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Abstract. Asymptotic property of solutions of a Schrédinger equation with a turning
point is known to be characterized literally by their characteristic polygon (Iwano-
Sibuya [4]).

The simplest case is the Airy equation that has a one-segment characteristic poly-
gon with a turning point and without any secondary turning point. The second simplest
is a differential equation with a two-segment characteristic polygon studied in Nakano
[5], Nakano et al. [8].

The third simplest is treated in Roos [12] which studies one with a three-segment
characteristic polygon connecting four points. Here, we study one with a general three-
segment characteristic polygon connecting much more than four points.

1. Introduction

1.1. We study the following Schrédinger equation containing a small parameter
e
d*y
g2h i a(z,e)y (r,y€C; D:0< |z| <xo; 0<e<ep), (1.1)
x

k h
a(x,e) := Zajeja:h+m+k_2j + Z ajed "M a; € C (Ya; #0), (1.2)
J=0 j=k+1

where zq, €9 are small constants, and h, k and m are integers such that

h=3,4,5,---; 1<k<h-1; 0<m<h-3. (1.3)
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The zero x = 0 of a(x,0) (= aga"™*+k) is called a turning point of (1.1).
Our aim is to get asymptotic property of solutions of (1.1) in D by using the
concept of the characteristic polygon for (1.1) and by applying what we call the
stretching-matching method (Nakano [5 - 7], Nishimoto [9], Wasow [14]).

We define the following points on the (X,Y)-plane according to the indices
of € and z of a(z, €)

(l w) (j=0,1,2,--- k)
Pj = 2 2 R:= (h,-1).

(2 L’;j) G=k+1k+2- h),
(1.4)
The characteristic polygon for (1.1) is, by definition (Iwano-Sibuya [4]), given
by a polygon with segments connecting Py, P, Ps,--- , P, and R in order. Py

is on the Y-axis and it corresponds to the first term in a(z,e). Py and P,
correspond respectively to the (k 4 1)-st term, i.e., the middle term of a(x,¢)
and the (h+ 1)-st term, i.e., the last term of a(z, ). This characteristic polygon
is convex downward and snaps at Py and P,. On the first segment connecting
Py and Pj are k+1 points Py, Py, --- , Pi, and on the second segment connecting
P, and Py, are h — k + 1 points Py, P41, -+, P,. Pn and R are on the third
segment.

Fig. 1.2
Fig. 1.1
The Roos’ equation (Roos [12]) is
d2
P e 1)y, (L5)

dx?
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whose characteristic polygon consists of three segments connecting four points
Py :=(0,5/2), P, :=(1/2,1), P, :=(1,0) and R := (2,—1).

1.2. The contents of this paper are as follows. In Sec. 2, we reduce (1.1) asymp-
totically to the simpler differential equations in appropriate subdomains of D
(Theorem 2.1). In Sec. 3, the WKB approximations of the reduced differen-
tial equations are got (Theorem 3.2). In Sec. 4 we construct the Stokes curve
configurations for the reduced differential equations, and in Sec. 5 we define
the canonical domains for the reduced differential equations (Fig. 4.1 - 4.3). In
Sec. 6, by using WKB approximations all the solutions of the reduced differential
equations are matched, i.e., they are connected linearly each other, and also we
calculate the matching matrices (Theorem 6.1 - 6.2).

2. The Asymptotic Reductions of (1.1)

2.1. Each term of a(z, €) can be regarded as “the asymptotically dominant term”
in some circular subdomain of D. First, we can consider the first term ag 2"+™**
to be the dominant term by writing a(x, €) as follows

k h
a(z,e) = ghtmtr (ao + Zaj(ex_Q)j + Z a;j(sx2) -xj_k).

j=1 j=k+1

In fact, when € 272 — 0, two ¥’s tend to zero. Then (1.1) can be asymptotically
reduced to

d2
s%d—g = agx" TRy for (z,¢) : K1e¥/? < |z| < o, (2.1)
x

where K is a sufficiently large constant.

2.2. We rewrite a(z,€) to consider the (k + 1)-st term to be the dominant term

k—1 h

a(z,e) = €k$h+m7k<z aj(e'a?) I + ak) +atm N g (e,
7=0 Jj=k+1

then the first ¥ tends to zero when e~ 22 — 0 and the second ¥ also tends to

zero when e 2~ — 0. Thus (1.1) is asymptotically reduced to

d2
Qh_kd—g = ap"TM Ry for (z,e) : Kae < |x| < kye'/?, (2.2)
x

where K3 is a sufficiently large constant and k; is a sufficiently small constant.
2.3. In order to consider the last term of a(x,¢) to be the dominant term, we
represent a(z,e) in

k—1

h—1
a(z,e) =eh xm(z a; (e ta)h=I k=i 4 Z a; (et o) I 4 ah).

3=0 Jj=k+1
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Then two ¥’s tend to zero when e~!z — 0. Thus (1.1) can be asymptotically
reduced to
h d2 Y m
2=ty for (x,e):0 < |z| < ke, (2.3)
where ks is a sufficiently small constant. (2.3) is sometimes called a generalized
Airy equation.

