 5, 3(5))ds
and

ot) =p0) - [ Plt.s.als)is

and their relations to each other. In this paper, corresponding to these Volterra
equations, we study the behavior of solutions of the Volterra difference equation

i1 =a(n) = > D, k,ay), n € ZF (1)
k=0

n

and the Volterra difference equation
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Tpt1 = p(n) — Z P(n,k,zx), n € Z, (2)

k=—o0

and their relations to each other, where

a:7Zt - R,
p:Z — R,
D: AT xR - R,
P:AxRY— RY

and where Z* and Z denote the sets of nonnegative integers and integers respec-
tively, and

At :={(n,k) |0<k<n, keZ" neZ"}

A:={(n,k) | k<n, keZ, nel},

and for any fixed (n,k), D(n,k,z) and P(n,k,x) are continuous in x. Other
conditions on a, p, D and P are given later. Throughout this paper, k and n
denote integers.

Eq. (1) and Eq. (2) have two very different types of solutions. Eq. (1) may
have a solution {z,,} (n € Z*) satisfying Eq. (1) on Z; similarly, Eq. (2) may
have a solution {x,} (n € Z) satisfying Eq. (2) on Z, such as a periodic solution
of Eq. (2). On the other hand, given an initial sequence

d={pn:0<n<ng}, ng€Z" and ng>1,

we write Eq. (1) as

no—1 n n
Tnp1 =a(n) — Y D(n,k,¢p) — Y D(n,k,ax) =: ®(n) — Y D(n,k, ).
k=0 k=no k=ng

There is a solution {z,(ng, )} with
zn(no, ) = ¢n  for 0<n <ny,
and x,(ng, ¢) satisfies Eq. (1) for n > ng. Similarly, for a given initial sequence
¢ ={n:n<ng}, no €7Z,

there is a solution {xz,(no,®)} of Eq. (2) as just described.

In this paper, first we show that if Eq. (1) has an asymptotically N-periodic
solution, then Eq. (2) has an N-periodic solution. Next, we use Schauder’s
first fixed point theorem to show that Eq. (1) has an asymptotically N-periodic
solution, thus yielding an N-periodic solution of Eq. (2). We also infer directly
that Eq. (2) has N-periodic solutions using Schauder’s theorem and a growth
condition on P. Finally, we give a detailed list of relations between solutions of
Eq. (1) and Eq. (2).
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2. Preliminaries
We consider Eq. (1) and Eq. (2), and suppose that
p(n+ N)=p(n), and ¢(n):=a(n)—pn) -0 as n— oo, (3)
where N is a constant positive integer,
Pn+N,k+N,z) = P(n,k,x), and Q(n,k,z):= D(n,k,x)—P(n,k,x), (4)

and for any J > 0 there are functions
P;: A —R":=[0,00)

and
Qs : AT 5 RT
such that
Pj(n+ N,k+ N) = Ps(n, k) if (n,k) €A,
|[P(n,k,z)| < Py(n,k) if (n,k) €A and |z]| <J,
where | - | denotes a norm on R?, and
IQ(n, k,x)| < Qs(n, k) if (n,k)e AT and |z| < J,
i Py(n+v,k) = 0 uniformly for n€Z as v — o (5)
k=—oc
and n
ZQJ(n,k)—>O as n — 0o. (6)
k=0

In this paper, we discuss the existence of asymptotically periodic and periodic
solutions of Eq. (1) and Eq. (2) using the following theorem, which we state
without proof (cf. [3]).

Theorem 2.1. (Schauder’s first theorem). Let (C,| -||) be a normed space,
and let S be a compact conver nonempty subset of C. Then every continuous
mapping of S into S has a fized point.

3. Asymptotically Periodic Solutions

Let C be a set of bounded sequences & = {¢,} : Z+ — R9. For any ¢ € O, define
€N+ by

€]l = sup{|&n] :n € ZT}.
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Then clearly |- |, is a norm on C, and (C,||-|[,) is a Banach space. Let
ng € ZT be a fixed integer. For any £ € C define a mapping H = H,, on C by

£n7 0§n§n0

(Hg)n = { a(n_l)_ Z;é D(n—l,kafk)v n > ng.

Moreover, for any J > 0 let Cy := {{ € C : [[{]|, < J}. First we have the
following lemma.

