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Abstract. Let X be a projective scheme over an artinian commutative ring Ry and let
F be a coherent sheaf of O x-modules. We give bounds on the so called cohomological
deficiency functions A’ -+ and the cohomological postulation numbers 1% r of the pair

(X, F). As bounding invariants we use the ”cohomology diagonal” (h&,f(—j)) t

A
h Jj<i

and below level ¢ and the i-th ”cohomological Hilbert polynomial” pr’ - of the pair
(X, F). Our bounds present themselves as a quantitative and extended version of the

vanishing theorem of Severi—Enriques —Zariski— Serre.

0. Introduction

In this paper, we continue the investigation begun in [7]. For the reader’s con-
venience, we first recall a few basic notions which were used in the first part of
our work. Let C be the class of all pairs (X, F) in which

X = Proj (R) is the projective scheme induced by a positively graded homo-
geneous noetherian ring R = ®,,>¢R, with artinian base ring Ry. (0.1)

F is a coherent sheaf of Ox-modules. (0.2)
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For any pair (X,G) € C and any i € Ny, the i-th cohomology module H*(X, G) of
X with coefficients in G is a finitely generated Rp-module (cf. [16, III, Theorem
5.2], [22, §66, Théoreme 1]) and hence of finite length. So, for each i € Ny and
each pair (X, F) € C we may introduce the i-th cohomological Hilbert function
of (X with respect to) F

W 5 = hg : Z — No, (i € Ny) (0.3)
defined by
hk}-(n) := hiz(n) := (g, (Hi(X, .F(n))), (neZ) (0.4)

where F(n) := F ®o, Ox(n) is the n-th twist of F and where £, (N) denotes
the length of the Rp-module N.
Let us also recall the notion of subdepth of (X with respect to) F :

d(F) := min{deptho, , (Fz)|[r € X, x closed}, (0.5)
the concept of regularity of F above level k:
regy(F) := inf{r € Z|h'=(n —i) =0, Vn>r, Vi>k}, (0.6)
and the concept of coregularity of F at and below level k:
coreg’(F) := sup{c € Z|hi=(n —i) =0, Vn<c, Vi<k}, (0.7)

defined whenever (X, F) € C.
In [7] we studied — for arbitrary pairs (X, F) € C: 4

Bounds of Castelnuovo type which, for each ¢ > 0 bound the values h%(n) in the

range n > —i in terms of the diagonal values (hjf(—j))jzz. at and above level i.
(0.8)

Bounds of Severi type which, for each i < §(F) bound the values h’z(n) in the

range n < —i in terms of the diagonal values (hg,_-(fj))jﬂ at and below level i.
(0.9)

The bounds mentioned under (0.8) in particular give rise to bounds on the
regularities regy (F), whereas the bounds of (0.9) induce bounds on the coregu-
larities coreg!(F) for all i < §(F).

One appearent disadvantage of our bounds of Severi type is the fact that they
apply only if i < §(F). One way to get bounding results (in the range n < —3)
for ¢ > 0(F) is to estimate the so called cohomological deficiency functions. For
a pair (X,F) € C and for i € Ny, the i-th cohomological deficiency function of
(X with respect to) F is defined by

o = A= e~ (0.10)
where pi-(n) is the i-th cohomological Hilbert polynomial of F, i.e. the unique
polynomial in Q[x] such that

pe(n) = hiz(n), ¥n <O0. (0.11)

These deficiency functions were investigated by the second author in [20]
for projective schemes over an algebraically closed field. The aim of the present
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paper is to give some a priori bounds on the i-th deficiency function AZX’ F=A%
and the so called i-th cohomological postulation number of (X with respect to) F

Vir =V =inf {m € Z|A% s(m +1) # 0} (0.12)
for abitrary pairs (X,F) € C.
More precisely, we shall define bounding functions
EW Nt x 72 x 72« — Z,
GY Nt x 7 x Ze_; — 1,
FONF x 72— Ze o 4,
such that (cf. Corollary 3.1 a), c)):

For each pair (X, F) (0.13)
a) G (@(}),Q(}z—);n) < A%(n) < E® (ﬁgp,gg);n) for all n < —1,
b) v > FOLY pP) +1,

a) hY = (h%(0), hk(=1),... hig(—1)), (0.14)
b) 25 = (e(0), Pl (1), - (=),

Our bounding functions E® G® and F® are defined recursively (cf. (3.1)-
(3.9)). Sometimes one might prefer to dispose on explicit bounds - even if they
are weaker. As an example of this latter type of bounds we shall establish the
following estimates (cf. Proposition 3.3 a), ¢))

8) |AL(n)] < %(2(1 + S9N for all n< i, (0.15)

2

b) vk > (2014 59)% +2,

where
i

59 =3 (1) k=) + ), (016)
§=0
The estimates given in (0.13) b) and in (0.15) b) show in particular, that the
2¢ + 2 invariants
a) h?.)(()),h_%.)(—l), . ..,ﬁz.)(—i), (0.17)
b) Pe)(0), Play(=1); -, Plgy (=)
form a bounding system for the invariant I/E'.) on the class of all pairs (X, F) € C.
But it turns out, that the invariants listed in (0.17) do not form a minimal
bounding system for the invariant 1/2.). In fact, if we fix some k € {0,...,i— 1},
the ¢ + 1 invariants listed in (0.17) a) together with the ¢ — 1 invariants
pl(l.)(O)7 e ,p’('.)(—k: + 1),pé.)(—k -1),... ,pg?)(—i + 1) still form a bounding
system for the invariant l/(i.), (cf. Corollary 4.2). (0.18)
We conclude this from the following finiteness result (cf. Theorem 4.2):

Let C’ be the class of all pairs (X, F) € C for which the 2¢ invariants listed under
(0.17) a) and (0.18) take some fixed values. Then, the set of functions

{hx 7l Z<oi — No| (X, F) e } (0.19)



74 M. Brodmann, C. Matteotti, and N. D. Minh

is finite. (For a function f: D — M and aset SC D, we use f[: S — M to
denote the restriction of f to S.)

There is much evidence that the invariants listed under (0.17) a) and (0.18)

yet do not constitute a minimal bounding system: In [18] it is shown that
for projective schemes over an infinite field, the “full cohomology diagonal’
(dE].))(f J))j>0 bounds all cohomological postulation numbers Vf.).
The present paper is written in the same spirit as [7]. So, we first establish
bounding results for the cohomological deficiency functions and the cohomolog-
ical postulation numbers of finitely generated graded modules over noetherian
positively graded homogeneous rings R = Ry @ Ry & ... with artinian ground
ring Ry (cf. Theorem 3.1, Theorem 4.1, Corollary 4.1). Then we use the Serre—
Grothendieck correspondence to translate these results from the language of local
cohomology to the language of sheaf cohomology.

In Sec. 1 we give some basic facts on cohomological Hilbert polynomials of
finitely generated and graded modules over noetherian positively graded homo-
geneous rings with artinian ground ring Ry. Using graded Matlis duality and
graded local duality we describe the degrees of these polynomials in terms of
certain sets of graded prime ideals. Moreover we give an ”associativity formula”
for the leading coefficients of these polynomials (cf. Theorem 1.1). In view of
the expository character of our paper, we tried to present this subject in much
detail, as an introductory treatment seems to lack in the standard literature.

In Sec. 2 we present the main technical tool of the present paper: the method
of admissible sequences of linear forms. This is a slightly adapted module the-
oretic version of the method developed by the second author in [20] and is a
substitute for the method of linear systems of hyperplane sections, which was
used in [7]. In fact, this latter method can no longer be used to get satisfac-
tory bounds on the functions h’ z[z__, if i > §(F). We introduce the notion
of an admissible sequence of linear forms by means of secondary decompositions
of graded artinian modules. The reader who has already some familiarity with
the subject will notice, that the same could be achieved on use of graded local
duality. The main tool in this section is the “intersection lemma” Lemma 2.4.
This lemma will finally lead to the basic “rescursive bounding result” Corollary
2.1.

In Sec. 3 we use Corollary 2.1 to prove the main bounding results mentioned
under (0.13) and (0.15).

In the conclusive Sec. 4, we finally shall establish the results mentioned al-
ready under (0.18) and (0.19).

At present, not very much seems to be known about cohomological deficiency
functions and postulation numbers of arbitrary pairs (X, F) € C. Clearly, there
is a number of results concerning specific pairs (X, F) (cf. [1, 5] for example).
In view of the results presented in this paper (and in [18]) it seems natural to
ask, how the functions Aix, + and the invariants V}- depend on the cohomology
diagonal (hix,f(*i))po for an arbitrary pair (X,F) € C. The corresponding
question also arises concerning the so called cohomological patterns

Px(F) = {(i,n) € Ng x Z|hx £(n) #0}
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of pairs (X, F) € C, (ctf. [6]).

As basic references for the present paper we recommend: commutative alge-
bra [11,19]; local cohomology [9, 14] algebraic geometry [13, 16]; cohomological
Hilbert functions [7].

1. Cohomological Hilbert Polynomials and Deficiency Functions

In this section, we present a few basic preliminaries on cohomological Hilbert
polynomials and cohomological deficiency functions. So, let R = @,>0R,, be
a noetherian positively graded homogeneous ring such that the base ring Ry is
artinian. We first recall some basic notions.

1.1. Notation, Definition and Remark

A) Let M = ®,ezM,, be a finitely generated, graded R-module. For i € Ny let
H }'ﬁ (M) denote the i-th local cohomology module of M with respect to the ”ir-
relevant ideal” R, :=®,~oR,, of R. Moreover, let R‘Dp .(e) denote the i-th right
derived functor of the R -transform functor Dg, (e) := injlim, Homg(R} ,e).
Keep in mind, that the R-modules Hp (M) and R'Dg, (M) carry a natural
grading for all ¢ € Ng (cf. [9,(12.3.3),(12.2.10), (12.4.5)]). Moreover we have a
natural graded exact sequence (cf. [9, (12.4.2)])

0— Hp, (M) — M — Dgp, (M) — Hp (M) — 0
and natural graded isomorphisms [9, (12.4.5)]
R'Dr, (M) = HG ' (M), (Vi€N).

B) Keep the previous notations and hypotheses. By ¢g,(IN) we always denote
the length of an Rp-module N. Moreover, for a graded R-module T" we use T,
to denote the n-th homogeneous part of T for each n € Z. Using these notations
we set (cf. [9, (15.1.5), (17.1.4)])

hir(n) == Cry(Hp (M)n); dyy(n) = lr,(R'Dr, (M)n), (Vi€ No,Vn € Z).
Now, the exact sequence and the isomorphisms given at the end of part A)
give rise to the equalities
(o) i (n) = Lr,(Myn) — h§;(n) + by, (n), (Vn € Z);
(o0) diy(n) = R4 (), (Yn € Z,Vi > 0).
Moreover we have (cf. [9, (15.1.5)])

Ry(n) =0 forall n>0, (Vi€ Ny),

and hence also
dS;(n) = Lry (M), (Yn>>0); diy(n) =0, (¥n>>0,Vi>0).

C) Next, let mgl), . ,mg) be the different maximal ideals of Ry. For each
je{l,...,r} let R'@ denote the positively graded homogeneous noetherian
ring R ®g, (Ro)..) = Pn>0(Rn) with artinian local base ring (Ry)

(7 (€] () -
mg’ mg’ mg’
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Moreover, let M '() denote the finitely generated and graded R'W-module M® Ro
(Ro)m[()j) = @nGZ(Mn)m&j). Then we have (Cf [9, (1625)], [7, (125)])

Wip(n) =D Wiy (n); diy(n) = diug (n); (vn € Z,Vi € Ny). (%)
j=1 j=1

D) Finally assume that the base ring Ry is local with maximal ideal mg. Let
R’ be an artinian local flat extension ring of Ry with maximal ideal m{; = moR,.
Then R := R, ®r, R = ®n>0(R) ®r, Rn) is a positively graded homogeneous
noetherian ring with base ring R{,. Moreover M’ := R’ ® g M = R, ®r, M =
Gnez(Ry®Rr, My,) is a finitely generated and graded R’-module. In this situation
we have (cf. [7,(2.29)])

Lo(n) = By (n); di(n) = diy(n);  (Vn € Z,Vi € Ny). .