We can know all information near x = 0, the turning point of (1.1), from the
solution of (2.3) because it can be represented by the Bessel functions (Nakano
[5]). However, we cannot match or connect linearly two sets of solutions of (2.2)
and (2.3) since their subdomains do not possess common interior points. Then,
in order to know information of solutions for x belonging to an intermediate
domain between (2.2) and (2.3), we need an intermediate equation ((2.5) below)
in a region between these two subdomains. By the same reason, we need another
intermediate equation ((2.4) below) between subdomains for (2.1) and (2.2).

2.4. In order to get the first intermediate equation in the circular subdomain
kie'/? < |z| < Ky€'/2? between domains of (2.1) and (2.2), we apply the so-
called stretching transformation

zi=1te'/? (k <|t| < K1)

to (1.1). Then a(z, ) can be represented in

k h
a(z,e) = a(te'/? g) = e(hm+h)/2 (Z a; thrmTR=2 Z a;eU=R/2 th+m_j).
=0 =kl

All the terms in the second ¥ become small for ¢ (k1 < |t| < K;) when € — 0.
Thus, (1.1) can be asymptotically reduced to

9 k
gBh-m=k=-2)/2 % = ( Z ajtthm*k’Qj)y for t:k <|t| < Ky (t:=xe /?).
j=0
(2.4)
The zeros of the coefficient of (2.4) are turning points of (2.4) itself, and they
are called secondary turning points of (1.1). Nakano et al. [8] studied first the
differential equation with secondary turning points.

The stretching transformation shows that the origin # = 0, which is a turning
point of (1.1), corresponds to ¢ = 0. Then, if we can obtain a solution of (2.4)
for |[t| > 0 we can know every information near = 0, but appropriate special
functions of (2.4) are not known (cf. Sibuya [13]). Then we need the stretching-
matching method.

2.5. By applying another stretching transformation

r:=te (k‘g < |t| < KQ)
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to (1.1), we represent a(z,¢) as follows:

a(z,e) = a(te,e) = eht™ (Z a eh I ghrmk=2j 4 Zaj th+m7j).
Jj=0 =k

Then the first ¥ is small for ¢ (k2 < |¢t| < K3) when € — 0. Thus (1.1) can be
asymptotically reduced to

> " .
sh*mfzﬁg = (Zaj tthm*j)y for t:ko <|t| <Ky (t:=xe ). (2.5)
j=k

2.6. Summing up the above results, we get the

Theorem 2.1. The differential equation (1.1) can be asymptotically reduced to
(2.9)’s ( = 1,2,---,5), which correspond to the points on the characteristic
polygon as follows:

(2.1) corresponds to Py, (2.2) corresponds to Py, (2.3) corresponds to Py, (2.4)
corresponds to Py, Py, -+, Py on the first segment and (2.5) corresponds to
Py, Piy1,- -+, Py on the second segment. There is no reduced differential equa-
tion corresponding to the third segment.

3. The WKB Approximations

3.1. All the reduced differential equations (2.5)’s possess the common form of
singular perturbation

2 d2y

T3 =Q@)y (0<|r] <00, 0<e<e), (3.1)

where Q(z) is a polynomial. The point at infinity is an irregular singular point for
(3.1). Zeros of Q(x) are called turning points of (3.1). The WKB approximations
§F (x,¢) of (3.1) are defined by

+
gt (x,e) == ¢ exp [:I: %f(a, a:)} (C+ = const.), (3.2)

VQ(z)

where

£(a,z) == /j VQ(z) da. (3.3)
The curve in the complex z-plane defined by the equation

R¢(a,z) =0 (Q(a) =0) (3.4)
is called a Stokes curve for (3.1), and the curve defined by the equation

S¢(a,z) =0 (Qa) =0) (3.5)
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is called an anti-Stokes curve for (3.1).

The function & := &(a,x) is a conformal mapping from the z-plane to the
&-plane. It is not conformal at the turning points because d¢/dx = \/Q(z) =0
only at zeros of Q(x).

Lemma 3.1. (Fedoryuk) There exist an x-domain D™ and true solutions
yT (x,€) of (3.1) such that

z—o0 n D 0<e<Ley,

+ ~t
T,E) ~ T,€) as 3.6
Y (@e) 7 (e) {5—>0, x € D, (36)

If D™ s bounded from x = oo, the first relation is naturally vacant.

The domain D" in Lemma 3.1 is bounded by several Stokes curves and
it is called a canonical domain for (3.1) if D°*™ is maximal (Sec. 5). Thus the
canonical domain is the maximal existence domain of the true solutions y*(x, €)
having the WKB approximations §= (z,¢) as (the leading term of) their asymp-
totic expansion. The relation (3.6) is called the double asymptotic property of the
WKB approximations (Fedoryuk [2]). Examples of canonical domains for vari-
ous differential equations are given in Fedoryuk [2], Nakano [5 - 7] and Wasow
[15].

3.2. Before getting WKB approximations for (2.5)’s, we should specify the coef-
ficients a;’s in a(x,€). For arbitrary values of a;’s, clearly we cannot determine
any turning points and any Stokes curves, then any canonical domains for espe-
cially (2.4) and (2.5) cannot be constructed.