Lemma 3.1. If (3) - (6) hold, then for any asymptotically N -periodic sequence
&= {&} on Zt such that &, = T + pn, &, ™€ C, Tpin = ™, on ZT and
pn — 0 as n — oo, the sequence § = {0, } with

5n+1 = ZD(TL, kafk)v ne ZJr
k=0

is asymptotically N -periodic, and the N -periodic part of § is given by

{ 2": P(n, k,ﬂ'k)}.

k=—c

Proof. By (4) - (6), one can easily check that the sequences ¢ and ¢ = {¢,,} with

ni1i= ) P(nkm), neZ*
k=—o0
are bounded and that ¢,+n = ¢, for n > 1. Therefore, in order to establish
the lemma, it is sufficient to show that §, — ¢, — 0 as n — oo. Let J > 0 be
a number with |||, < J. Then clearly we have [|x||, < J. From (5), for any
€ > 0 there is a positive v, € ZT with
> Pintvi,k)<e if nezt.

k=—o0

Let n > v1. Then we obtain

|61 — %ﬂ—]ZPnkgk S Plonk.m) Zw,k,gk)}
k=0

k=—o0
SnilPJnk "il Py(n, k)
k=—o0

n

+ Z |P(na kv&k) - P(na kvﬂ-k” + ZQJ(nvk)

k=n—v1+1 k=0

Since P(n,k,x) is continuous in x and N-periodic, for the € there is a v > 0
with

[P(n, k@) = P(n, ky)| <~
1
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itneZ, n—1n+1<k<n, |z|<J, |y| <Jand |r—y| <. Moreover, since
pn — 0 as n — 00, and since we have (6), for the v and the € there is a vy € Z*
with

lon| = |&n —mn| <7 if n =y

and
n

ZQJ(n,k) <e if n>uw.

k=0
Then, we obtain
|5n_¢n| < 4e if n > v + ve,

which proves that 6, — ¢, — 0 as n — oco. n
From this lemma, we have the following theorem.

Theorem 3.2. If (3) - (6) hold, and if Eq. (1) has an asymptotically N -periodic
solution with an initial time ng in Z%, then the N-periodic extension to Z of
its N-periodic part is an N-periodic solution of Eq. (2). In particular, if the
asymptotically N-periodic solution of Eq. (1) is asymptotically constant, then
Eq. (2) has a constant solution.

Proof. Let x = {z,,} be an asymptotically N-periodic solution of Eq. (1) with
an initial time ng € Z* such that z, = y, + zn, @, ¥ € C, Ynin = Yo on ZT
and z, — 0 as n — oco. Then we have

Yn+1 + Znt1 = p(n) + q(n) — ZD(n, k,xr), m>ng. (7)
k=0

From Lemma 3, taking the N-periodic part of the both sides of Eq. (7) we obtain

Yn+1 :p(n) - Z P(nvkayk)a n 2> ng.

k=—o0
From this, it is easy to see that the N-periodic extension to Z of {y,} is an

N-periodic solution of Eq. (2).
The latter part follows easily from the above conclusion. n

In order to prove the existence of an asymptotically N-periodic solution
of Eq. (1) using Schauder’s first theorem, we need additional assumptions. In
addition to (3) - (6), suppose that for some ng € Z* and J > 0 the inequality

lallng + > Pr(n,k)+ > Qun,k) < J if n>ng (8)
k=0 k=0
holds, where
lallng = sup{la(n)| : n> no}.

and that there are functions
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LJ:A—)RJr

and
q:{n€Z:n>ng—1} >R

such that Lj(n + N,k+ N) = L;(n,k) and
|P(7”L, kvx) _P(na kvy)| < LJ(na k)|$—y| if (nvk) €A, |£E| <J |y| <J (9)

gs(n) >0 as n — oo, (10)
and
71,0—1 71,0—1
lgn)l+ > Pi(nk)+ > Pi(n,k)
k=—c k=0 (11)

+ Y Qulnk)+ Y Ly(n,k)gs(k—1) < qs(n) if n>no.

k=0 k=ngo

Then we have the following theorem.

Theorem 3.3. If (3) - (6) and (8) - (11) with some ng € Z™ and J > 0 hold,
then for any initial sequence ¢° = {¢%} with sup{|¢%] : 0 <n < no} < J, = =
{20} = {70 (n0, #°)} = y+ 2 is an asymptotically N -periodic solution of Eq. (1),
and the N -periodic extension to Z of y is an N-periodic solution of Eq. (2).