Our main goal in this section is to study the so called cohomological Hilbert
polynomials of a finitely generated graded R-module M and to express their
degrees and leading terms by some other ”local” invariants. The basic notion

needed to define these local invariants is that of cohomological pseudo-support
which we shall introduce now.

1.2. Definition and Remark

A) Let i € Ny and let M be a finitely generated and graded R-module. We
define the i-th (cohomological) pseudo-support of M as the set

+PSllpp’i(M) = {p € Proj (R)| dlm(R/p) <4 and H;I_:i(;im(R/p)(Mp) # 0}
Moreover, we define the i-th (cohomological) pseudo dimension of M by
Tpsd’(M) := sup{dim(R/p)|p € TPsupp’(M)} —1

using the convention that sup® = —oo. Observe that
FTpsdi (M) < i.

Finally we set

TPsuppy (M) := {p € TPsupp’ (M) | dim(R/p) = Tpsd’(M) + 1}.

B) Let ¢ > dim(M) and let p € Proj(R) with dim(R/p) < ¢. Then dim(Mp) <
dim(M) — dim(R/p) < i — dim(R/p) and hence Grothendieck’s Vanishing The-
orem (cf. [9, (6.1.2)]) implies H;E;lm(R/p)(Mp) = 0. This proves that

tPsupp’ (M) = 0, if i > dim(M).
C) Let mél), e ,méj ) be the different maximal ideals of the base ring Ry. As in

1.1 C) we write R'¥) := R ®g, (Ro) o for j=1,...,r Let n@ R — R
0
denote the natural homomorphism. Then, the induced homomorphism
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1 RSPREY (@ — 0V @), @)

j=1
is an isomorphism of graded rings and thus induces an isomorphism of schemes
e H Proj(R' ") = Proj(R),

1<j<r
which sends p' @ € Proj(R'®) to (n)~1(p'@D)=p ONOR e Var(mgj)R) N
Proj(R). In particular we have
(+) e(Proj(R'V))) = Vart (mi ' R),  (j=1,....7),
where, for a graded ideal a C R, Var™(a) is used to denote the closed subset

Var(a) N Proj(R) of Proj(R). Moreover, for each p' ) € Proj(R' ) we have
natural isomorphisms

(3% R /p' @) = R/e(p' (),
so that finally
(xx) dim(R'@ /p' @) = dim(R/e(p'@))).

D) Now, let M be a finitely generated and graded R-module. Let j € {1,...,r}.
As in 1.1 C) we write M ") for the finitely generated and graded R'(Y)-module
R'9) @p M. For each p'¥) € Vart(m{’R) we have a natural isomorphism of
R_(p'))-modules

(o) (M/(j))p’(j) =M,y

which in the case M = R allows to identify the two local rings (Rl(j))p/m and
R, (- Doing so, we thus get natural isomorphisms

(o0) a* ((Ml(j))p’o')) =

k L
p/(j)R;J(/j()j) Hs(p’(j))RE(p,(j))(ME(p (J)))? (Vk? S No).

By (%) and (#*)" we thus get for all i € Ny
(o00) e(+Psupp’ (M’ D)) = Vart(mY R) n +Psupp (M)

and therefore
(eoe)’ tpsd! (M) = max{tpsd" (M ) | j =1,...,7}. °

We now consider the special case, in which Ry is local and bring into the
game graded local duality.

1.3. Remark and Notation

A) Assume that the (artinian) base ring Ry is local with maximal ideal my.
Then, by Cohen’s Structure Theorem we may write Ry as a homomorphic image
of a complete regular local ring (R{, m{). So, for some polynomial ring R’ :=
R{[xo,-..,%:] we have a surjective homogeneous ring homomorphism

f:R - R.

We set d’ := dim(R’) and we use m and m’ to denote the homogeneous maximal
ideals mo + Ry and m( + R/, of R and R’. Finally, let E denote the *-injective
envelope of the graded R-module R/m (cf. [9,(13.2.1)]). Then, by the graded
local duality theorem, there is an integer a’ such that for each finitely generated
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graded R-module M and each ¢ € Ny, there is an isomorphism of graded R-
modules (cf. [9, (13.4.3)])

U Hyy, (M) — Homp(Exth, (M, R/ ('), ).
(We use the standard convention that Extk, (x,e) = 0 for k < 0).

B) Keep the above notations and hypotheses and fix a finitely generated and
graded R-module M. Then for each i € Ny we consider the finitely generated
and graded R-module

K = Extd, (M, R'(d)),
so that by part A) we have an isomorphism of graded R-modules
(%) U Hj, (M) — Homp(K},, E).

Now, let Ey be the injective envelope of the Ry-module Ry/mg. Then, for each
i € Ny and each n € Z, the graded Matlis duality theorem gives an isomorphism
of Ro-modules

(**) HOIHR(K}IW,E)»” = HomRo((K;\l)fnaEO)

(cf. [9, (13.4.5)]). As the Matlis duality functor Hompg, (e, Ep) is length-preserving
(cf. [9,(10.2.3)]) we thus may use the graded isomorphism ¥* of (x) to write
()’ Ry (n) = Cry (Kjy)—n)-

Now, let Pg: € Q[x] be the Hilbert polynomial of the finitely generated and
graded R-module K7}, so that Py: (n) = {r,((Kj;)n) for all n>> 0. Then ()’
gives
(st hiy(n) = PK}V[(fn), (Vn < 0,Vi € Ny).

C) We keep the above notations and hypotheses and choose p € Proj(R). Let
p’ = f~Y(p) € Proj(R’) the preimage of p. Then Ry, is a local Gorenstein ring
such that dim(Ry,) = d' — dim(R'/p") = d’ — dim(&/p).

Now, let i € Ny be such that dim(R/p) < i and let E® denote the in-
jective envelope of the Rp-module Ry/pRp. Then, by local duality we have an
isomorphism of Ry-modules

i—dim(R ~ '—i
Hng ( /P)(Mp):Home(E:ct%iy (My, Ry,), E®)

(cf. [9,(11.2.6)]). As R'(a)pr = Ry, and as M is finitely generated over R, there

is an isomorphism of Rp-modules E:Etdl/_i(Mp,R"J,) = Emt%/_i(M, R'(d))p =
. b’

(Kj)p- So, we end up with an isomorphism of Rp-modules

i i—dim(R ~ 7
(o) Oy« Hypo """ (My) 2 Homp, ((Kj)p, E®)).

As the Matlis dualtity functor Home (o, E®)) transforms non-zero modules to
non-zero modules we thus see that
(o0) +Psupp’(M) = supp(K?,) N Proj(R), (Vi € Ny).

In particular we see:
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(e0)’ For each i € Ny, "Psupp’(M) is closed in Proj(R).

D) Keep the above hypotheses and notations, let i € Ny and let p € Proj(R).
As the Matlis duality functor Home (o, E(p)) is length-preserving, we may use

the isomorphism 6y, of (e) to conclude

i—dim(R, i
(w) Cry (Hygy ™7 (My)) = €ry (K)p)-
In view of the equality (ee) we get for each p € Proj(R)
(mm) p € min TPsupp’(M) < 0 < CRy, (Hi';g;m(R/p)(Mp)) < 00,

where min S is used to denote the set of minimal members of a set S C Spec(R).e

1.4. Reminder, Remark and Notation

A) Let mél), e ,mér) be the different maximal ideals of the base ring Ry and
let M be a finitely generated and graded R-module. Let the positively graded
homogeneous ring R ) and the finitely generated R )-module M’ be defined
as in 1.1 C). Then each of the base rings (R @)y = (Ro)m[()j) is artinian and local.

So, by the first equality of 1.1 C) (%) and in the notation introduced in 1.3 A),
B) we see on use of 1.3 B) (%), that
”
(%) Wip(n) =Y Pgi, (—n); (Vn <0, Vi€ Np).
= M’ ()
In particular we recover once more the well known fact that for each ¢ € Ny
there is a polynomial p}, € Q[x] such that

() hi (n) = pi(n), (Vn <0),
the so called i-th cohomological Hilbert polynomial of M, (cf. [9, (17.1.9)]). By
(*) we may write

() P = 3 P

M @)

(*X); (VZ € No).

B) Now, let T' = ®,ezTh, be a finitely generated and graded R-module and let
Pr € Q[x] denote the Hilbert polynomial of T, so that Pr(n) = {g,(T}) for all
n > 0. Let us recall that

(o) deg(Pr) = dim(supp(7T") N Proj(R))

(cf. [10, (4.15)]). Moreover, if Pr # 0, let eq(T) € N be the multiplicity of T,
so that

(o0) eo(T)/deg(Pr)! is the leading coefficient of Pr.
Let us also recall the associativity formula which, in case Pr # 0, states that
(. hd .) €0 (T) = Z eRp (TP)eO (R/p)a
pesuppo (T)
where

suppo(T') := {p € supp(T’) | dim(R/p) = dim(T")}
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(cf. [10, (4.6.8)]).

C) Finally, for p € Proj(R) and for k € Ny set
B (M) o= Ly (b (My).

As usual, we set Hng (¢) =0 for k < 0, so that we are allowed to write h’; (M) =
0 for k£ < 0. .

Now we are ready to summarize our previous observations in the following
result.

Theorem 1.1. Let M be a finitely generated and graded R-module and let
i € Ng. Then:

a) TPsupp’(M) is a closed subset of dimension Tpsd’(M) in Proj(R).

b) p € Proj(R) is a minimal member of TPsupp’(M) if and only if

0< h;_dim(P‘/p)(M) < 00

¢) The polynomial p'y; € Q[x] is of degree Tpsdi(M).
d) If Tpsdi(M) > 0, then p%, has leading coefficient

(—1) P OD el (M) /Fpsdi (M),

where o
i i—Tpsd*(M)—1
eM)= 3 by PN Aeo(R)p).
petPsuppy (M)

Proof. Let mgl), e ,mér) be the different maximal ideals of Ry. For j € {1,...,7}

let R'0) and M@ be defined as in 1.1 C). Let ¢ : H Proj(R ) — Proj(R)
1<j<r

be the natural isomorphism of 1.2 C).

“a)”: By 1.3 C) (ee)’ it follows that T Psupp?(M )) is a closed subset of Proj(R (1))

for each j € {1,...,r}. But now, by 1.2 D) (eee), we see immediately, that

+Psupp’(M) is a closed subset of Proj(R). So, the statement on the dimension

of *Psupp’(M) C Proj(R) is clear.

“b)”: Let p € Proj(R). Then, there is some index j € {1,...,r} and some
prime p' ) € Proj(R' @) with e(p' ) = p. By 1.2 C) (x+)" we have dim(R/p) =
dim(R @) /p'@). By 1.2 D) (ee) we may write
i—dim(R i—dim(R' ) /p’ ) "G
hp ( /p)(M) :ER,U) (H /(j)R/((j) /P )((M (j))p/(j)))'
p'a) - PG

So, by 1.3 D) (mm) we see that p' @) is a minimal member of *Psupp’(M @) if
and only if 0 < h;ﬁdim(R/p)(M) < 00. In view of 1.2 D) (eee), this proves our
claim.

“c)”: Fix j € {1,...,r}. Using the notation of 1.3 A),B) we see by 1.4 B) (e)
and 1.3 C) (ee) that

deg(PKjv,'m) = dim(supp(K ) N Proj(R' @) = dim(* Psupp’ (M @)).