Thus, we specify a; (j =0,1,2,---, k) such that

k
Z ajth+m+k_2j = thtm=Fk 2 L 1)k, (3.7)
3=0
from which we can know a; = ;xC; (j =0,1,2,--- k), especially ag = a = 1,

and other a;’s such that

h
Z a; thtmTI = (4 1)k (3.8)
j=k
from which we can know a; = ,_xCj_r (j = k+ 1,k +2,--- ,h), especially

ap = 1. Thus we can get

Theorem 3.1. Let a;’s satisfy (3.7) and (3.8). Then (1.1) can be reduced
asymptotically to

d2
g2h d_z; =ghtm+ky in Dy Ky el/2 < |z] <@g --[1] (3.9)
T

d2
E(3]17777,7}’972)/2 _y — tthmfk (t2 + 1)k y in Dy: Kk < |t| < K;

2 (3.10)
(t:=2e1/?)...[2]
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d2
gZh—k d—xg = zhtm=ky in Dy Kye <|o| <k e/2---[3] (3.11)

d2
gh-m—2 Eg =t"(t+1)"Fy in Dy: ko <|t| <Ky (t:=aet)---[4]
(3.12)
and £
hd—xzzxmy in Ds:0<|z|<kye---[5] (3.13)

We denote yji( - ,€) for the true solutions of [j] and gjji( -, &) for the WKB
approzimations of [j].

The points t = 0, £i, —1 are secondary turning points of (1.1). Here, we
must notice that two t-domains Dy and D4 in Theorem 3.1 are bounded. But
they should be unbounded such as

D¥:0<ft|<oo (j=2,4) (3.14)

if we want to match, i.e., connect linearly, two sets of solutions of neighboring
differential equations. When we match two sets of solutions yi (, ) and 33 (¢, €),
the domain Dy should be expanded to an unbounded domain because D; and
D5 must have common interior points for a small e. Furthermore Dy and D3
must have common interior points in order to match two sets of solutions ygt (t,e)
and y?,i(a:, ¢). Similarly, D4 must be extended to an unbounded domain in order
to match two sets of solutions yi(z,¢) and yi(t,¢), and to match two sets of
solutions y (t,¢) and y& (z,¢).

3.3. Due to (3.1) and (3.2), we can get all the WKB approximations gj;—L’s for [§].

Theorem 3.2. The differential equation [§] (j = 1,2,---,5) possesses the WKB
approrimations:

. (htmk)/4 ) x(h+m+k+2)/2 N
y =g\ + } .
Y1 (.13,8) 4 eXp[ h+m—|—k—|—2 Eh ’ (3 9)
B (te) =
htm—k (2 ky—1/4 1 ‘ htm—k (42 k1/2
(3.10)"
2 x(h+m—k+2)/2

Gt (€)= amrrmk)/4 exp|::|: e e } (3.11)"

~+ . m h—ky—-1/4 1 ! m h—k 1/2
(3.12)"
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and
) x(m+2)/2

m+2 /2 I’

7= (z,e) = a~™* exp [:I: (3.13)
Let D§*’s (j = 1,2, ,5) be canonical domains for [j]. Then gjj.:(x,s) are (the
leading term of) the asymptotic expansion of yjjE (z,€) such that

yji(a:,e) Ng]ji(a:,e) as € =0, z€Dj"" (j=1,3,5). (3.15)

And gf(t,s) (j = 2,4) are (the leading term of) the asymptotic expansion of
yf(t, €) such that

t— 00 in DJC-“", 0<e<e

+ ~+ .
= (t ~ TE(t =2,4). (3.16
Ee) ~ a5 e {0 (=24 (316)
We notice that D§*" (j = 1, 3,5) is bounded because D; (j = 1,3,5) is bounded,
and D§*" (j = 2,4) is the unbounded subset of D%° (j = 2,4). All the canonical

domains will be constructed or defined in Sec. 5.

4. Stokes Curve Configurations

4.1. In order to get Dj*"’s we need to know topology of Stokes curves. The
general properties of Stokes curve configuration for (3.1) are well known as shown
below (Evgrafov-Fedoryuk [1], Fedoryuk [2] and Nakano [7]). See Hukuhara [3]
or Paris-Wood [11] for local Stokes curves.

Lemma 4.1. The Stokes and anti-Stokes curves for (3.1) possess the following
properties:
(i) If x = a is a turning point for (3.1) such as Q(z) = O((z — a)') (z — a),
then [ 4+ 2 Stokes curves and l + 2 anti-Stokes curves emerge from x = a.
(i) Ifz = oo is an irregular singular point for (3.1) such as Q(x) = O(z!) (x —
o0), then | + 2 Stokes and 1l + 2 anti-Stokes curves emerge from (or tend
to) x = oo.
(iii) Any Stokes curve cannot cross other Stokes curves except for at turning
points or at x = oco.
(iv) Any Stokes or any anti-Stokes curve emerging from turning points tends
to another turning points or to x = co.
(v) Any Stokes or any anti-Stokes curve does not cross itself.
(vi) There are no (sums of several) Stokes or anti-Stokes curves homotopic to
a circle.

Proof.
(i) Let
Q(z) = o (x — a)! + (higher order terms) (z ~ a)
with a complex constant « (# 0). Then, we can get different I + 2 arguments
near x = a after the following computation:
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R&(a,x) = %(M (z —a)+2/2 +---)=0.