Proof. Let S be a set of sequences & € Cy such that £ = w+p,&, 7 € Cf,&, = @2
for 0 <n < mng,Tpin = ™ on Z+ and

sl < qs(n) i n>no. (12)

First we prove that S is a compact convex nonempty subset of C'. Since any
¢ € Cy such that &, = ¢ for 0 < n < ng and &, = &,, for n > ng is contained
in S, S is nonempty. Clearly S is a convex subset of C. In order to prove
the compactness of S, let {¢*} be an infinite sequence in S such that &¥ =
mhtpk, &k wk e €y, 7k v =7k onZT and |pf 4| < qs(n) for n > ng. Taking
a subsequence if necessary, we may assume that the sequence {7Tk} converges to a
7 € Cy uniformly on Z*, and the sequence {p*} converges to a p € C uniformly
on any finite subset of Z*. Clearly m, is N-periodic on Z*, and p, satisfies
(12), and hence the sequence {¢*} converges to the asymptotically N-periodic
sequence £ := 7 + p uniformly on any finite subset of Z™ as k — oco. It is clear
that £ € S. Now we show that ||pF — plly — 0 as k — co. From (10), for any
€ > 0 there is a v; € ZT with v; > ng and

gs(n) < % if n>u,
which yields

Phi1 = psa] < 2¢5(n) < e if n > (13)

On the other hand, since p? converges to p,, uniformly for 0 < n < vy as k — oo,
for the € there is a k € ZT with
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Ik —pnl<e if K>k and 0<n <,

which together with (13), implies ||p* — p||, < eif k > . This yields [ p* — p|| . —
0 as kK — oo, and hence

||£k—§||+—>0 as k — oo.

Thus S is compact.

Next we prove that H maps S into .S continuously. For any £ € S such that
E=m+p, & e Oy, TN = mp on ZT and |ppi1] < gs(n) for n > ng, let
¢ = HE. Then from (8), for n > ng we have

Gnr1l < la(n)] + > [P,k &)+ 1Q(n, k, &)

k=0 k=0
<lall,, + > Prn,k)+ Y Qun,k) < J.
k=0 k=0

which together with £ € C;, implies that ¢ € C;. Now from Lemma 3.1, ¢
has the unique decomposition ¢ = + u, ¢, ¥ € Cy, Ynin = ¥, on Z*T, and
tn — 0 as n — oo, where the restriction of u = {u,} for n > ng is given by

no— 1 71,0—1
pns1=q(m) + Y Plnkm) = ) Plnk,&)
k=—o0 k=0

_ZQ(n,k,gk)_ Z(P(nvkagk)_P(nvkaﬂ—k))v 71271().
k=0

k:no

Thus from (11), for n > ng we obtain

no—1 no—1
] < lgm)l+ Y [P(nk,m)| + §£:|f’n»k 39l
k=—o0
+ Z |Q(n7ka£k)| + Z |P(na kvfk) - P(nvkaﬂ—k”
k=0 k=ng
no— 1 —1
<lgm)l+ > Pslnk)+ ZPJ(",k)
k=—o0 k=0
+) Qunk)+ > Ly(n,k)gs(k—1) < gs(n).
k=0 k:no

Thus H maps S into S. We must prove that H is continuous. For any & €
S (i=1,2) and n > ng we have

|(H€1)n+1 - (Hfz)n+1| < Z |D(na kvgli) - D(na kvglzﬂ
k=0 (14)

n n

k=0 k=0
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From (5), for any ¢ > 0 there is a positive v € Z1 with

n—rvs

> Py(nk) <

k=—o0

if nez. (15)

(=2 s

Since P(n,k,x) is continuous in z and N-periodic, for the € there is a d; > 0
with
€

|P(7”L, kvx) - P(na kvy)| < (16)

6V2

itneZ, n—w+1<k<n, |z <J |yl <J and |z —y| < §;. From this, for
the € we obtain

S IP(n k&) — Pln, k&) < ¢ (17)
k=0

if ng <n <wpand [|€' =&, < é1. If n> vy and [|€' — €2 < &1, then from
(15) and (16) we have