7
MG
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So, in view of statement a) of the present theorem, deg(Pg: ) = tpsdi(M ).
' (9)

Now we may conclude by 1.2 D) (eee)’ and by 1.4 A) (**3\’

“d)”: In view of 1.2 D) (eee)’ we may assume that there is some s € {1,...,r}
such that *psd’ (M D) = +psdi(M) for all j € {1,...,s} and Tpsd' (M @) <
FTpsd (M) for all j € {s+ 1,...,7}. In the proof of statement “c)” we have
learned that deg(PK]iW,(j)) = tpsd!(M'D) for all j € {1,...,7}. So, by 1.4 A)

(xx)" and 1.4 B)(ee) we see that p’, has leading coefficient
(=1) P 0 (M) psd! (M)
with

eb(M) = Z Z ZR%/J) ((K;-V[/u))p/(j))eo(Rl(j)/p/(j))-

J=1 p/(j)esuppo(K”' | P
M ()
By 1.3 C) (ee) it is immediate that for all j € {1,...,s}

suppo(wal(j>) = +Psuppf)(M/(j))
By 1.3 D) (m) and by 1.2 D) (ee) we also have
; i—Tpsd"(M)—1,4 /(5
ER/(J')' ((K}w’(j))p/(j)) = hs(p’?j)) (A (M (J))
p’' @)
for all j € {1,...,s} and all p' @) € TPsupp§ (M ). By 1.2 C) (+*)’, we know that
o(R 9 ['0) = eo( /(D))

forall j € {1,...,s} and all p’ @) € *Psuppj (M ©)). By 1.2 D) (eee) and by the
fact that € is a homeomorphism,

T Psuppp (M) = U 5(+Psupp6(M/(j))).
1<5<s
So, altogether we obtain

. i—tosd? _
eyM)y= 3 by PO Aeq(R/p). n
petPsupp) (M)

Remark 1.1. Let M be a finitely generated and graded R-module. Then the
minimum R, -adjusted depth of R is defined by

A(M) := inf{depth(My) + height((p + R4+)/p) | p € Spec(R) \ Var(Ry)}
(cf. [9,(9.2.2)]). As M is a graded R-module, the right hand side infimum is
attained by a graded prime p (cf. [9, (13.1.17)]). As Ry is artinian, p + Ry is the
unique maximal ideal of R which contains the graded prime p. So, we have
(o) A(M) = inf{depth(My) + dim(R/p)| p € Proj(R)}.

As depth(Mp) = min{k € Ny | Hé“Rp (Myp) # 0} we may write

MM) = inf{k + dim(R/p) | p € Proj(R) and k€ Ny with Hng (My) # 0}

= inf{i | 3p € Proj(R) : Hyp ™ "/P) (M) # 0},
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hence

(o0) A(M) = inf{i | TPsupp’(M) # 0}.

So Theorem 1.1 c) gives us

(o00) A(M) = inf{i | p%, # 0}.

Obviously, this last statement also can be deduced from Grothendieck’s Finite-
ness Theorem (cf. [9,(9.5.2)]). .

1.5. Notation and Remark
For a finitely generated and graded R-module M and for ¢ € Ny we set
dhy = ph’

and call ¢4, the i-th cohomological Hilbert polynomial of the second kind for M.
By the relations 1.1 B) (e), (ee) it follows immediately

(o) dis(n) = ¢i;(n), (Vn < 0,Vi € Np).
By Theorem 1.1 ¢) and by the last inequality of 1.2 A)
(o0) deg(qi,) = Tpsd™H(M) <.

Moreover, by Theorem 1.1 d) we can say that the leading coefficient of ¢, is
given by
(71)+psd7’+1(M)

i—Tpsd* T (M)
s (AT > hy ° (M)eo(R/p),

petPsuppy (M)

(eo0)

whenever TpsdiT! (M) > 0. .

For rest of this paper it will be more convenient, to consider the cohomolog-
ical Hilbert polynomials ¢%, of the second kind instead of the polynomials pf,.
So, we formulate all further results of this section in terms of the polynomials

G-
Corollary 1.1. For each finitely generated and graded R-module and for each
i € Ny the following statements are equivalent

i) deg(qy,) < s

ii) dim(R/p) # i+ 1 for allp € Assp(M).
Proof. Observe that Tpsd“™1(M) = i if and only if there is some p € Proj(R)
such that dim(R/p) =i+ 1 and Hng (Mp) #0. As Hng (Mp) # 0 is equivalent

to p € Ass(M) and as dim(R/p) = 0 # i + 1 whenever p € Var(Ry), we get our
claim by 1.5 (ee). ]

Now we shall introduce the cohomological deficiencies, whose study is the
objective of this paper.
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1.6. Definition and Remark

A) Let M be a finitely generated and graded R-module and let ¢ € Nj. We
define the i-th cohomological deficiency function A%, of M as follows

b L — Z; m— Ajy(n) = djy(n) — gy (n).
B) In view of 1.5 (e) we have
(%) A% (n) =0 for all n < 0.

So, using the standard convention that inf ) = +o00, we may define the i-th
cohomological postulation number of M by

Vi =inf{m € Z | Al (m +1) #0} € ZU {+o0}.
For our convenience we also set 1/1\_/11 1= 00.

C) In view of Remark 1.1 (eee) we have

(%) A(M) —1=inf{i| ¢4, # 0}.

As a consequence of this we have in the notation of [7, (2.9)]
(%) Vi = beg(R'Dg, (M)) for all i < A(M) — 1.

So, for the coregularity of M at and below level k (cf. [7, (2.10)] b)) we get
(xx%)! coregh (M) = inf{vi, +i—1|i <k}, for all k < \(M) — 1. .

Next, we summarize the above results and observations in sheaf theoretic
terms.

1.7. Reminder, Definition and Remark

A) (cf. [7,(2.39-2.48)]). We denote by X the projective scheme Proj(R). For
any ¢ € Ny and for any coherent sheaf of Ox-modules F, we introduce the i-th
cohomological Hilbert function of F

Wei=h 5 :Z— No; n+— hiz(n) = lr,(H'(X,F ®0, Ox(n))).

Moreover, for each F as above, consider the subdepth of F, which is defined
by
0(F) := min{depth(F,) | z € X,z closed}.

If M is a finitely generated and graded R-module and if M denotes the coherent
sheaf of Ox-modules induced by M, we have (cf. [9, (20.4.4), (20.4.18)])

() h?\?(n) =d%;(n), (Vi€ Ny, VneZ);

(%) §(M) = A(M) — 1.

B) Let F be a coherent sheaf of Ox-modules. Then, F is induced by some
finitely generated and graded R-module M. So, by statement (x) of part A) and
by 1.5 (e), (ee) we see that there is some polynomial p’- € Q[x], such that
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(.) hz]—'(n) = pi]-‘(n)v (Vn < 0)7

the so called i-th cohomological Hilbert polynomial of F, (cf.[9,(20.4.14)]).
For a finitely generated and graded R-module M we may write by statement (x)
of part A)

(ve) v =dy =ph', (Vi€ Np).
In view of statement (xx) of part A) we see that
(ooo) 5(.7:) = min{i € Np | pg_- #+ 0}

for each coherent sheaf F of Ox-modules.

C) For a coherent sheaf of Ox-modules F, for i € Ny and for a point z € X
we introduce the notations

Hy(F) = Hy (Fa)i hy(F) = Loy, (Hy(F)).
We define the i-th (cohomological) pseudo support of F by
Psupp’(F) := {z € X | dim({z}) < i and Hffdim(m) (F) #0}
and the i-th (cohomological) pseudo dimension of F by
psd’(F) := sup{dim({z}) | & € Psupp’ (F)}.

Finally, we set
Psupp)) (F) := {z € Psupp’(F) | dim(m) = psd*(F)}.

Let us recall that for x = p € Proj(R) we have
(m) dim({z}) = dim(R/p) — 1;
(m) Rp = Ox +[X]mx ,0x..[x), Where x is an indeterminate.

If M is a graded R-module, we may consider M} as a module over the right
hand side ring of (W)’. Then, we have an isomorphism

Mp = Mﬂﬂ ®Ox,a: OXg:E[X]mX,wOX,z[x]'

But now, using the flat base chance property of local cohomology, we obtain

(am) Hip (M) 2 HL(T) Gor., Ox ol 0.1

and hence

(mm)’ i (M) = B (M),

By (m) and (mm)’ we now may conclude easily, that

(mmm) Psuppi(@) = +Psupp™! (M), psdi(M) = Tpsdit!(M);
(mmm)’ Psuppj (M) = *Psuppgt! (M).

D) Let F be a coherent sheaf of Ox-modules and let i € Ny. We may define
the i-th cohomological deficiency function of F by
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A=Ay 51 Z — Z; n— A%(n) == hl(n) — p’(n).
In view of statement (o) of part B) we then have
(A) Al (n) =0 for all n < 0.
This allows us to define the i-th cohomological postulation number of F by
Vi = v pi=if{m € Z | A%z(m + 1) # 0} € ZU {+00}.

Again we may set 1/;1 1= +00.
If M is a finitely generated and graded R-module it follows from statement
(%) of part A) and from (ee) of part B) that

(AA) A’]'V[ =AY 1/;'% =vi,, (Vi€ Np).

Now, by 1.6 C) (x % %), by [7,(2.45)] b) and by statement (xx) of part A) we
obtain

(AAA)  coregh(F) = inf{ve+i—1 |i <k}, for all kK < §(F) and for each
coherent sheaf F of Ox-modules. °

Corollary 1.2. Let X = Proj(R), let F be a coherent sheaf of Ox-modules and
let i € Ng. Then
a) Psupp’(F) is a closed subset of dimension psd*(F) <i in X.

b) z € X is a generic point of Psupp*(F) if and only if 0 < h?dim({m})(}') <
.

c) plr is of degree psd’(F).

d) If psd"(F) > 0, then the leading coefficient of ply is

(—1)p ') i—psdi (F) 1
PST(]:)' Z hi (F)deg({z}).
’ x€Psuppf (F)

Proof. For all x = p € Proj(R), m C X is a closed subscheme of degree
eo(R/p). So we conclude by Theorem 1.1 a) b), 1.5 (ee), (e @ @) and by statement
(ee) of 1.7 B). n

In the case, where Ry is an algebraically closed field, the four statements of
Corollary 1.2 are essentially found in [20, (2.2.3)] (cf. also [4, (2.4)]).

2. Admissible Linear Forms

In this section we present a few preliminary results, which are needed to bound
the cohomological deficiency functions and the cohomological postulation num-
bers introduced in 1.6. Again, we assume that R = @,>0R, is a noetherian
positively graded homogeneous ring with artinian base ring Ry.

2.1. Convention and Remark

A) For this whole section, we assume that our base ring Ry has infinite residue

fields. More precisely, we always write mgl), e ,mér) for the different maximal
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ideals of Ry and assume that the residue fiels R/ m(()j ) are infinite for j=1...r

B) Letj € {1,...,r}. As earlier in this paper, we write R'\) for the positively

graded noetherian homogeneous ring (Ro)m< 5 ®r, R with local artinian base ring
0

(Ro)m(j). We write n9) for the natural homomorphism of graded Ro-algebras
0

R — R'Y) and keep in mind, that we have an isomorphism of graded Ry-algebras

n:R— @ RY; (2 V(). 1" ().

j=1

C) If M’ is a graded R-module, we write again M’ for the graded R'U)-

module (Ro)m<1> ®Qp, M = R'Y @z M. If a C R is a graded ideal, we may write
0

@0 =aRU for j=1,...,r. fpC Risa graded prime ideal, there is a

unique index j(p) € {1,...,r} with pN Ry = mé](p)). So, we have p'?) = R'U)

for j # j(p), Whe.reas p’ @) S R'UGW) ig o pr(ipIGr prjme. Moreover p is essential

if and only if p’U®)) is, and finally p = (n(])) (p’(J(p))).

D) Now, let S C Proj(R) be a finite set of essential graded primes. For any
je{l,....rtletS;:={peS|jp) =5} Then S= |J &;and {p') |

1<j<r
p e Sj} is a finite set of essential graded primes of R'Y). As the base ring
(Ro)m(j) of R'Y) is local with infinite residue field, there is some linear form

f9 e (R'(j))l\ U »'), (cf. [10,(1.5.12)]). By the isomorphism 7 of part B)
pes;

we thus may define the linear form f := = *(fM,...,f)) € R. For each
je{1,...,7} we obtain nU)(f) = f@ ¢ (J p', hence f¢ |J p and thus

peS; peS;
feR; \ U p.
pesS

E) A graded R-module S = ®,,¢25,, is called *secondary (or graded-secondary)
if for each homogeneous element x € R the multiplication map = : S — S is
either surjective or nilpotent, (cf. [21,(2.1)(ii)]). In this case p := /0: Sis
a homogeneous prime of R (cf. [21,(2.4)]) and we say that S is p-*secondary. If
S is artinian and p-*secondary, S is p-secondary in the usual sense. To see this,
it suffices to show that the multiplication map x : S — S is surjective for each
(not necessarily homogeneous) element x € R\ p. Indeed, let z; € R; be the i-th
homogeneous part of z, for all i € Ny and let 7 = min{i € Ny | z; ¢ p}. Raising
x to a sufficiently large power we may assume at once, that x; = 0 for all i < 7.
Now, let S>p = @p>nSn. As S>p, =0 forall A > 0andasa, : S — Sis
surjective it follows easily by descending induction on h, that zS>,—, = S>p.
This proves the requested equality xS = S.