1+2
2
cos {arg (l _\{g (x — a)(l+2)/2)} —0 (z—a).
m 3T | 5T
..arg (\/a (x—a)(l+2)/2) = :|:§, :|:7, :|:7,--~

Similarly, we get different [ 4+ 2 arguments near = = a for anti-Stokes curves.
(ii) Let
Q(z) = B 2! + (lower order terms) (z ~ o)

with a complex constant 5 (# 0). In the same way as (i), we can get different
l 4+ 2 arguments near x = oo from

%/Imdx = %(?_'_iix(l”)ﬂ + )

For other properties, see the references cited above. []

4.2. We will first analyze a Stokes curve configuration for (3.12). Put, instead of
Q(z) in (3.1),

Qat):=t? t+1)? (p:==m=0,1,2,---; g:=h—keN), (4.1)
€4l t) ::/ VO dt (a=0, —1). (4.2)

From Lemma 4.1 (i), we see that ¢ + 2 Stokes curves emerge from the turning
point ¢t = —1 with arguments (p £ 1)7/(¢+2), (p £ 3)7/(¢+2), (p £ 5)7/(q+
2), -+, and p + 2 Stokes curves emerge from the turning point ¢ = 0 with
arguments +m/(p + 2), £37/(p+2), £57/(p+2), --- .

Since Q4(t) ~ tP*T1 (z — 00), p+q+2 Stokes curves tend to (or emerge from)
x = oo with arguments +7/(p+ ¢+ 2), £37/(p+q+2), £57/(p+q+2), --- .
Anti-Stokes curves emerge from the turning points and x = oo with middle
arguments between neighboring arguments for Stokes curves.

In order to know the global properties of a Stokes curve configuration, we
check whether an interval on the real axis of the ¢-plane can become a Stokes
curve or an anti-Stokes curve. We study the following five cases.

(i) p = even, ¢ = even.
Since we see that Q4(t) > 0 for ¢t € R, the integral (4.2) takes only real
values for t € R, i.e., § &4(a,t) = 0 for t € R, and so the whole real axis of
the t-plane is an anti-Stokes curve.

(ii) p = even, ¢ = odd.
Since we see that Q4(t) < 0 for t < —1, then the integral (4.2) takes only
pure imaginary values, i.e., ® £4(—1,t) = 0 for t < —1, and the half real
axis (¢t < —1) of the t-plane is a Stokes curve.

(iii) p = odd, ¢ = even.
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The half real axis (¢t < 0) is a Stokes curve because Q4(t) < 0 for ¢ < 0 and
so R €4(0,t) =0 for ¢ < 0.

(iv) p = odd, ¢ = odd.
The interval (—1 < ¢ < 0) is a Stokes curve because Q4(t) < 0 fort: —1 <
t<0.

(v) any p, any g.
Since Qq(t) > 0 (t > 0), the positive real axis (¢ > 0) is an anti-Stokes
curve.

Putting ¢ := i 7 (7 € R), we see that any interval on the imaginary axis of the
t-plane cannot be a Stokes or an anti-Stokes curve because Q4 = i? 7P (i 7+ 1)¢
takes both real and imaginary values for any p and any gq.

Summing up the above result, we get

Theorem 4.1. The Stokes curve configuration for (3.12) (or [4]) has the follow-
ing properties.

(1) The local properties are as follows:

(a) m + 2 Stokes curves tend to (or emerge from) t = 0 with arguments

:|:95, :|:395, :|:595, (95 = 7r/(m+2))
(a)’ m+ 2 anti-Stokes curves tend to (or emerge from) t = 0 with arguments

+ 205, +405, +60s,

(b) h —k+ 2 Stokes curves tend to (or emerge from) t = — 1 with arguments

(mx Drn/(h—k+2), m*x3)n/(h—k+2), (m*5)rx/(h—k+2),- .
(b) h—k+2 anti-Stokes curves tend to (or emerge from) t = — 1 with arguments
mn/(h—k+2), (mE£2)n/(h—k+2), (mx )r/(h—k+2),
(¢) h+m—k+2 Stokes curves tend to (or emerge from) t = oo with arguments

:|:93, :|:393, :|:593, (93 :7r/(h—|-m—k—|-2))

(¢) h+m — k + 2 anti-Stokes curves tend to (or emerge from) t = oo with
arguments

1205, +465, +60,

(2) An interval on the real or imaginary axis becomes a Stokes curve or an

anti-Stokes curves as follows (¢ := h — k):

(a) The positive real axis is an anti-Stokes curve for any m and any q.

(b) There exist neither Stokes nor anti-Stoke curves on the imaginary axis for
any m and any q.

(¢) An interval on the real axis is a Stokes or an anti-Stokes curve such that
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(i) m = even, ¢ = even = the whole real axis —oco < t < oo is an
anti-Stokes curve.

m = even, ¢ = odd => the half real azis t < —1 is a Stokes curve.

m = odd, ¢ = even =  the half real axis t <0 is a Stokes curve.

m = odd, g = odd = the interval —1 <t <0 is a Stokes curve.

All the Stokes curves and all the anti-Stokes curves emerging from a turning
point must tend to oo if they do not tend to other turning points along the real
axis. Then we can construct a whole Stokes curve configuration by applying
the above theorem and the general properties in Lemma 4.1. Some examples
are shown in Fig. 4.1 (a) for h = 5, m = 2, k = 3 and in Fig. 4.1 (b) for
h =5, m =2, k=4. The solid lines represent the Stokes curves and the broken
lines represent the anti-Stokes curves.