Z'P(nvkagé) - P(nvkagl%”
k=0

n—vsg n
€
< 2kZ Py(n. k) + k > . |P(n, b, &) = P(n, b, 60)] < 5,
=—00 =n—v2

which together with (17), yields

n

SO IP(n,k, €)= P kD)l < 5 i [le =€, < o, (18)

k=0

Next from (6), for the € there is a positive v3 € ZT with

if n>ws,

e

Z QJ(na k) <
k=0

which implies

n

> 1R k&) — Qn, k&) <2 Qu(n, k) <
k=0

k=0

% if n>vs. (19)

Since Q(n, k, ) is continuous in z, for the € there is a d > 0 with
€

|Q(na kvx) - Q(n7 ka y)' <

21/3
it0<k<n<uws, |z|<J, |y <Jand |z —y| < ds, which yields

n

D o1Q k&) —Qnk &)l < 5 i 0<n<w and [& - &ll, <.
k=0
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This together with (19), implies
n e
Z |Q(n’ kvfll) - Q(nvkagl%” < 5 if Hfl - 52”4_ < da. (20)
k=0

Thus, from (14), (18) and (20), for the § := min(dy, d2) we obtain
[HE —HE| <eif &, €S and ¢ —&||, <4,

and hence H is continuous.

Finally, applying Theorem 2.1, H has a fixed point in S, which is a de-
sired asymptotically N-periodic solution of Eq. (1). The latter part is a direct
consequence of Theorem 3.2. ™

From this theorem and the argument in the proof of Theorem 2.1 in [2], we
have the following corollary.

Corollary 3.4. If Eq. (2) has a unique Z-bounded solution n = {n,} such that
[nn| < J on Z and n, satisfies Eq. (2) on Z, then n, is N-periodic on Z, and
for any solution v = {x,} = {z,(no, @)} of Eq. (1), zp — np — 0 as n — oo,
provided that ||z, < J.

Now we show two examples of a linear equation and a nonlinear equation.
Linear Example. Consider the scalar linear equation

n

1
Tut1 = p(n) +pe”" = 3 S((-DfeF T+ e Mk, nezt, (21)
k=0

where p : Z — R is a 2-periodic function, and p and § are constants. Eq. (21)
is obtained from Eq. (1) taking d =1, N =2, a(n) = p(n) + pe™™, ¢q(n) =
pe~ "™ D(n,k,x)= ((—1)kek_"—|—6e_k_")x/3, P(n, k,z) = (—=1)"e*"2/3 and
Q(n,k,z) = Be~*~"x/3. Define a number a by

a=g Z ek_n:?)(e—l)' (22)

k=—o0

Then clearly « satisfies 0 < a < 2/3. For this «, we take f = (2 — 3a)/(3a).
For J := 3(||p|| + |p|) with ||p|| := sup{|p(n)| : n € Z}, we can take the following
functions as Py, @y and L.

Py(n, k) := 3¢ it (nyk) €A,
Qs(n, k) :ﬁ—?;]e_k_" if (n,k) € AT,

and
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It is easy to see that the above functions satisfy (3) - (6) and (9). Theorem 3.3
is true under (8) with ng =0 and

@+ 3 Prnk)+ 3 Quln, k)
. k=—o0 k=0 (23)
+ Y Ly, k)as(k—1) < qs(n), nez?

k=0

instead of (11). It is easy to see that (8) with ng = 0 holds for the J, since we
have [lall,. < [pll +1pl, 5o Ps(n,k) < o and 375 Qu(n, k) < aBJ on Z7.
Now define a function ¢; : {—1} UZ* — R* by

w(n) = 2 (3> ne{-13uz*,

3—e

where v := |p| + 2J/3. Clearly (10) holds. Moreover it is easily seen that for
any n € Z* we have

-1
lg)l+ > Pr(nk)+ > Qu(nk)+ > Ly(n,k)gs(k—1)

k=—o0 k=0 k=0
. 1 n .
<vettg > gk —1) < qs(n),
k=0

that is, (23) holds. Thus by Theorem 3.3, for any z¢ with |zo| < J, z = {x,} =
{zn(0,20)} = y+ 2 is an asymptotically 2-periodic solution of Eq. (21) such that
z, Yy € Cy, Ynta =yn and |zp11| < gsj(n) on ZT, and the 2-periodic extension
of y to Z is a 2-periodic solution of the equation