F) Now, let T = @,¢czTy, be an artinian and graded R-module. Then, by [21
(2.4)], the module T" has a minimal *secondary representation (or a minimal
graded-secondary representation). More precisely, T' may be expressed as a finite
sum T = S + ... 4 S® where each S is a *secondary submodule of T,
with 7' # 37, S for all k € {1,...,p} and where the graded primes p(?) :=
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\/0:, 8@, (i =1,...,p), are pairwise different. By part E), the module S

is p(¥-secondary and therefore T = S 4 ... + S is a minimal secondary
representation of 7' and {p™),... ,p(®} is precisely the set Attgr(T) of primes
attached to T', (cf. [17]). .

2.2. Remark and Definition

A) Let M be a finitely generated and graded R-module. Then, for each i € Ny,
the local cohomology module H}',-i+ (M) is an artinian R-module (cf. [9 (3.1.4)]).

So, the set Attg(H}p, (M)) of prime ideals in R which are attached to Hy, (M),

is finite and consists entirely of graded primes (cf. (2.1) F)). If Ry is local, using
the notation of 1.3 B) we also may write (cf. [9, (10.2.20)])

Attr(Hp, (M) = Assp(K},).

As H}}i+ (M) = 0 for all > dim(R) and as Attg(0) = 0, the set of essential
graded primes
P(M) = [Assp(M) U | Attr(Hg, (M))]\ Var(R,)
i>0
is finite.

B) We keep the previous notations and hypotheses and set

UM):=r\ J »

peP (M)

So, for an arbitrary finite collection of finitely generated graded R- modules
MM, .. M® we have by 2.1 D)

P
() UMDy £ 0.
i=1
C) Let M still be a finitely generated and graded R-module. A sequence of
linear forms fi,..., f, € R; is said to be M-admissible, if

1—1 g
fi € ﬂU(M/kaM) for i=1,...,7r.
k=1

j=1

From part B) it follows immediately by induction, that any M-admissible se-
quence f1, ..., fs € Ry can be extended to an M-admissible sequence f1, ..., fs41
€ R;. This shows, that M-admissible sequences fi,..., f, € Ry of arbitrary
length r € N exist.

A linear form f € R; is said to be M-admissible, if it constitutes an M-
admissible sequence of length 1, i.e. precisely if f € U(M).

D) Let fi,...,fr € Ry be an M-admissible sequence of linear forms. Then,
for any s € {0,...,r} the sequence fsi1,..., fris (M/ Sy ko)—admissible.
Moreover, f; is (M/ > ;_; frM)-admissible for all t € {s+1,...,r}.
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E) Let n € Z. Then, for each ¢ € Ny we have HR (M(n)) = (H}'%+ (M)) (n)
(cf. ]9, (13 1.9)]). This shows immediately, that ’P( (n)) = P(M) and hence
UM (n)) =U(M). As for each homogeneous element f € R we have (M/fM)(n) =

M(n )/fM( ), it follows at once that a sequence f1,..., f,. € Ry of linear forms
is M-admissible if and only if it is M (n)-admissible.

F) Let T'C M be an arbitrary graded R-torsion submodule. Then

Assp(M/T)\Var(R}) = Assp(M) \ Var(Ry) = Assp(M/T'g, (M))

and for each i € N there is a graded isomorphism Hp, (M/T) = Hp, (M). This
shows, that P(M/T) = P(M) and hence that U(M/T) = U(M). A repeated
application of this shows, that a sequence f1,..., f, € Ry is M/T-admissible if
and only if it is M-admissible.

G) If f € Ry is M-admissible, it is avoided by all members of Assg (M/T'r, (M)),
so that f is M/I'r, (M)-regular. So, if we apply [7(2.20)] to the linear form f
and the graded R-module M/T'r, (M) and keep in mind, that for i > 0 we have
natural isomorphisms of graded R-modules R'Dg, (M/Tr, (M)) = R'Dg, (M)
and R'Dg, ((M/Tr.(M))/f(M/Tr,(M))) = R'Dgr, (M/fM) we get exact
sequences of Ryg-modules

0 — RDp,(M)ooy -5 RDgp (M), % RDg (M/fM),
50 i—1 X
% RDg, (M)p—1 ... . RIT1Dg, (M/fM),
6"*1 . . i .
" RDp (M), - TRDp (M), % RDg (M/fM),
6 ; .
S, RHDR, (M), -1 RHMLDg (M), ...,

in which the maps o}, := R'Dpg . (m)n are induced by the canonical homo-

morphism M "~ M/fM and in which the maps ¢ come from the connecting
homomorphisms in the right derived sequence of Dy, associated to the sequence

0 — (M/Tr, (M))(~1) L M/T, (M) — (M/Tr (M) (M/Pr, (M)) 0.

Lemma 2.1. Let M be a finitely generated graded R-module. Then, there is a
T € ZU{oo} such that the multiplication map
. f .
Hi@(M)m - H}j{+ (M )41
is surjective for all j € Ny and all m < 7 and all M-admissible linear forms
fER;.
Proof. Fix j € {0,...,dim(M)}. As H}j;,l+ (M) is an artinian and graded R-

module (cf. (2.2) A)), it admits a minimal secondary representation H i’w (M) =



Bounds for Cohomological Deficiency Functions of Projective Schemes 89

SM 4 ...+ S® in which each of the secondary submodules S C Hih (M)

is graded (cf. 2.1 F)). Consider the graded primes p® = ,/0 ., SO for i€
{1,...,p} so that

Attg(HE, (M) = {p™,... ,p®} .

Assume first, that Attp (H fh (M))NVar(Ry) # 0. After reordering the modules
S®*) we find an index s € {1,...,p — 1} such that p*) € Var(R,) if and only if
ke {s+1,...,p}. Then, for each k € {s+1,...,p}, S® is annihilated by some
power of R, so that there is some 7; € Z such that (S(’“))mH =0 for all m <
7jk- With 7; := min{7;, | s < k < p} we thus get (SC+1) +.. '+S(p))m+1 =0
for all m < 7. Therefore Hf;,l+ (M1 = (S g1 + -+ (8,41 for all
m S Tj-

Now, let f € Ry be M-admissible. Then f ¢ pM U---Up® implies, that
8@ = 8@ and hence that f(S®),, = (S®),,1 foralli € {1,...,s} and all
m € Z. _ _

Choosing m < 7;, we thus get f(H}J;,I+ (M)n,) = H}j;,l+ (M)pmy1 so that f :
Hi2+ (M), — Hfﬁ (M )m+1 becomes in fact surjective for all m < ;.

If AttR(H§+ (M)) N Var(R;) = 0 we have fS®) = 5O foralli € {1,...,p}
and for each M- admissible linear form f € Ri. So, we may conclude, that
fHg, (M)m — Hp (M)m41 is even surjective for all m € Z.

As Hp, (M) =0 for i > dim(M), this proves our claim. n

Lemma 2.2. Let M be a finitely generated graded R-module. Then, there is a
o € Z such that the multiplication map

R'Dp, (M)m 15 RIDpg, (M)
is surjective for all © € Ny, all m < o and all M -admissible linear forms f € Ry.
Proof. Let f € Ry be M-admissible. In view of 2.2 G), the above map is injec-
tive for all m € Z if i = 0. As the Ro-modules R"Dpg, (M),, are of finite length,
there is a mg € Z such that the map f : RODR+(M)m — RODR+ (M )41 is

an isomorphism for all m < mg and for each M-admissible linear form f € R;.
Moreover by Lemma 2.1 there is an m; € Z such that for each M-admissible

linear form f € R; the multiplication map Hi‘g (M), 7, Hlj%+ (M) 41 is sur-
jective for all m < m; and all j > 2. Now, we may conclude, as we have natural
graded isomorphisms R'Dg, (M) = H' (M) for all i > 1. [

2.3. Notation and Remark

A) Let M be a finitely generated and graded R-module and let f € R; be
M-admissible. Let ¢ € Ng. We set

UMf :=inf{m € Z | R"Dr, (M), 4, R'Dp, (M)m41  is not surjective} — 1,

where “inf” is formed in {—oo}UZU{o0} according to our standard conventions.
By Lemma 2.2 we know that inf{afw,f | i € No, f €UM)} > —oc0. In
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particular o, » > —oo for all f € U(M) and all i € No. We further set 01741710 =
0.

B) Let M and f be as in part A). Then, the sequences 2.2 G) give rise to
isomorphisms

f:RDp, (M)y — R°Dp, (M)py1 (Ym <ol ;)

and to short exact sequences

i—1

, siml ,
0— Rz_lDR+ (M/fM)m+1 o RzD}ﬁ(M)m L’ RZDR+ (M)m+1 —0

(Vm < min{oﬂlf, Jﬁ\d,f}, Vie N).

So we get
dyy(m) = dj(m +1), (Vm <oy );

dyy(m) = dy(m +1) = dyypp (m+1), (Vi €N, Vm < min{oyy, ol f}).

As an easy consequence of these latter equalities we get
G (x—1) = gy (x) = gy} (x), (VieN),

where ¢, qﬁ\;/l fm € Q[x] are the cohomological Hilbert polynomials defined in
1.5.

C) Let M and f be as above. By 2.2 G), the maps f : R"Dg, (M), —
R°Dp, (M )41 are injective for all m € Z. Therefore d3,(m) < d3;(m + 1) for
all m € Z. As Y, is constant (cf. 1.5 (ee)), we thus get A, (n+1) > A%, (n) >0
for all n € Z. °

The main interest of the present section is to study the behaviour of the
cohomological deficiency functions n +— A¥,(n) in the range n < V}i\;/lf a0 Where
f € Ry is an M-admissible linear form. We now start doing this by proving an
auxiliary result. First, we introduce one more notation. For i € Ny, for m € Z,
for a finitely generated graded R- module M and for a linear form f € R;, we
set

Yot gm = o (R'DR, (M)mia/(R'Dr. (M), ). (2.4)
so that ’y}'v[’ fom denotes the length of the cokernel of the multiplication map
R'Dp, (M) —L RiDp, (M)pmy1.

For the sake of completeness we also convene that ’y;/[l’ﬁm = 0. Using this
notation we have

Lemma 2.3. Let M be a finitely generated graded R-module, let [ € Ry be
M -admissible, let i € N and let m € Z. Then
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Aj(m) = Ay (m +1) + A e (M4 1) = Vs o = Vo pm
Proof. By 2.2 G) we have an exact sequence

G- Ott i
L Rz 1DR+(M)m+1 TR 1DR+(M/fM)m+1

R'"'Dp, (M),
5m+1 i f(i) i
5 RDR, (M) ~— R'Dr, (M) i1

in which f¢=1) and £ denote the corresponding multiplication maps by f. So,
we get

’Y}l\/l,ﬁm ERO( coker f(l )) =d (m + 1) _ ER (im (f(z)))

=diy(m+1) — djy; (m) + (g, (ker ( (f@) )
=di,(m+1) —dy(m +£RO(1m(5;nj1)
=di,(m+1) —dy(m M/fM m+1) — lg, (im (9:;41-1))

d';\/[ m dz 1(m+ 1) +£Ro (lm (f(lfl)))
di, ERO( coker (f0~ 1)))

diy Vit M, f,m

m+1

i—1
dM/fM

i—1
dM/fM

m m—+1

( ) = diy(m)
( ) = diy(m) )
( ) — diy(m) + ( ) —
=diy(m+1) —diy(m) + M/fM(m—i-l) dyrt (m+1) + L, (ker (0l 11))
(m+ 1) = diy (m) + digl, (m + 1) -
( ) — diy(m) + ( ) —
( ) — diy(m) + (m+1) -

he(m) = diyp(m + 1) + diy) o0 (M4 1) = Yag fom = Va7 fom-
By 2.3 B) we also have

dar(m) = qir(m+ 1)+ (m + 1),

By subtracting the last equality from the preceding one, we get our claim. ®

Remark 2.1. If we set d;j = 0, we get q;j = 0 and AA_/Il = 0. Observe that
by 1.5 (ee) the polynomial ¢}, is constant. So, with the above convention it is
clear, that the equality stated in Lemma 2.3 also holds for ¢ = 0. .

