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Abstract. We study the pointed planar geodesic immersion of a submanifold into

a Euclidean space and determine topological structure of the pointed planar geodesic

submanifolds with maximum codimension. From the typically obtained property we

can easily get the classification of planar geodesic immersion of submanifolds into a

Euclidean space.

1. Introduction

The behavior of geodesics on a Riemannian manifold gives many valuable in-
formations in studying the geometric structure of the manifold. For example, if
every geodesic of a submanifold in a Euclidean space is a planar curve as a space
curve in the ambient Euclidean space, then the submanifold can be determined
as either one of compact rank one symmetric spaces or a Euclidean plane [12, 15].
Such a kind of submanifold in a Euclidean space is called planar geodesic. If
every geodesic of the submanifold in an ambient Riemannian manifold has con-
stant Frenet curvatures independent of the choice of geodesic, the submanifold is
called a helical submanifold in the ambient manifold [16, 17, 18]. If the ambient
manifold is a space form, then the helical submanifold turns out to be either a
Blaschke manifold or a totally geodesic submanifold [16, 17]. It was also treated
differently by viewing geodesics as normal sections if the ambient manifold is
Euclidean [4]. Such studies provided a partial solution to the Blaschke conjec-
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ture [1] that every Blaschke manifold is isometric to one of compact rank one
symmetric spaces.

On the other hand, the author studied the so-called pointed helical sub-
manifolds of an Euclidean space, i.e., every geodesic of the submanifold passing
through a point has constant curvatures independent of the choice of direction
[9, 11]. He also studied submanifolds of a Euclidean space with a point through
which every geodesic is planar and proved that the submanifolds are pointed
Blaschke manifolds or every geodesic through the point does not have cut points
[10]. In 1998, Fueki [6] extended the notion of pointed helical submanifolds to
pseudo-Riemannian version. For the Blaschke manifolds and pointed Blaschke
manifolds, see [1].

In the present paper we study more about the pointed planar geodesic sub-
manifolds of a Euclidean space and their topological behavior. We completely
determine the isometric immersion around such a point with maximum codi-
mension. We can easily have the classification theorem of planar geodesic sub-
manifolds in Euclidean spaces by using the symmetry property of pointed planar
geodesic submanifolds.

2. Preliminaries

Let x : M → Em be an isometric immersion of n-dimensional Riemannian
manifold M into a Euclidean m-space Em. Let 〈·, ·〉 be the standard Euclidean
metric tensor of Em. Then M has the induced metric from that of Em that is
denoted by the same notation 〈·, ·〉 unless we have confusion. We denote by ∇̃
the Levi-Civita connection on Em and ∇ the induced connection on M . Then,
we have the Gauss equation ∇̃XY = ∇XY + σ(X, Y ), where X and Y denote
vector fields on M and σ is the second fundamental form. The equation of
Weingarten is also given by ∇̃Xξ = −AξX + ∇⊥

Xξ, where Aξ is the Weingarten
map associated with a normal vector field ξ to M and ∇⊥ the normal connection
in the normal bundle T⊥M . As is well known, the Weingarten map Aξ and the
second fundamental form σ are related by 〈AξX, Y 〉 = 〈σ(X, Y ), ξ〉 for all vector
fields X and Y on M and ξ normal to M . We now define the covariant derivative
of σ on the direct sum of the tangent bundle and the normal bundle TM⊕T⊥M
of M as

(∇Xσ)(Y, Z) = ∇⊥
Xσ(Y, Z) − σ(∇XY, Z) − σ(Y,∇XZ)

for all vector fields X , Y and Z on M . We denote (∇Xσ)(Y, Z) by (∇σ)(X, Y, Z)
which is a tensor field of type (1.3). Let R be the curvature tensor of M . The
Gauss equation is then given by

〈R(X, Y )Z, W 〉 = 〈σ(X, W ), σ(Y, Z)〉 − 〈σ(Y, W ), σ(X, Z)〉.
We also obtain the Codazzi equation

(∇σ)(X, Y, Z) − (∇σ)(Y, X, Z) = 0.

The submanifold M in a Euclidean space Em is said to be isotropic at p ∈ M
if the normal curvature of curves passing through p is independent of the choice



Pointed Planar Geodesic Submanifolds in a Euclidean Space 29

of the curve, that is, 〈σ(t, t), σ(t, t)〉 does not depend on the choice of the unit
vector t tangent to M at p. By B. O’Neill [13], M is isotropic at p if and only
if 〈σ(t, t), σ(t, t⊥)〉 = 0 for all unit vectors t and t⊥ perpendicular to t. For a
point p ∈ M and a unit vector t tangent to M at p, the vector t and the normal
space T⊥

p M of M at p form an (m − n + 1)-dimensional affine space E(p; t) in
Em through p. The intersection of M with E(p; t) gives rise to a curve in a
neighborhood of p which is called the normal section at p in the direction t. A
submanifold M in a Euclidean space Em is said to have geodesic normal sections
if all the geodesics of M are normal sections [4].

We now introduce the following

Lemma 2.1. [10, 11] Let M be an n-dimensional submanifold of a Euclidean
space Em. If γ is a planar geodesic of M , then γ is a normal section of M along
γ.

A submanifold M of a Euclidean space Em with a point o is called pointed
planar geodesic if every geodesic through o is a plane curve regarded as a curve in
Em. We also call M pointed helical at o if every geodesic through o has constant
Frenet curvatures that are independent of the choice of geodesic through o.