1

Tnt1 =p(n) — 3 Z (-1 e "y, nez

k=—o0

n

Nonlinear Example. Corresponding to Eq. (21), consider the scalar nonlinear
equation

n

Tap1 = p(n) +pe" =Y (o(-) T4 BT e neZt, (24)
k=0

where p : Z — R is a 2-periodic function, and p,o and 3 are constants such
that 0 < 12a(]|pl| + |p])(Jo] + 18]) < 1 and 0 < (e — 3a)|o| < 3a|B|, where «
is the number defined in (22). Eq. (24) is obtained from Eq. (1) taking d =
I, N = 2a(n) = p(n) + pe ", (n) = pe™", D(n,k,z) = (o(~1)"e" " +
pe k=) 22, P(n, k,x) = U(—l)kek_”a:2 and Q(n, k,z) = Be " "22. Let J be a
number defined by

_ 11— 12a(fIpll + [pD (o] + 18])

J:
6a(|of +18])

(25)
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Then it is easy to see that ||p||+|p|+3a(|o|+|8])J? = J and 0 < 2e|o|J < 1.
For this J, we can take the following functions as Py, @y and L.

Py(n, k) == J*ole*™™ if (n,k) €A,
Qu(n,k) == J?|Ble™* ™™ if (n,k) € AT,

and

Ly(n, k) :=2J|ole*™™ if (n,k) € A.

(n,
It is easy to see that these functions satisfy (3) - (6) and (9). Moreover (25)
implies (8) with ng = 0, since we have |[a|l, < |lp|| + [pl, > op_o Pr(n, k) <

3alo|J? and > _,Qs(n, k) < 3a|B|J? on ZT. Now define a function ¢, :
{-1}UZ* - R* by

2 2\" +
S 1} Uz
as(n) 1 — 2elo|J <e> o me{-lpuzy,

where 7y := |p| + 3aJ?(|o|/e + |B]). As in Linear Example, it is easily seen that
(10) and (23) hold. Thus by Theorem 3.3, for any z¢ with |zo| < J, = = {z,} =
{zn(0,20)} = y+z is an asymptotically 2-periodic solution of Eq. (24) such that
z, Yy € Cy, Ynta =yn and |zp11| < gsj(n) on ZT, and the 2-periodic extension
of y to Z is a 2-periodic solution of the equation

n

Topr=pn)— Y o(-1)' "}, nel

k=—o0

4. Periodic Solutions

Although Theorem 3.3 assures the existence of an N-periodic solution of Eq. (2),
we can prove directly the existence of an N-periodic solution of Eq. (2) under
weaker assumptions than those in Theorem 3.3 using Schauder’s first theorem.

Let (P, || -||) be the Banach space of N-periodic functions ¢ : Z — R with
the supremum norm. For any & € Py, define a mapping H on Py by

n

(Hf)n—i-l = p(n) - Z P(nvkafk)v n € .

k=—o0
Then we have the following theorem.
Theorem 4.1. In addition to (3) - (5) with Q(n,k,z) = 0, suppose that for

some J > 0 the condition

n

Ilpl+ > Pink)<J if neZ (26)

k=—oc0
holds. Then Eq. (2) has an N-periodic solution x = {x,} with ||z| < J.

Proof. Let S be a set of functions £ € Px such that ||€]] < J. First it can
be easily seen that S is a compact convex nonempty subset of Py. Next we
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prove that H maps S into S. For any £ € S, let ¢ := HE. Then, clearly ¢, is
N-periodic. In addition, from (26) we have

(bnsal < Ipll+ S Pr(nk) < J if nez,

k=—o00

and hence ||¢|| < J. Thus H maps S into S. The continuity of H can be proved
similarly as in the proof of Theorem 3.3. Finally, applying Theorem 2.1 we can

conclude that H has a fixed point x in S, which is an N-periodic solution of
Eq. (2) with ||z| < J. [

Remark. In addition to the continuity of the mapping H, we can easily prove
that H maps each bounded set of Py into a compact set of Py. Thus Theorem
4.1 can be proved using Schauder’s second theorem.

5. Relations Between Two Equations

In Theorem 3.2, we showed a relation between an asymptotically N-periodic
solution of Eq. (1) and an N-periodic solution of Eq. (2). Moreover, concerning
relations between solutions of Eq. (1) and Eq. (2) we have the following theorem.