2.4. Notation and Remark

A) Let M be a finitely generated graded R-module, let ¢ € N and let f1,..., f; €
R; be an M-admissible sequence of linear forms. We put

Mgy =M/ f;M, (s€{0,... i—1}).
j=1

For 1 €{0,...,i} and k€ {-1,0,...,i—1} we define
ng)l(fl,...,fl : 1nf{ak i-1 —j—1|0§j<kz}

Mgy, fitj+1
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where the infimum is formed in {—oo} UZ U {400} according to our usual

convention and where 0@ i1 is defined according to 2.3 A).
45y fidi+1

B) Keep the previous notations and hypotheses. By 2.3 A) we then have

Tlg/l;)l(fl, ...y fi) > —oo. Moreover, Tﬁc)l(fl, ..., fi) does only depend on the
linear forms fi,..., fmax{1,1+k}, SO that

(*) T](\Z)[ (fla e 7fz) = T[E/]Z)l (fl; oo 7fmax{1,l+k})'
Finally, in view of (2.2) D) we may write
() TNy (Froeeo o i) = T o (frenseoo fi) i1 <.

C) By our definition we have

Tz&d_,zl) (fis--o s fi) :TJ(\% (fi,oo, fi) =00
1 ) _
TI(V[,)I (fla-u7}01'):(7?\4“),]«[+1 —1 if [<i.

As O’M iy Frongs = 100 we have
k . h—j— . . .
(o) TZE/I’)I (fi,-- 5 fi) = mm{aMU]ﬂ;ij+1 —j—1]0<j<k} for k<i-I
and moreover
k k=1
(o0) T]&)l(f17 o fi) = rnm{aMu> fiin Ty, (1-21) (fl, . ,fi)} — 1 whenever
O<k<i-—I °

The next result provides us with the main technical tool of the present sec-
tion. It is a substitute for the two results [5,(3.1), (3.2)], which made available
the “method of linear systems of hyperplane sections” for proving the bounds in
Secs. 4 and 5 of [7]. So, the result to come allows to replace the latter method
by the “method of admissible sequences of linear forms”. A certain interplay
between these two methods is used in a rudimentary form in [8]. A modified
version of the announced result is given in [20, (3.2.5)].

Lemma 2.4. Let M be a finitely generated and graded R-module, let 1 € Ny and

let fi,..., fi+1 € Ry be an M -admissible sequence of linear forms. Then, in the
notation of 2.4 A) we have
i1 _ _
M ker[RDg, (M) 5 RiDp, (M)mﬂ} ~0
s=1
whenever m < TI(V?O (f1,- - fir1)-

Proof.  (Induction on 4). Let ¢ = 0. Then, by the sequences 2.2 G), the
multiplication maps f1 : RDg, (M)n, — R°Dpg, (M )p41 are injective for all
m € Z. This gives our claim if ¢ = 0.

Let ¢ > 1. By 2.2 D) we know that fa,..., fi+1 is an admissible sequence
with respect to M/ fiM = M. So, by induction on 7 and as

i—1 1
ZE/I<1>)O(f27~.~ 7fi+1) (’L )(fl, 7fi+1)
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(cf. 2.4 B) (xx)), we see that

i+1
(x) (M ker [R' D, (M/ fiM) i1 2 R7 D, (M/frM) 2] =0,
t=2

(Ym < Ty, (f o fi) = 1),

Now, fix t € {2,...,i+ 1} and consider the following commutative diagram
of graded R-modules

(M/FM)1) 5 (mypMn@E) — (M) fOM)(2)

T 1 T

M) S ME) — (MM
Tfl Tfl Tf1
M Ju M)y — (MM

By 2.2 D), E) we know that f; and f; are M- and M (1)-admissible and that
fe is (M/ f1M)(1)-admissible. So, for each m € Z, 2.2 G) yields the following
commutative diagram with exact rows and columns, in which dp; ( = 1,t),d

and S[t] arise as connecting homomorphisms and in which Ri=2Dg . = 0 for
i=1.

R'Dr, (M)m 41

Tf(f) =f

. Ory . t(i) = fi ;

Rz_lDR+(M/ftM)m+1 -, RZDR+(M)m — RzDR+ (M)m+1

T T¢

. S t ,
RE2Dp (Mf(f1, f) M)z~ REDR (MM g1 5 R D, (M /fiM)o

R DR, (M)m+1 R DR, (M)

A _ Th
R*'Dp, (M)m R™'Dr, (M)m41

Now, let m < oj\zlfl — 1 so that the two lowest vertical maps of the above
diagram are surjective (cf. 2.3 A)). Then éj;) and ¢’ become injective. As ¢’ is

injective, we get
im(é[l]-g[t]) = ker(fl(i))ﬂker(ft(i))7 (Vm < aﬁ\;}fl —1,Vte{2,...i+1}) (xx)

As 0yy) is injective, we also have
it+1 B i+l 4
(M im (3 -80) = 3 () im@a)), (v < ohrh, —1).
t=2

t=2

Let m < TI(\/?O(fl,... , fi+1). Then m < T](\}'Tll)(fl,... yfir1) — 1L and m <
1

0'3\/[,1]01 —1 (cf. 2.4 C) (e0)). As
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im(dp) = ker[R*""'Dg, (M/ f1M)mi1 I, Ris "Dr, (M/ f1M)m 2]

we now get from (x) that ﬂii; im (1) - 6y)) = 0 for all m < TIE/?O(fl, ey fivn).
By (xx) it thus follows that

i+1 4 ; .

ﬂ ker[R’DR+ (M), = R'Dpg, (M)m—i-l} =0,

s=1
ifmSTzE/?,o(fl,--- s fir1). u

Now, we are ready to present the main result of this section. In order to
formulate it, we introduce another notation:

2.5. Notation. Let M be a finitely generated graded R-module, let i € Ny and let
fi,--., fix1 € Ry be an M- admissible sequence of linear forms. We introduce
the intervals

Hg\?(fl,. ..,fi+1) = {m €7 | U}l\/[’fl <m< mln{T&?l(fl, 'af’H-l M/flM}}

and
(z)(fla o fir) i ={meZ] Uz 1 L <m< min{TJ(\}Tll)(fla ooy fir1), vaf/lflM}},

where Jﬁwlf is defined according to 2.3 A), v M/f s 18 defined according to 1.6
B) and where T§4,)1 (f1,--., fi+1) is defined according to 2.4 A). .

Now, the announced main result, which must be compared to [20, (3.2.4)],
can be stated as below. For the definition of the invariants A%, (e), v3 see 1.6
A), B), for the definition of the invariants oy, , see 2.3 A)).

Proposition 2.1. Let M be a finitely generated and graded R-module. Let
i € Ng and let f1,..., fix1 € R1 be an M-admissible sequence of linear forms.
Then

a) 0 < A4 (m) < AYy(m+1) for all m<uM/fM 1;

b) 0 < Ai,(m) < Al (m+1)—1 forall m e I (fi,..., fis1) U
39 (fr s i)

) OgN (m) < Aiy(m+1)—2 for allm € 1Y) (f1,. .., fir1) NI (frre s finn);

d) Al (m) = 0 forall m <min{oy s + 1,05, +1, VM/lfM}

Proof. “a)”: The case i = 0 is clear by 2.3 C). So let ¢ > 0. Let m < I/}Lw/lf w1
Then A§\4/f1M(m +1) = 0. As v} 5, and VMfm are > 0, Lemma 2.3 gives
A% (m) < Al (m+1). As this inequality holds for all m < VM/f an —1 and as
A%, (m) = 0 for all m < 0, we obtain 0 < A%, (m) for all m < I/M/f M-

“b), ¢)”: By 2.2 C) we find a linear form f;1o € Ry such that f1,..., fit1, fit2
is an M-admissible sequence.
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Let s € {2,...,i+2}. Then, as in the proof of Lemma 2.4, the commutative
diagram
Mo oma) — M)
fsl fsl fsl
M) S5 M) — My @)
(in which My := M/ fi M) together with 2.2 D), E), G) gives rise to the follow-

ing commutative diagram with exact rows

RiDR+(M)m L RiDR+(M)m+1 % RiDR+(M(1>)m+1
(o) Is 1 Jsl fsl
RiDp, (M)mi1 2% RDp,(M)miz 5 RiDg, (Myy)mio

for each m € Z and each s € {2,...,i+ 2}. If we apply Lemma 2.4 to the

M 1y-admissible sequence fa, ..., fiya (cf. (2.2) D)), we see that
i+2

(o0 (Vker[RDa. (M hs 2 RODi, (M)sz] =0
s=2
whenever m < Tlﬁ/?@%o (f2,-.., fi+2), thus whenever m < TJ(\})J (f1,---, fit1)

(cf. 2.4 B) (xx) and (x)). So, let m < TIE/?J(fl, ..., fix1) and assume that the

map R'Dg, (M)m LN R'Dp, (M )41 is not surjective, so that in the diagram
(o) we have im(o}, ;) # 0. Then by (ee), there is some s € {2,...,7 + 2} with
fs(im(o}, 1)) # 0. From this we see that the map o, , in the diagram (e) is not

zero. So, finally the map R'Dp, (M)m41 ELN R'Dpg, (M)pm42 is not surjective,
too. As the map R'Dp, (M)m N R'Dp, (M)m41 is not surjective for m =
U}l\/[’fl + 1, we thus get inductively that R"pr+ (M), A, RiDR+ (M )41 is not

surjective for U?M’fl <m< Tﬁ?l(fl, ..y fix1). So, in the notation of (2.4) we
obtain
,Y}\/I,fl,m > 1 for Uh,fl <m<TJ$21 (fl;--- 7fi+1)'

In the same way we can show that

754\2}1#” Z 1 for o—il\/;,lfl <m<T](\2_11) (fla"' 7.fi+1)~
Therefore we can say
m € ]I;?(fi, . 7fi+1) = ,y,li\/[,fl,m Z 1 ,
m e Jg&)(fl, C ,fi+1) = ’y;v?’}hm > 1.
Ifme Hg\i/[)(fl, cooy fiy1) or m e Jg\i/[)(fl, ..., fix1) we also have m < Vﬁ\/;/lfle

thus Aij\;}flM(m + 1) = 0. In view of Lemma 2.3, this proves claims b) and c).
“d)’: Let m < min{azl\/zlf1 +1, 0M7f1 +1, V?\;/lflM}' Then

VZ,}l,m = 7347f17m20 and AZIJ\Z/lflM(Tn'i_l):0-
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So, by Lemma 2.3 we have Ay,;(m) = A%, (m +1). As A%, (m) = 0 for all
m < 0, this proves our claim. [ |

Proposition 2.1 is the crucial step in the direction of the goal we are heading
for in the next section of this paper: to give a priori bounds of extended Severi
type. Observe that Proposition 2.1 gives a first insight into the behaviour of the
deficiency function n +— A’,(n) in the range n < V}\;/lfM, where f € R; is an
M-admissible linear form.

The last part of the present section is devoted to draw a consequence of
Proposition 2.1 which will furnish the main ingredient to finally deduce
the mentioned bounds of extended Severi type. We namely shall prove an “inter-
mediate” bounding result for cohomological deficiency functions similar to what
is shown in [20, (4.1.1)].