4.3. In the similar way, by putting

Gla.0)i= [ V@O (0= 0.%0), Q)= ) (= hetm—koq = F)
‘ (4.3)

Fig. 4.1 (a) Fig. 4.1 (b)
Qi) =t +1)2(h=5,m=2k=4)  Qu(t)=t2(t+1)2(h=5,m=2,k=3)

Fig. 4.1 (a), (b)

we can get a Stokes curve configuration for (3.10) (or [2]) as follows:
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Theorem 4.2. The Stokes curve configuration for (3.10) (or [2]) has the fol-

lowing properties.

(1) The local properties are as follows:

(a) h+m —k+2 Stokes curves tend to (or emerge from) t = 0 with arguments
:|:93, :|:393, :|:593, s (93 = 7T/(h +m—k+ 2)

(a)’ h +m — k + 2 anti-Stokes curves tend to (or emerge from) t = 0 with
arguments £20s, +4603, +603,

(b) k + 2 Stokes curves tend to (or emerge from) t = i with arguments
{£2- 1= (h+m)}n/2(k+2), {£2-3—(h+m)}n/2(k+2), {£2-5—(h+
m)}w/2(k + 2),

(b)" k + 2 anti-Stokes curves tend to (or emerge from) t = i with arguments
(—(h+m)yr/2(k +2), {£2-2— (h+m)}r/2k+2), {£2-4— (h+
m)}w/2(k +2),

(¢) k + 2 Stokes curves tend to (or emerge from) t = —i with arguments
{£2- 1+ (h+m)in/2(k+2), {£2-3+(h+m)n/2(k+2), {£2-
54+ (h+m)ir/2(k+2), ---.

(¢) k + 2 anti-Stokes curves tend to (or emerge from) t = —i with arguments
(h+m)m/2(k+2), {£2-24+(h+m)}n/2(k+2), {£2-44+(h+m)}mw/2(k+
2),

(d) h+m-+k+2 Stokes curves tend to (or emerge from) t = oo with arguments
:|:01, :|:301, :|:501, s (91 = 7T/(h +m+k+ 2))

(d)" h+m + k + 2 anti-Stokes curves tend to (or emerge from) t = oo with
arguments £260,, +46;, +66;, ---

(2) An interval on the real axis or on the imaginary axis of the ¢-plane becomes
a Stokes or an anti-Stokes curve as follows (p := h +m — k):

(a) An interval on the real azis of the t-plane is a Stokes or an anti-Stokes
curve such that

(i) p=even, k € N = the real aris —oo <t < 00 is an anti-Stokes curve.

(i) p=odd, ke N = the positive real azis t > 0 is an anti-Stokes curve,
and the negative real axis t < 0 is a Stokes curve.

(iii) pe N, k e N = the positive real azis t > 0 is an anti-Stokes curve.

(b) An interval on the imaginary axis of the t-plane is a Stokes or an anti-
Stokes curve such that

(i) p=4n (neN), k= even = the imaginary aris —oo < Jt < 00 s
a Stokes curve.

(ii))p=4n (ne€N), k= o0dd = the interval —1 < It <1 is a Stokes
curve.

(iii) p=4n—2 (n eN), k= even = the imaginary axis —oo < It < 00 is
an anti-Stokes curve.

(iv) p=4n—2(ne€N), k=odd = the half imaginary azes St > 1 and
St < —1 are Stokes curves.

All the Stokes and anti-Stokes curves emerging from the turning points must
tend to oo if they do not tend to other turning points along the imaginary axis.
Then we can construct a whole Stokes curve configuration for (3.10) (or [2]) by
applying the above theorem and the general properties in Lemma 4.1. Some
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examples are shown in Fig. 4.2 (a) for h =5, m = 2, k = 3 and in Fig. 4.2 (b)
for h =5, m = 2, k = 4. The solid lines represent the Stokes curves and the
broken lines represent the anti-Stokes curves.

The Stokes curve configurations for (3.9) (or [1]), (3.11) (or [3]) and (3.13)
(or [5]) are very simple because they have a monomial coefficient with a turning
point at x = 0.

5. Canonical Domains

5.1. The function £ := &(a,xz) defined by (3.3) is a conformal mapping from
the z-plane to the &-plane (Sec. 3.1). We prepare several definitions. A Stokes
domain for (3.1) is, by definition, a simply connected set on the z-plane bounded
by several Stokes curves without any Stokes curve in it. There are two types of
Stokes domains. One is called a half-plane type and it is mapped onto the half &-
plane (5}%5 <CorRE>C (C= const.)) by (3.3), and the other is called a strip
type and it is mapped onto the strip domain such as C; < RE < Cy (C1,Co =
const.). A canonical domain for (3.1) is, by definition, a simply connected set
on the z-plane mapped onto the whole &-plane with cuts mapped by (3.3).