Theorem 5.1. Under the assumptions (3) - (6), the following five conditions
are equivalent.
(i) Eq. (2) has an N-periodic solution.
(i1) For some q(n) and Q(n,k,x) =0, Eq. (1) has an N -periodic solution which
satisfies Eq. (1) on ZT.
(iii) For some q(n) and Q(n,k,xz) =0, Eq. (1) has an asymptotically N -periodic
solution with an initial time in 7.
(iv) For some q(n) and Q(n,k,x), Eq. (1) has an N-periodic solution which
satisfies Eq. (1) on ZT.
(v) For some q(n) and Q(n,k,z), Eq. (1) has an asymptotically N -periodic
solution with an initial time in 7.

Proof. First we prove that (i) implies (ii). Let m, be an N-periodic solution of
Eq. (2), and let

~1
q(n) == — Z P(n,k,m), neZr.

k=—o0

Then, clearly g(n) — 0 as n — oo. Thus it is easy to see that for the g(n) and
Q(n,k,z) =0, Eq. (1) has an N-periodic solution 7, which satisfies Eq. (1) on
7Z7F. Next, it is clear that (ii) and (iii) imply (iii) and (v) respectively. Moreover,
from Theorem 3.2, (v) yields (i).

Finally, since it is trivial that (ii) implies (iv), we prove that (iv) yields (ii).
Let 1, be an N-periodic solution of Eq. (1) with some ¢(n) and Q(n, k, z) which
satisfies Eq. (1) on ZT, and let
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r(n) = i@(nvkad}k)v n e ZJr'

k=0
Then, clearly r(n) — 0 as n — oco. Thus it is easy to see that for the a(n) :=
p(n) + g(n) + r(n) and Q(n,k,z) = 0, Eq. (1) has an N-periodic solution %,
which satisfies Eq. (1) on Z™T. m

Remark. The equivalence among (i)-(iii) can be obtained without the assumption
(6)-
In [2], we discussed a relation between the equation
n

Tnt1 = a(n) — ZE(n, k)x, — zn: Q(n, k,x), nezZt, (27)
k=0 k=0

and the linear equation

Tpe1 = p(n) — Z E(n,k)xx, ne€Z,

k=—o0

where a, p and Q satisfy (3) and (6), and E : A — R¥*? satisfies
E(n+ N,k+ N) = E(n,k)
and

Z |[E(n+v,k)] = 0 uniformly for n€Z as v — oo,

k=—o00

where |E| := sup{|Ez| : |z| = 1}. Concerning Eq. (27) and Eq. (28), we state a
theorem. For the proof, see Lemma 2.1 and Theorem 5.1 in [2].

Theorem 5.2. [2] Under the above assumptions for Eq. (27) and Eq. (28), the
following hold.
(i) If Eq. (27) has a Z*-bounded solution with an initial time in Z*, then Eq.
(28) has a Z-bounded solution which satisfies Eq. (28) on Z.
(ii) If Eq. (28) has a Z-bounded solution which satisfies Eq. (28) on Z, then
Eq. (28) has an N -periodic solution.

Now we have the following theorem concerning relations between Eq. (27)
and Eq. (28).

Theorem 5.3. Under the above assumptions for Eq. (27) and Eq. (28), the
following eight conditions are equivalent.
(i) Eq. (28) has an N-periodic solution.
(ii) For some q(n) and Q(n,k,x) = 0, Eq. (27) has an N-periodic solution
which satisfies Eq. (27) on Z7*.
(iii) For some q(n) and Q(n,k,x) = 0, Eq. (27) has an asymptotically N -
periodic solution with an initial time in Z+.



550 Tetsuo Furumochi

(iv) For some q(n) and Q(n,k,x) =0, Eq. (27) has a Z" -bounded solution with
an initial time in 77 .
(v) For some q(n) and Q(n,k,x), Eq. (27) has an N -periodic solution which
satisfies Eq. (27) on Z*.
(vi) For some q(n) and Q(n,k,x), Eq. (27) has an asymptotically N -periodic
solution with an initial time in 7.
(vil) For some q(n) and Q(n,k,z), Eq. (27) has a Z* -bounded solution with an
initial time in 27 .
(viii) Eq. (28) has a Z-bounded solution which satisfies Eq. (28) on Z.

Proof. The equivalence among (i)-(iii), (v) and (vi) is a direct consequence of
Theorem 5.1. Tt is clear that (iii) and (iv) imply (iv) and (vii) respectively. Next,
from Theorem 5.2(i), (vii) yields (viii). Moreover, from Theorem 5.2(ii), (viii)
implies (i), which completes the proof. n
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