Lemma 2.5. Let M be a finitely generated and graded R-module. Let i € Ny
and let f1,..., fix1 € Ry be an M -admissible sequence of linear forms. Then in
the notation of 2.4 A), 1.6 B) and 2.3 A)

1/M>mm{cfz J }HlJrl, UM<J>f+1+1|O<]<Z} where M, *M/ZflM'
1=1

Proof. (Induction on 4). If we apply Proposition 2.1 d) with ¢« = 0 and keep in
mind that I/M/f u = 00 we see that A%, (m) =0 for all m < rnin{alT/Il,f1 +1,

o'M,f + 1} so that
VM > mm{ng +1 O'M T 1} mln{aM<0> ft 1, UM<0> nt }

So, let ¢ > 0. Then by Proposition 2.1 d) we have

l/}l\/IZmln{O'Mf +1, O'Mfl-i-l VM/flM}

_ i—0—1
= mm{UM<0> i +1, O'M(0> f +1, Z/M<1>}

If we apply the hypothesis of induction to the graded R-module M, and
the M yy-admissible sequence fa,..., fiy1 € Ry (cf. 2.2 D)) and observe that
k

Myy / ZflM(1> =My for k=1,... i, we get
1=2

i i i—k—1 i—k .
Virg, 2 mln{aM(k% fon 1 Oarg g 1 |1<k<i}.
Altogether, this proves our claim. -

Lemma 2.6. Let M be a finitely generated and graded R-module, let i € Ny and
let f € Ry be M-admissible. Then

mm{oMf7 O'Mf} > mm{VM, Z/M/fM}
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Proof. For each m < min{vi,, I/M/fM} 1 we have A%, (m) = Al (m+1) =
AéwlfM(m + 1) = 0 and hence vy, ¢, + ’y}vﬁc’m =0, (cf. Lemma 2.3, Remark
2.1). In view of the Definition 2.4 this proves our claim. [ ]

Now, we are ready to prove the previously announced bounding result for
our deficiency functions.

Corollary 2.1. Let M be a finitely generated and graded R-module. Let i € Ny
andlet f1,..., fix1 € Ry be an M—a_dmz'ssible sequence of linear forms. LetT € Z
and let b € No with 7 < min {T4), (f1,-.., fis1), Typy” (Froeeo s Fnaxiii)) }
and A (1) <b. Then

a) 0 < A%(n) < max{0,b+n—7} forall n<r7;

b) T—b < VY, ;

C) T—b < mln{TJ(\ZZl) (f17 ce afi+1)a TJ(\}?O (fla o 7fmax{1,i})} + 2.

Proof. “a)’: First, let i > 0. As (M/fiM /Zferl M/fiM) = My for

all j € {o0,.. — 1}, we can use Lemma 2. 5 apphed to the module M/ f1 M
and the M/ flM admissible sequence fa,... , fi+1, in order to conclude that

1—1

v 1—1—75—1
M/fiM

M1y, fi+2
(i—1)—j—-1
M4jy,fivi+1

v

+1, ot +1]10<j<i—1}

min{o
{ M1y, fi+2

v

. i—j—1 . . .
—j—1, T Mysgy s frogin —j-1]0<j<i}+2

mln{TJ(\le) (fis--o s firn), T](\})l (f1;-~~  fign)} +2
min {T](\},_ll) (fl; . 7.fmax{1 z}) Ml (fl; e 7fi+1)} + 2,

min {O’

where the last two equalities follow from 2.4 C) (e) and 2.4 B) () respectively.
This shows that Vﬁ\; /1f1 M T+2 and hence

7 < min {TZE/?,1 (1, fiv1), VM/flM}
. 1—1 =
T < mln{TﬁLl)(fla--' afmax{l,i})a VM/f1M}'

If i = 0, we have the same inequalities, simply as 1/1741/ M = X and by the

first statement of 2.4 C). We set s = mm{aMf +1, oy g + 1, I/M/f ) For
s <m < 7 we thus have (cf. 2.5)

mgﬂg\i/[) (fi,..-, fix1) U JS\? (fi,-- s fix1)

and hence 0 < A%, (m) < AY;(m +1) — 1, (cf. Proposition 2.1b)). So, we get
0 < Ai(n) <b+n-—r7for s+1 <mn <r7. By Proposition 2.1d) we have
A%, (n) =0 for all n < s. This proves claim a).

“b)”: By statement a) we have A%,(n) = 0 for all n < 7 —b. This proves our
claim.
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“c)”: In the proof of statement a) we have seen that Vj\;}flM > 7+2 By
statement b) we have v, > 7 —b. So, by Lemma 2.6 we get
min{oj\}}fl, cf}'mﬁ} > min{z/}'w, V;V;/lflM} —1>7-b—-1,
hence
T—b-1 < O'}VI,fl and 7-b—-1 < 0—3\27‘1]01'

By our hypotheses

T—b=1 < T\, (fi,... fis1)—1 and 7-b—1<Ty " (Fi,. ., Faxfiiy):
By statement (ee) of 2.4 C) we thus obtain
T=b=2 < Ty (i fin)
and, if i > 0 .
T—b—-2 S T](\ZO (fla"' 7fz)

By the first statement of 2.4 C), the latter inequality also holds for ¢ = 0. This
proves statement c). ]

3. A Priori Bounds of Extended Severi Type

The goal of this section is to establish the bounds on cohomological deficiency
functions which were already mentioned in the introduction. We first will intro-
duce the occuring bounding functions. More precisely, we shall define functions

EO NS 72 x 2 — 7, (3.1)
GW Nt x 2 x 7« — Z,
FO N 5 72— 7 g5

for each ¢ € Ny. We do this by induction on .
Assume first, that ¢ = 0. For eg € Ny and by € Z we set

E© (eg; bo; n) := max{0, eq — by + n}, (¥n € Z<o) (3.4)
F(O) (60; bo) = min{(), bo - 60} — 1.

Assume now that i > 0 and that EU) and F) have already been defined
for all j € Ny with j < 4. Let e = (eq,...,e;) € Not, b= (bo,...,b;) € ZF1.

We consider the i-tuples

a) Ql = (€0+€1,€1+62,...,€Z‘,1+€1‘) GNB’ (36)

b) b* := (b1 — by, b2 — b1,...,b; —bi_1) € Z".

Then we set
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and define
max{0, u + Z EG V(b m)} ift<n<—i
EW(e;b;n) = n+1<m<—i
max{0, B4 (e; b;t) +n — t} ifn <t (3.7)
FO(g; b) =t — EW (g bit) — 1. (3.8)
Finally we set
0, ifi=0
GO (e; bym) =14 _ Z EG V(b m), ifi>0. (3.9)
t<m<n

Remark 3.1.

A) Tt is immediate from the above definitions that E(* (e, b;n) > 0 for all n <
—i and E@(e; b;n) = 0 for all n < F®(e; b) + 1. Moreover, if i > 0, then
G@(e; b;n) <0 for all n < —i, with equality for all n < FO=D(e; b*) + 1.
Finally, with 0 := (0,...,0) € Nj™ we have

EYD(0; 0; n) =GD(0; 0; n) =0 forall n < —i and FU(0;0) = —2i — 1.

B) Let e = (eo,...,€i), a = (ag,...,a;) € Nf)ﬂ. We write e > a if e; > a;
for all j € {0,...,4}. If ¢ > a and using the above notations we have u(e, b) >
u(a,b). If in addition ¢ > 0, we have ¢’ > o/, where o : N’O‘H — N§ is defined
according to (3.6) a). Using these observations we easily get by induction on i:
If e > a, then

EW(e; b n) > EW (g; b; n), GW(e; b n) <G (g; b; n), (Yn < —i)
and F@(e;b) < FO(g;b).

C) Leti,l € Ng with ¢ < I. Then, it follows easily by induction on 4, that
Béli))(g; n) < E(i)(g; 0;n) forall n<—i
Cille) > FO(g0)+1

where B((ll)) and C((Z)) are the bounding functions defined in [7, (5.1)- (5.4)]. .

Before we start to establish the announced bounds on our cohomological
deficiency functions, we introduce a few notations and make some preparatory
remarks. Let R = ®,>0R, be a positively graded homogeneous noetherian ring
with artinian base ring Ry, let M be a finitely generated graded R-module and
let 7 € Ny. In this situation we introduce the notation

dip += (d3(0), dis(=1)... . dy (~1) € Ny (3.10)
a) = (@b (0), gy (1), gy (1) € Z'H. (3.11)

where d, and ¢}, are defined according to (1.1) B) and (1.5) respectively.
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If i € N we also may consider the i-tuples (cf. (3.6))

(@) = (d?w(O)erM—l), dir(=1)+d3(~2), ... ,d"ﬂzl(—i+1)+dﬁ4(—i)) eN;
and
(457)" = (@he (1) = g (0), ghs (~2) — gy (1), - ghy (=) — ghy(—i + 1) € Z°

Remark 3.2. A) Let R = @®p>0 Ry, and M be as above but assume in addition
that Ro has infinite residue fields (cf. 2.1 A)). Let i € N and let f € Ry be M-
admissible. Then, the exact sequences 2.2 G) show that

Ay (=3) < day(=i) +dift (=i = 1)
for all j € Ng. In the notation used in Remark 3.1 B), this means that

iy < @y, (YieN).

B) By 2.3 B) we also have q{v{/fM(*l) =i (—1-1) =g, (=) forall j € Ny
and all [ € Z. This shows that

1—1 i)\ * .
ng/f)M = (QSVI)) , (VieN).

C) In view of Remark 3.1 B) we get from part A) and B) the estimates

ECD (dyypar thrppar ) < ECV((N)s (@) 5m), (Ym < —it 1)

and
FOD(dyy s i) = FOD(ER)s (a)))

whenever 7 € N.

D) Keep the above notations and hypotheses and choose some r € Z. By
Lemma 2.3

Afy(m) < Ay(m+1) + A% 0y (m+1)

for all m € Z. For all n < r we thus get
Ajy(n) < Ay(r)+ D A (m). .
n+1<m<r
Now, we are ready to prove the crucial bounding result of this section. In its
statement b) we use the notational convention

FOD((y))" (a))7) = 0.

Proposition 3.1. Let R = ©,>0R, be a positively graded noetherian homo-
geneous ring such that Ry is artinian with infinite residue fields. Let M be a
finitely generated graded R-module and let 1 € Ng. Then

a) G(i)(c_lg&); gg&); n) < Aj(n) < E® (c_lg&);gg&); n) for all n < —i.
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b) Ajy() 20 for all n < FCD((D)s (@)") +1.
¢) viy > FO(dV); ¢)) + 1.
d) If fi,--- . fis1 € Ry is an M-admissible sequence of linear forms, then

mln{ (ZJFI (flv--- 7fi+1)7 TI(\/’L[),O(fla afmax{l,i})} Z F(z)(dg\i[)7g§\?) -1

Proof. We fix an M-admissible sequence of linear forms f1,..., fiy1 € Ry and
proceed by induction on 3.

Assume first, that ¢ = 0. Then, by 2.4 C) we have min{TJ(\??l(fl), TJ(\;P(fl)} =
oo, As AY,(0) = df,(0) — ¢%,(0) > 0 (cf. 2.3 C)) we thus may apply Corollary
2.1 with 7 = 0 and b = d%,(0) — ¢%,(0) and obtain in view of (3.4), (3.5) and
(3.9):

el0) (d?ﬁ};gﬁf}; n) =0<AY () < rnaLX{O7 d%,(0) — ¢%,(0) + n}
=E© (dg\O};gg&); n) for all n € Z<y,

Vi > ¢%,(0) — d5(0) = FO(d); ¢) +1
and finally
min{T{ o (f1), Ti70(f1)} = a3 (0) — d%(0) — 2 > FO(d); ¢'D) —1.

This proves our claim if i = 0.
So, let i > 0. We set My := M/ f1 M and

ti= FOD((h)5 (@f)7) — 1,
wi=u(dy), ¢) = diy(—i) — gy (—i) = Al (—i).