Fig. 4.2 (a) Fig. 4.2 (b)
Qa2(t)=t*(t> +1)3(h=5,m =2,k =3) Qx(t) =32+ 1) (h=5,m=2,k=4)

Fig. 4.2 (a)’ Fig. 4.2 (b)’

Thus, a canonical domain consists of two half-plane type Stokes domains
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with or without strip type ones. Put

x

60.0)i= [ Jo,@de (Qila) =7, Qalo) ==, Qso) 1= ).
0
(5.1).
Clearly Qj(z) > 0 for > 0, and we choose a branch of the square roots of
Qj(z) such that \/Q;(z) > 0 for z > 0. Then, we can see that ¢;(0,x) > 0 for
2 > 0 and the positive real axis z > 0 is an anti-Stokes curve, i.e., $¢;(0,2) =
0 (z>0),for [1,3,5].
As mentioned just below the theorems 4.1 and 4.2, the positive real axis of
each of two ¢-planes is an anti-Stokes curve for any indices p and q. Therefore,
we see $&;(0,t) =0 for t > 0, where

&(0,1) ::/\/Qa‘(ﬂ dt (Qa(t) ="t + 1)F, Qu(t) =1t +1)"7F).
0

(5.1);
We should choose a branch of \/Q;(t) such that /Q;(t) > 0 for ¢ > 0 in order
to match the signs with £;(0, z), then # &;(0,¢) > 0 for ¢ > 0.

5.2. Let us consider the differential equation

2

g2h % = " tmRy (0 < |z| < 00). (3.9)

Stokes curves for (3.9) are direct lines emerging from the turning point z = 0 and

tending to the irregular singular point z = oo with the arguments + 61, + 36,

4+ 561,---. The anti-Stokes curves are also direct lines connecing x = 0 and

x = oo with the arguments 0, + 26, +46;, £ 661,---. A Stokes domain for

(3.9)" is a sector with an angle 26, around x = 0 between any two neighboring
Stokes curves. Then, from the choice of the branch \/Q1(z), we can see that

<0 for z:6; <argx < 364,

5.2
>0 for xz:-0) <argz < 6. (521

§R£1(0,x){

From Lemma 4.1, Theorem 4.2 and from the choice of the branch /Q2(t) we
can see that

<0 f t:—6; < t < 36
8‘%52(0,75){ N Lo s bt ) (5.2)5°
>0 for t:—0) <argt< 6
and <0 for t:03<argt< 30
103 3
R & (0, ¢ t—0). 5.2)9
&2( ){ >0 for t:—03<argt<6bs ( ) (5:2)2

Next, we consider a Stokes curve configuration of the differential equation

d*y
2h—k _ htm—k
€ priaid y (0 <lz| < o0). (3.11)
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It is very similar to one for (3.9)’. Therefore, in the same way as (5.2)1, we can
see that

<0 for z:03<argx < 303,
R &5(0, ) (5.2)3
>0 for z:—-03 <argz < 0;.
In the similar way to (5.2)2 we can see that
<0 for t:05<argt< 303
R £4(0, ¢ t— 5.2)%°
Sl ){ >0 for t:—05<argt<06s ( %) (5.2)i
and <0 for t:05<argt< 360
9%54(0,75){ e S s ° (t—0). (5.2)9
>0 for t:—05 <argt<0;
Also we can see that
<0 for z:05<argx < 305,
R &5(0, 5.2
& x){ >0 for x:—05 <argax < 0s. (5:2)s

We should notice the correspondence relations of the angles between neighboring
arguments up and down.

5.3. Now, under the preparation in the previous sections for the Stokes curve
configurations, we are constructing canonical domains D§*" to Dg*" for (3.9)
(or [1]) to (3.13) (or [5]). The shadow zones in Figs. 4.1 (a) - 4.3 show the
canonical domains and their maps under § := &; are given in Figs. 4.1 (a)’ - 4.3,
respectively. Notice that the same letters are used for the images.

First, we define D" for (3.9). In order to define it we need to know the
Stokes curve configuration for (3.9). Stokes curves and anti-Stokes curves for
(3.9) are the limited lines of ones for (3.9)’ in Dy (see (3.9)) and a Stokes domain
for (3.9) is a part of one for (3.9)’ limited in D;.

A canonical domain for (3.9) consists of any two neighboring Stokes domains.
Then, by refering (5.2); we define D" as follows:

D™ = {z: —0; < argz < 30y, Kie'/? < |z| < zo} (5.3)

which is a subset of the domain D;. Let l;o) and l§2) be Stokes curves, and Lgl)

and L?) be anti-Stokes curves such that

{lgo):xzre_“’l, l?):x:reigel, (5.4)

Lgl) tx =, L?) cx=re?h (K2 <r < x).
Thus, D{*" is bounded by lgo), l§2) and |z| = xg, |z| = K1'/? (see Fig. 4.3
G =1).

5.4. As the shadow zones shown in Fig. 4.2, we can define a canonical domain
Dse™ for (3.10) (or [2]) to be the set
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Dy =DM UM uDP  or DUV UDP LI UDP, (5.5)

which is an unbounded subset of D$° (:= {0 < |t| < oo}). It intersects D™,
Dél) and Df) are half-plane type Stokes domains and D§3) is a strip type Stokes
domain. Strip type Stokes domains appear possibly for p # 4n (n € N) (Theorem

4.2. (2), (b)).
The first canonical domain in (5.5) is mapped onto the whole ¢-plane with a
downward cut by the mapping defined by £ := £2(0,¢) in the manner such that

(i) The anti-Stokes curve L;l) is mapped onto the positive real azis of the

E-plane.