If we apply induction to the R-module My and the M()-admissible sequence
f2y-.., fix1 € Ry and keep in mind the inequalities. Remark of 3.2 C) and the
equalities (x) and (xx) of 2.4 B), we get

() AR (m) < BEV(R)s (gh))7sm),  (Ym < —i+1),
() min{T(i) (f fis1) T(i—l)(f f; )} >F(i*1)((d(i)) ( (z)) )
M,A\J1s 5 Ji+1l)s L p11 1yeeey Jot1 = Sm dn

If we apply the estimate of Remark 3.2 D) with r = —i, we get from (x)

Ay <ut S BEY(E)) (@) 5m) forall n< —i.
n+1<m<—i
In view of the definition this means that
(A) Al (n) < B (c_l(i); q(i); n) if t<n<—i

In particular A?,(t) < E® (dg\l/[), qM, ) By (xx) we also have
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min{Tﬁ)J(fh---  fir1)s Tzﬁﬁl)(fh--- fiv1)} =t

So, we may apply Corollary 2.1 with 7 = ¢ and with b = E® (dg\i/[); gg\i/[); t) in
order to get

(o) 0< Al (n )<max{o ED(d); ¢\ t) +n t} for all n <t
(..) l/i _E® (d(z) (7). t),
(0.0) mln{Tﬁfol (fl; e 7fi+1)7 Tlﬁ/?,o(fl’ e ,fl)} Z t—E('L) (d5\2)7 QS\Z)’ t)—2

y (3.7) we obtain from (e) that
(AA) 0<Ai,(n) < E® (c_lg&); gg\?; n) forall n <t.
In view of (A) this already proves the inequalities

Al (n) < EW (d(z) @W:n) forall n<—i.

q\;
If we choose r € {t,...,—i}, apply Remark 3.2 D) with n = ¢ and keep in mind
(x) and the definition, we get
A(t) < M)+ > Ay, (m
t<m<r
<A+ >0 BEY(EY); (¢0)5m)
t<m<r

= Ajy(r) = GO (d; ¢ ).

By (AA) we know that A (t) > 0. So, we see that G(*) (dg\i/[); gg\i/[); r) < AY(r)
for all » € {t,...,—i}. By Remark 3.1 A) we have G(*) (c_lg\i/[); gg\?; n) =0 for all
n < t. In view of (AA) we now get G (d%{); gg\?; n) < Al (n) for all n < —i.
So, statements a) and b) are shown completely.

By (3.8) we have F() (dg\?; gg\z/[)) <t—EW (d(z) QM)a t) — 1. So, the inequalities
(ee) and (e e @) prove statements c¢) and d). ]

Now, we are ready to prove the main result of the present section:

Theorem 3.1. Let R = ©,>0R,, be a positively graded noetherian homogeneous
ring such that Ry is artinian. Let M be a finitely generated graded R-module.
Then, for each 1 € Np

») G (d (Z) ) < Aly(n) < E® (d(l) q(A} ) for all n < —i.
b) Aj(n )> 0 for all n < F(i—l)((d(z)) (¢ (z)) )+ L

c) A, (n)=0 forall n<F® (d(z ) +1. Hence vi, > F¥ (d(z) (l)) +1
Proof. Let x be an indeterminate Let mél), .. (T) be the different maximal

ideals of Ry. Let S = Ry[x] \ U m(] ) Ry[x] and consider the positively graded
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noetherian homogeneous ring R’ := R{, ® g, R with artinian base ring R} :=
S71Ro[x]. Moreover, let M’ be the finitely generated and graded R’-module

0®ro M = R'@r M. As R\, = R, - R’ the observations of [9, (15.2.2) (ii),
(vi)] give rise to natural isomorphisms of Rj-modules R*D R, (M"),, &2 R}, @,
R'Dpg, (M), which show that d,, (n) = di;(n) for all i € Ny and all n € Z. In
particular, we get ¢}, = ¢}, for all i € Ny and hence

dg\?/ — dg\ll) and QS\Z)I = gﬁf} for all 4 € Ny.

This allows us to replace R and M respectively by R’ and M’. As R’ has infinite
residue fields, we may conclude by Proposition 3.1. [ |

Now, let X be a projective scheme over the artinian ring Ry and let F be a
coherent sheaf of Ox-modules. Let ¢ € Ny. Then, using the notation of 1.7 A),
B) we set

B = (B(0), We(=1),...  hie(=i)) € NG (3.12)
pl = (pﬁf(O),pir(—l),---,pér(—i)) €z, (3.13)

Using this notation we get from Theorem 3.1, and from 1.7 A) (x), D) (AA) :

Corollary 3.1. Let X be a projective scheme over the artinian ring Ry, let F
be a coherent sheaf of Ox-modules and let i € Ng. Then

a) GO (Q(}i-);]_)(}i-);n) < AL(n) < E® (Qg-); Bg-); n) for all n < —i.

b) Al(n) >0 for all n < FED(@PY; pP)*) - 1.

¢) A(n)=0 forall n<F® (ﬁ;ﬁ); Qg,?) +1, hence vi > F() (ﬁ;ﬁ); 1_)2-)) +1.
| |

Remark 3.3.

A) Foric Nglet 0 € Ni™ be defined as in Remark 3.1 A). Let R and M be
as in Theorem 3.1. Then, by 1.6 C) (xx) we have qfw =0 and Ag\/j = dgw for all
J < A(M) — 1. So, statements a) and b) of Theorem 3.1 give the estimates

d’M(n) < EW (dg\i/[); 0; n) forall n < —¢
diy(n) =0, forall n<F®(d{; 0)+1,

whenever ¢ < A(M) —1.

This is the same kind of bounds as given in [7, Theorem 5.2]. A closer

examination of the definitions of the bounding functions B((;)) , C’((;)) and E®) | F(0)

shows that in general the values of E(?) (dg\i/[); 0; n) will be much larger than those

of Bé;)) (dg\?; n) and that in general F() (dg\?,g) < C’((;)) (QS\?) So, the bounds we
get from Theorem 3.1 in the range i < A(M) — 1 are in general much weaker
than those furnished by [7, Theorem 5.2]. The reason for this is that the Severi

bounds of section 5 of [7] are deduced by means of the method of ”linear systems
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of linear forms” which gives sharper estimates than the method available in the
case of extended Severi bounds which bases on Lemma 2.4.

B) If we compare the bounds of Corollary 3.1 in the range i < 6(F) with those
given by [7, Corollary 5.3] the same comment as in part A) applies. Nevertheless,
the comparison of Theorem 3.1 with [7, Theorem 5.2] (resp. of Corollary 3.1 with
[7, Corollary 5.3] shows that - up to the sharpness of the occuring estimates - the
results of the present section naturally extend those given in Sec. 5 of [7]. For
this reason, we call the bounds given in Theorem 3.1 and Corollary 3.1 bounds
of extended Severi type. °

As in [7, Remark 6, Remark 10], we now want to replace the bounds estab-
lished above by weaker but simpler estimates. To do so, we first introduce some
notation. So, let i € Ny and let ¢ = (eq,...,e;) € NG b= (by,...,b;) € Z+1.
We write

S =50 (e;b) = Z (;) (ej+ ] b5 ). (3.14)

J=0

Our first aim is to establish some inequalities, which relate the function
SO NG x 27— No 5 ((e,0) — S (esD))

to our previous bounding functions E®, F() and G® of (3.1), (3.2), (3.3).

Remark 3.4.

A) Keep all previous notations. Our first aim is to prove the inequalities
) 1 i

(o) max{E® (e;b;n) | n < —i} < 5(2(1 + 5))?

(o0) FO(g;b) > —(2(1+ 5))?".

We do this by induction on i. For ¢ = 0, (3.4) and (3.5) give indeed
E© (eg;bp;n) < eo+ | by |< S +1 for all n < 0 and F©(eg;by) > —eo— | by |
—1 =-S5 —1 and hence our claim.

So, let ¢ > 0. If S = 0, we have e = b = 0 and hence our claim is clear as
E®(0;0;0) = 0 < (1/2)22 for all n € Z<_; and FW(0;0) = —2i — 1 > -2
(cf. Remark 3.1A)). We thus may assume that S > 0. On use of the Pascal
formulas we get

SE=D(e/sb%) < SD(e;b) = S.

. 1 i—1
So, by induction we have EC~1(¢/; b*;m) < 5(2(1 +9)*  forallm < —i+1,
and FO-1(e/; %) > —(2(1—}—5’))21‘71. Lett := FO-D(¢;b*)—1. As EC~ VD (e/; b*;m)
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= 0 for allm < ¢t+2 (cf. Remark 3.1 A)) we may use (3.7) to write for alln < —i :

ED(gbin) et |bi|+ D ECD(b5m)
t4+3<m<—i
1 2i71
<S+ Y 5(2(1+S))
t+3<m<—1
. 1 i—1
<18+ (= PO - 150+ 9))”
i—1 ]. i—1
<1+S+(0+9)" -1z +9)?
1 i
<520+ S)*.
This proves statement (e). v
By (3.8) we also may write F() (¢;b) = t— E@ (e;bit)— 1 > —(2(1+8))* -
(1/2)(2(1 + 8))2 —2. As S > 1, we have (2(1+9))2" " +2 < (1/2)(2(1+ )2’
and hence obtain the inequality (ee).

B) In the above proof we have seen that

)  FUDh) > 21+ 8)F 7 (Vi € N).
So, by (3.9) it follows easily

) 1 i
(mm) min{G" (e; b;n) | n < —i} > 75(2(1 +8))%, (Vi € Np). o
Now, we are ready to prove the following bounding result.

Proposition 3.2. Let R = @, >0R, be a positively graded homogeneous noethe-
rian ring with artinian base ring Ry. Let M be a finitely generated and graded
R-module. Let i € Ny and let

% 4 i I3 ' 1 j . i .
S =59, ¢ =3 (3) (dhy (=) + |dhe (=)
§=0
Then ) v
a) |Al(n)] < 5(2(1 + SJ(\?))21 for all n < —i;
b) AY;(n) >0 for alln < —(2(1+ Sg\fl)))y’fl +2;
¢) Al (n) =0 for alln < —(2(1+S))2 +2, thus vi, > —(2(1+ 5)))2" +2.
Proof. Clear from Theorem 3.1 in view of the inequalities of Remark 3.4 A) (e),
(ee) and B) (m), (mm). n

Proposition 3.3. Let X be a projective scheme over an artinian ring Ry, let
F be a coherent sheaf of Ox-modules and let i € Ngy. Let

%

s = 50000 = 3 () 00 + o ().

=0
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Then

, 1 Y\ oi
a) |Al(n)| < 5(2(1 + S(}f)))2 for all n < —i;

b) Al(n) >0 for all n < —(2(1+ S9))2 ™" +2;
) Alp() =0 for alln < ~(2(1+ SP) +2, thus vy > ~(2(1+ 52 +2,

Proof. Clear from Theorem 3.1 by means of the inequalities of Remark 3.4 A)
(o), (o) and B) (m), (m). [ |

4. Bounding Systems

Here again, let R = @,,>0 I, be a noetherian positively graded homogeneous ring
with artinian base ring Ry. For each i € Ny and each finitely generated graded
R-module M, Theorem 3.1 ¢) shows that the i-th cohomological postulation
number of M (cf. 1.6 B)) satisfies the inequality

vig = FO ()5 o)) +1, (4.1)
where dg\i/[) and gg\i/[) are defined respectively according to (3.10), (3.11) and where
F® . Ngﬂ X 2 — Z<_5;_1 is the bounding function defined by (3.8). This
tells us, that v%, has a lower bound, which depends only on the 2(i+ 1) numbers.

d(J)M(O)a d}w(*l)a s adéw(*i); (ﬁ\/l(o)v qg/[(il)v sy ‘ﬁ\/](iz)
So, in the terminology of [7] (Def. 4.8), the 2(i 4+ 1) invariants
d?.)(O),d(l.)(—l), e 7d,éo)(_i); qz.)(O),qz.)(—l), e >Qf.)(—i) (4.2)

form a lower bounding system for the invariant v/,, on the class of all finitely
generated and graded R-modules. Our first aim is to show, that we may delete
certain of the invariants gf,)(—k) in (4.2) and still get a lower bounding system

for v{,,. We start our presentation with a few auxiliary results on the arithmetic
of cohomological Hilbert functions and cohomological Hilbert polynomials.