11 e anti-Stokes curve 18 mapped onto the negative real axis.
ii) The anti-Stok LY i d h ve real axi
iii e Stokes curve is mapped onto the positive imaginary azis.
iii) The Stok 1D d onto the positive imagi '
iv) Two Stokes curves , or U are mapped onto the negative
iv) Two Stok 1912 (or 1P Ui d onto th ti
imaginary axis. We consider that léo) is mapped onto the right side of the
negative imaginary axis, and lf) (or lf) U l§3)) onto the left side. Thus,
the cut on the &-plane 1s made from the ‘gap’ of tmages o , or
h he &-plane is mad he ‘gap’ of i 1 162
l(z) U Z(B))
2 2 )
As a consequence, we see
(v) Two Stokes domains Dgl) and DéQ) are mapped onto the right and the left
half plane, respectively.

We notice that the interval 0 < 3¢3(0,¢) < 1 is a Stokes curve in the case
where p = 4n (n € N), then lf) U l§3) is mapped onto the left side of the
imaginary axis of the ¢-plane (Fig. 4.2 (a)’).

The second canonical domain in (5.5) is mapped onto the £-plane with two
downward cuts in the manner such that

(i) Lél) 18 mapped onto the positive real axis.
(ii) ng) is mapped onto the negative real azis.
111 18 mapped onto the positive imaginary axis.
("')lél)‘ oped he positive imaginary azi
(iv) 15,15"
) léQ),léa are mapped onto the downward line and 153) is mapped onto the
upward line, parallel to the negative imaginary axis, emerging from the
image of i in the fourth quadrant. Two cuts on the £-plane are made from

are mapped onto the negative imaginary axis.

(v

the ‘gaps’ of images of léo), lgl) and l§2), l§5). As a consequence, we see

(vi) Dél) is mapped onto the right half plane (R £ > 0), DgQ) is mapped onto
the left half plane (8?& < R &(0, z)), Dé‘o’) 1s mapped onto the strip domain
between the images of other two Stokes domains (R &(0,i) < R £ < 0)
(Fig. 4.2 (b)").

5.5. A canonical domain D5 for (3.11) (or [3]) is a subset of one for (3.11)

(Sec. 5.2) just like D$*™. Thus, by refering (5.2)s, let léo) and l§2) be Stokes

)

curves, and Lgl and L§2) be anti-Stokes curves such that
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léo):x:re_i%, 152):x=rei393, (5.6)
Lgl) cr=r, L§2) cx=re?% (Kye <r < kie/?). .
We define a canonical domain D5 for (3.11) (or [3]) such that
D5 = {x i —03 < argx < 303, Koe < |x]| < k‘1€1/2}, (5.7)

which is a subset of the domain D3 : Koe < |z| < k1e'/2 bounded by two Stokes
curves léo) and l§2) (Fig. 4.3 (j = 3)). Notice that the canonical domain D§*"
intersects the canonical domain D§*" (Sec. 3.2 and 3.3) and that the arguments
of boundaries of D" and D5 coincide.

5.6. A canonical domain D5*" for (3.12) (or [4]) is defined by
g =DM ui) D, (5.8)

which is a subset of D3 : 0 < |t| < oo and intersects D§*™ (Sec. 3.2, 3.3). Dfll)

and Df) are half-plane type Stokes domains. In this case, any strip type Stokes
domain does not appear because we need not consider a canonical domain near
t = —1. The shadow zones show D5*" in Fig. 4.1 (a), ().
The canonical domain D§*" is mapped onto the whole -plane with a down-
ward cut by the mapping defined by £ := £4(0,¢) in the manner such that:
(i) The anti-Stokes curve Lfll is mapped onto the positive real axis of the
&-plane.
(ii) The anti-Stokes curve Lf) is mapped onto the negative real axis.
(iii) The Stokes curve lfll) is mapped onto the positive imaginary azis.
(iv) Two Stokes curves lflo), lf) are mapped onto the negative imaginary azis.
We consider that lflo) is mapped onto the right side of the negative imagi-

nary axis, and lf) onto the left side. Thus, the cut on the {-plane is made

from the ‘gap’ of images of lflo), 1512). As a consequence, we see
(v) Two Stokes domains Dfll) and Df) are mapped onto the right and the left

half plane, respectively (Figs. 4.1 (a)’, (b)").

5.7. By refering (5.2)5, we define the last canonical domain, i.e., DE*" for (3.9)
(or [5]), in the similar way to D{*" and D5", to be

Dgan = {.13 . _95 <argr < 305, 0 < |l‘| < k25} (59)

which is a subset of Dy : 0 < |z| < kqe and intersects D5*" (Secs. 3.2, 3.3).
Notice that the arguments of x € Dg*™" coincide with ones of ¢ of D§*" small

t.
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Fig. 4.3. Fig. 4.3

Let léo) and léQ) be Stokes curves, and Lél) and Léz) be anti-Stokes curves
such that

léo) cx=re s, lém cx=ret30,
) @) 4 (5.10)

Ly’ ix=r, Ly o =re?% (0 <r < ko).
Then Dg*" is bounded by léo), léQ) and 0 < |z| < koe and it must include the

origin though Fig. 4.3 excludes its neighbor for j = 5.
Thus we could get one set of five canonical domains as follows:

Theorem 5.1. By refering how to connect boundaries of neighboring two canon-
ical domains, there exists a set of five canonical domains D", .-, D™ for
the reduced differential equations (3.9) or [1], ---, (3.13) or [5], respectively.