Lemma 4.1. Let M be a finitely generated and graded R-module, let f € Ry be
an M -admissible linear form and let i € N, k € Ng. Then

) i(l)"“(;ﬂ) ) = =S (1) ("71) aaco

3=0 =0
A — (i1
0 > () diten = X (7)) it
i=o M =0
o) di(n) < diy(—i) + D> dilm), Yn<-—i.

n<m<—1i

Proof. “a)”: By 2.3 B) we have qﬁ/’cﬁ\}[(—l) = ¢tF (=1 — 1) — ¢iF* (1) for all

I € Z. So, the right hand side of the equation stated in a) takes the form
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S e (U)o - aito)] =

(~1)'ai*0 +g[ o () e ()] e e

j—1

and hence coincides with the left hand side of the equation stated in a).

“b)”: The sequences 2.2 G) show that dlj\}'}“fM( 1) < dyF (=1 —1) +d5R (1)

for all I € Ng. So, the right hand side of the inequality stated in b) is not bigger
than

o 1 () (5] s

Jj=

But this is precisely the left hand side of the stated inequality.

“c)”: The sequences (2.2) G) show that di,(n) < di,;(n+1) + dM/fM( n+1)
for all n € Z. This immediately proves the stated inequality. [ |

-1
As a first consequence we now get (with the convention < 0 > := 1 in state-
ment b))

Lemma 4.2. Let M be a finitely generated and graded R-module and let i € Ny.
Then

0<Z ”J()@U)si()(j)d@(j);
<Z ( "o 3_1) li(’:j)d;;l(l—i)], Vn < —i.

=0

Proof. Asin the proof of Theorem 3.1 we may assume that Ry has infinite residue
fields and hence that there is an M-admissible linear form f € R; (cf. 2.2 C)).
We prove both statements by induction on i.

“a)”: By 1.5 (ee) and 2.3 C), we have 0 < ¢3,(0) < d9,(0). This proves the case
1 =0.

So, let ¢ > 0. By induction we have



108 M. Brodmann, C. Matteotti, and N. D. Minh

Now, the stated inequalities are obvious by Lemma 4.1 a) b), applied with k£ = 0.

“b)”: By 2.3 C) we have d3,(n) < d9,(0) for all n < 0. This proves the case
1 =0. So, let i > 0. By Lemma 4.1 ¢), and by induction we have

di(n )<dM( i)+

S (b

Jj=0 =

for all n < —i. The inequality of Lemma 4.1 b) allows to write

i—1—j , . ,
1—1— i .
E ( I ‘7) dM/lfAl/I(l—z—i-l):

1=0
i—j—1 . .
Z Z—j—l d(ifjflfl)Jrj(_(i_ -_1_l)_ ) —
e \i—j—1-1) "M/ J J
i—j—1 i—J . .
Z Z—J—l g+ <y I gt (Cp) =
M(=j)/ M=)\ = D M(=)\ 7P
=0 p=0
izJ i— o ) i— 1 )
Z( / ) dof TP (i~ G —p) — 1) = ( ])dzj\}l(l—i).
1—7— l
p= =0
Therefore we get our claim as Z <_zm_1 .l —j 1> — <—ni—3j— 1) for all
n<m<—1i
jed{0,...,i—1}. ]

Lemma 4.3. Let M be a finitely generated and graded R-module. Then:
a) O<qM( )Sdo (0);
b) —dfi;(0) < q3,(0);

©) ahs(0) < (4 (0) + iy (~1))" = &, (0

d) —d3,(0) < gy, (=1) < (dfy(0) + dj (-1 ))2+d;4(71).

Proof. As usual, we may assume that Ry has infinite residue fields, so that R
contains M-admissible linear forms.

(@

“a)”: Obvious if we apply Lemma 4.2 a) with ¢ = 0.

“b)” We use the notation of [7,(2.34), (2.36)] and set L := 'y (M) and N :=
MPl = M/L. Then, by [7,(2.37)] we have dim(R/p) > 2 for all p € Assg(N).
So by Corollary 1.1 we see that ¢%, = 0 and that ¢}, is constant. As ¢}, = d (n)
for all n < 0, we have g > 0. Moreover dim(L) < 2, so that d2 (n) = h3(n) =0
for all for alln € Z (cf. 1.1 B) (ee) and [7, (2.32)]). So, if we apply R*Dg, to the
graded short exact sequence 0 — L — M — N — 0 we get the relations
d?(0) < d,(0) and d};(n) = di(n) + dy(n), (Vn < 0).

As a first consequence of this, we obtain
aar(x) = q(x) + ay-
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As dim(L) < 2, the Hilbert polynomial Pr(x) of L takes the form Pp(x) =
dx + d9 (0) — d} (0) with an appropriately choosen integer d € No ([9, (17.1.4),
(17.1.7)]). As P = ¢% — g} (cf. loc. cit) and as ¢ is a non-negative constant
we thus obtain

apr(x) = —dx +dp(0) — d7.(0) + ¢} + ay,

hence ¢3,(0) = d} (0)—d%(0)+¢% + gk > —d%(0). As d9 (0) < d9,(0), this proves
our claim.

“c)”: By Lemma 4.2 b) we have

(%) dyy(n) < —n(dy, (=1) + d3,(0)) — d3,(0), (Vn < —1).

Let f € Ry be M-admissible. By 2.2 G) we have d?w/fM(O) < di;(—1)+d9,(0).
As q?wa(O) > 0, Proposition 3.1 c¢) and (3.5) show that

Vs = FO(d) par(0); a5 s (0)) +1
= min{0, qg\/[/fM(O) - d?\/[/fM(O)} > *dgw/fM(O)

and hence
Wiy 2 —dig(=1) — i (0).

According to Proposition 2.1 a) we have qi,(n) < d};(n) for all n < VRMfM.
If d},(—1) and d9,(0) are not both 0, we now may apply the estimate () with
n = —dj;(—1) — d},;(0) and thus obtain g},(—d},(—1) — d5,(0)) < (d},;(—1) +
dg/I(O))2 —d%,(0). As ¢},(x) is a polynomial of degree < 1 with non-negative
values for x < 0, we have ¢},(0) < ¢},(—d},;(—=1) —d9%,(0)) and hence obtain the
requested inequality for ¢},(0) in this case.

If di,(—1) = d%,(0) = 0, the estimate (x) shows that ¢}, = 0 and so gives
our claim in any case.

“d)”: If we apply Lemma 4.2 a) with i = 1, we get
1(0) < ghy(—1) < ghy(0) + d% (0) + by (1)
am\Y) = dp S dm M M .
In view of b) and ¢) we thus get our claim. [ ]
Now, the previous lemma allows us to prove

Lemma 4.4. Let M be a finitely generated and graded R-module. Let i € N.
Then

2

_ii (Z ; 1)%(-;’) < —ii(—l)i*j (Z ; 1) (7)< Z (;) di (—3)

=0 =0 =0

Proof. As usual we may assume that Ry has infinite residue fields so that R;
contains M-admissible linear forms.
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We proceed by induction on ¢. For ¢ = 1, the first inequality is clear from
Lemma 4.3 b), whereas the second inequality follows from Lemma 4.3 c). So,
let © > 1. Let f € Ry be M-admissible. By induction we have

2
[Z "1 M/fMuﬂ

Now, we get our claim if we apply Lemma 4.1 a) with & = 1 and with ¢ — 1
instead of 7 and if we apply Lemma 4.1 b) with k = 0. [ |

Now, we are ready to prove the first main result of this chapter. We convene
that Z° = 0.

Notation. Let D denote the class of all pairs (R, M) in which R = @&,>0R,, is a
noetherian positively graded homogeneous ring with artinian base ring Ry and
in which M = ®,ezM, is a finitely generated and graded R-module. °

Theorem 4.1. Leti € Ny, letd = (d°,d",...,d") e Ni™', letq = (¢°,¢*,...,¢" ")
€ Z" and let k € {0,1,...,i — 1}. Moreover, let D' = D’é’q be the class of all
pairs (R, M) € D for which -

&y (—j) =d’ for j=0,1,...,i and

@i (=5) =¢ forall j €{0,...,i—1}\ {k}.

Then, the set of functions

{dy[:Z<—i — No | (R, M) € D'}
is finite.

Proof. If (R,M) € D and k € {0,1,...,i — 1}, Lemma 4.4 gives

§<ij1)dj < (—1)itk (ikl)qﬁd(k)+o<%1(l)i+j <ij1>qj

(3)*
—~\j

Jj=

IN

This shows, in the notation of (3.11), that the set {q(z) (R, M) € D'} is finite.

In the notation of (3.10) we also have c_lg& = d for all (R, M) € D’ so that the
set {vi; | (R,M) € D'} becomes finite by Theorem 3.1 c). Therefore, we may
define

v:=min{vi, | (R,M)eD'}.
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As ¢4, € Q[x] is of degree < i (cf. Corollary 1.1), ¢%,is determined by gg\i/[) =

(g4, (0), ...,

q%;(—1)). So, the finiteness of the set {gg&) (R,M) € D'} shows, that the set
of polynomials {¢{, | (R,M) € D'} is finite. By our choice of v we have
di;(n) = ¢4, (n) for all n < v. Therefore, the set of functions

{dy|:Z<, — No | (R,M)eD'}

is finite, too.
By Lemma 4.2 b) we also have

, == I\ i—\
Ogdﬁw(n)gz< Zi _ >Z< lﬂ>dz !
§=0 J 1=0
for all (R, M) € D" and all n < —i. Therefore, the set
{diy(n) | v<n<—i;(R,M) €D}
is finite. This proves our claim. |
As an easy consequence of this result, we immediately get the following
improvement of the statement made at the beginning of this section, (cf. (4.2)).

Again, we fix a noetherian positively graded homogeneous ring R = @©,>0R»
with an artinian base ring Ry.

Corollary 4.1. Let i € Ny and let k € {0,...,i— 1}. Then, the 2i invariants

d?o) (O)a d%o)(il)v SRR dzo)(fl),

form a lower bounding system for the invariant I/E'.) on the class of finitely gen-
erated and graded R-modules.

Proof. As vi; is determined by dj, for each finitely generated and graded R-
module, this follows from Theorem 4.1. |

Now, let us reformulate the previous main result in geometric terms. To do
so, we first recall some notation.

4.1. Notation and Remark. Let C denote the class of all pairs (X, F), where X
is a projective scheme over some artinian base ring Ry and where F is a coherent
sheaf of Ox-modules. So, in the notation introduced in (4.7) we have

~

C = {(Proj(R), M) | (R,M) € D} .

Now, on use of the Serre-Grothendieck Correspondence (cf. [9,(20.4.4)]) we ob-
tain from Theorem 4.1:
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Theorem 4.2. Let i € No, let d = (d°,d*,...,d") € Ni™', let ¢ = (¢°, ¢, ...,
¢ 1) e Z andlet k € {0,1,...,i—1}.
Moreover, let C' = Céﬁ,q be the class of all pairs (X, F) € C for which

We(=j)=d’ forj=0,1,...,i and
Pir(—) = ¢ for all j€{0,....i—1}\ {k}.
Then, the set of functions

{hz}—{ . ngi HNO | (X,j'-) GC/}

is finite.

Proof. In the notation of Theorem 4.1 we have C' = {(Proj(R),J\NI) (R,M) €

D'}, (cf. 1.7 A) (%) and B) (ee)). Now, another use of 1.7 B) (ee) gives our claim
by Theorem 4.1. [ |

Now, let X be a projective scheme over an artinian ring Ry. For a coherent
sheaf of Ox-modules F and for i € Ny let v% denote the i-th cohomological
postulation number of F (cf. 1.7 D)). Then, Corollary 4.1 may be translated
into geometric terms as follows.

Corollary 4.2. Let i € Ny and let k € {0,...,i— 1}. Then, the 2i invariants
h?‘) (0)7 h(lo)(_1)7 sy h%.)(_l),
Play(0)s - Play (= + 1), plo)(—k = 1), Py (—i + 1)

form a lower bounding system for the invariant I/E'.) on the class of all coherent
sheaves of Ox -modules.

Proof. Immediate from Corollary 4.1 by 1.7 A) (x) and B) (ee). ]
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