6. Matching Matrices

6.1. First, we will connect two sets of solutions yii(z,e) and y; (t,€). The
matching matrix M; 2 matching these two sets of solutions is, by definition,
given by

Mo - (y;r(x"g)) = (y;_r(t’g)>, Mo = (z((g 223) (z=te'?). (6.1)

yl_ (.23,5) Yo (ta 6)

Theorem 6.1. The matching matriz M o is given by
My ~ eWm+R)/8 g (o 5 0), (6.2)
where E is the 2 X 2 identitiy matriz.

Proof. Substituting the corresponding WKB approximations (Theorem 3.2)
for the true solutions in (6.1) we get an asymptotic relation

Mys- (yf’(xvﬂfr(afﬁ)) - <z7§’(t,€)> (e = 0), (6.3)

4 (z,¢) Yo (t,€)
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from which the following relations hold

...J’_ ~— ...J’_ ~—
S TS - S - S B =)} (6.4)
Y2 Yo Yo Yo

1/2

Since z and t are combined by the equality = = te'/2, we split £'/2 such that

x =tel/4. e1/4 and put
ti=ne Y ai=pet (In) =1), (6.5)

where a new parameter 7 is determined later.

Since we see that t"*™=F(t2 + 1)k = O(t"*T™+F) (t — oo) in the WKB
approximations 7z, we let ¢ — oo and substitute (6.5) in ;" / 73 of (6.4) to
get

g;r t(htm+k)/4 ) p(htm+k+2)/2
g = ptrmiR/a P [h—l—m—i—k—l—Q( eh
(htm+k+2)/2 (6.6)
- 5(3h—m—k—2)/4):| (€ —0)

— 67(h+m+k)/8 -eXp(O) — 67(h+m+k)/8’

because two indices of ¢ of the exponential parts of §;” and ¢ are equal to
(=Th+m+k+2)/8.

Next, letting ¢ — oo and substituting (6.5) in §; / g5 of (6.4), we similarly
get

U1 4
;/_grw€ (h+m+k)/sexp 7h—|—m+k—|—25( 7h+m+k+2)/8n(h+m+k+2)/2 (e = 0),
(6.7)
whose magnitude tends to 400 if we take 1 such that R nhtm+k+2)/2
Notice that the index of € of the exponential part is negative from the inequality
—Th+m+k+2 < —bh —2 < 0. The new parameter n with the property
R yhtm+k+2)/2 < (0 can be chosen in D5 such as ) := n_o := €291 ie.,
argn_o = 26, = “the angle of the anti-Stokes curve Lg) att = 00" (Fig. 4.2.).
Thus, from (6.6), (6.7) and from the first relation of (6.4), we get the relation

a-e”MFmER/S L biso ~ 1 (e = 0). (6.8)

Then, we can get a(e) ~ et R)/8 b)) =0 (¢ = 0).
Similarly, we get the following relations:

N 4
~—1, ~ 6—(h+m+k)/8 exp
5 h4+m+k+2

— oo (Ryhtm+rt2)/2 5 0 ¢ - 0).

E(—’7h—i—m—i—k-|—2)/8 n(h+m+k+2)/2 (6 N O)

(6.9)
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The new parameter 1 with the property % n("*+m+k+2)/2 5 0 can be chosen in
D™ such as 1) :=Nyoo =1, i.€., argnio0 = 0 = “the angle of the anti-Stokes

curve L;l) at t = 00" (Fig. 4.2). Also, we can obtain

I L emmth)/s (o ), (6.10)
Y2
Thus, the second relation of (6.4) becomes
c-0o 4+ d-e”PFMIR/E 1 (e 5 0), (6.11)
which induces c(g) =0, d(g) ~ehtm+k)/8 (¢ — 0). Thus, we get (6.2). m
6.2. In the similar way to M; 2, we can compute other matching matrices. We
will compute another matching matrix M 3 connecting two sets of solutions

ygt (t,e) and y?,i(x, €). M 3 must satisfy the following asymptotic relation by
using WKB approximations :

My (g;(t’f)) ~ (g;(x,s)> (@ =te?, c—0). (6.12)

T\ (te) Ys (z,€)
We split €'/2 in x = t&'/? such that = te=1/*. 3/ and put
ti=net/t z=nett (In)=1), (6.13)

where 77 is a new parameter considered as being on the anti-Stokes curves. In
the just same way as getting M o, we can get

My g ~ e~ (hm=R)/8 B (¢ (). (6.14)

6.3. Similarly, we can get other matching matrices.

Theorem 6.2. Let yji be the true solutions of the differential equation [j] (j =

2,---,5) in Theorem 3.1 and let M j11 be the matching matric connecting two
, + +
sets of solutions y;~ and y;7, such that
+ +
MjJ‘Jrl . <yj_> - <yj_+1> . (615)
Y; Yir1

Then, the matching matrices are given by

My~ e~ WEm=R)/8 B Ny y o ePFm=R/A B Ny~ E (e = 0).
(6.16)
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