We now suppose that M is pointed planar geodesic at o. Without loss of
generality we may assume that the point o is the origin of Em. Let γ be a
geodesic of M passing through o and let γ be parametrized by the arc length s.
Let γ(0) = o. Since γ is a geodesic of M , we have

γ′(s) = T, γ′′(s) = σ(T, T ), γ′′(s) = −Aσ(T,T )T + (∇̄σ)(T, T, T ).

Since γ is a normal section of M at o according to Lemma 2.1, Aσ(t,t)t ∧ t = 0,
where t = T (0). In other words,

〈σ(t, t), σ(t, t⊥)〉 = 0,

where t⊥ is a unit vector tangent to M at o perpendicular to t. According to
O’Neill [13] M is isotropic at o. Thus we have

Proposition 2.2. Let M be a pointed planar geodesic submanifold at o in Em.
Then M is isotropic at o.

Since every geodesic through o is a plane curve, we may represent the im-
mersion x : M −→ Em locally on a neighborhood U of o in terms of the geodesic
polar coordinate system (s, θ1, θ2 · · · , θn−1) as

x(s, θ1, · · · , θn−1) = h(s, θ1, ..., θn−1)e(θ1, ..., θn−1)
+ k(s, θ1, ..., θn−1)N(θ1, ..., θn−1),

(1)

where e(θ1, ..., θn−1) is a unit tangent vector to M at o, h and k some smooth
functions satisfying h(0, θ1, ..., θn−1) = k(0, θ1, ..., θn−1) = 0 and N(θ1, ..., θn−1)
a unit vector normal to M at o depending on θ1, ..., θn−1. Then, it is obvious
that ∂

∂θi
e(θ1, ..., θn−1) is tangent to M and ∂

∂θi
N(θ1, ..., θn−1) normal to M at o
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for all i = 1, 2, · · · , n − 1. We then have orthogonal vector fields tangent to M
defined on U :

x∗
( ∂

∂s

)
=

∂h

∂s
(s, θ1, ..., θn−1)e(θ1, ..., θn−1)

+
∂k

∂s
(s, θ1, · · · , θn−1)N(θ1, ..., θn−1),

(2)

x∗
( ∂

∂θi

)
=

∂h

∂θi
(s, θ1, ..., θn−1)e(θ1, ..., θn−1)

+ h(s, θ1, ..., θn−1)
∂e

∂θi
(θ1, ..., θn−1)

+
∂k

∂θi
(s, θ1, ..., θn−1)N(θ1, ..., θn−1)

+ k(s, θ1, ..., θn−1)
∂N

∂θi
(θ1, ..., θn−1)

(3)

for i = 1, 2, · · · , n− 1, where x∗
(

∂
∂s

)
(0, θ1, ..., θn−1) = e(θ1, ..., θn−1). Taking the

covariant differentiation of x∗
(

∂
∂s

)
given by (2) along x(s, θ1, ..., θn−1) for fixed

θ1, ..., θn−1, we have

∇
x∗

(
∂

∂s

)x∗(
∂

∂s
) =

∂2h

∂s2
e(θ1, ..., θn−1) +

∂2k

∂s2
N(θ1, ..., θn−1) (4)

which is normal to M since x(s, θ1, ..., θn−1) is a geodesic for each θ1, ..., θn−1.
From (4) we can find the curvature

κ(s, θ1, ..., θn−1) =
((∂2h

∂s2

)2 +
(∂2k

∂s2

)2) 1
2 (5)

for each θ1, ..., θn−1.

Lemma 2.3. Let M be a pointed planar geodesic submanifold at o in a Euclidean
space. Then the curvature of all the geodesics passing through o is independent
of the choice of geodesics and the functions h and k depend only on s.

Proof. Let γ be a geodesic through o. For some θ1, θ2, · · · , θn−1, γ(s) = x(s,
θ1, ..., θn−1). The curvature of γ is denoted by κ. Let p be a point in the image
of γ, say γ(s0) = p, and v ∈ TpM a nonzero vector orthogonal to T (p) =
x∗(∂/∂s)(s0). Extend v to V about p in such a way that 〈V, T 〉 = 0 and V is
parallel along γ. If we apply Lemma 2.1 and the Codazzi equation, we have

1
2
vκ2 =

1
2
v〈σ(T, T ), σ(T, T )〉

= 〈∇⊥
v σ(T, T ), σ(T (p), T (p))〉

= 〈(∇̄σ)(v, T (p), T (p)) + 2〈σ(∇vT, T (p)), σ(T (p), T (p))〉
= 〈∇̄σ)(V, T, T ), σ(T, T )〉s=s0

= 〈(∇̄T σ)(V, T ), σ(T, T )〉s=s0

= 〈∇⊥
T σ(V, T ), σ(T, T )〉s=s0

= T (p)〈σ(V, T ), σ(T, T )〉 = 0.
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Since p is an arbitrary point in the image of γ and v is an arbitrary vector
orthogonal to T (p), the curvature depends only on arc length s but not on the
direction θ1, ..., θn−1.

Since 〈x∗( ∂
∂s), x∗( ∂

∂s )〉 = 1 for each (s, θ1, ..., θn−1), we may put

∂h

∂s
(s, θ1, ..., θn−1)=cosϕ(s, θ1, ..., θn−1),

∂k

∂s
(s, θ1, ..., θn−1)=sin ϕ(s, θ1, ..., θn−1)

for some function ϕ satisfying ϕ(0, θ1, ..., θn−1) = 0. From this and (5), we have
∂ϕ

∂s
(s, θ1, ..., θn−1) = κ(s, θ1, ..., θn−1).

Since the curvature of geodesic through o is independent of the direction, so is
ϕ and hence the functions h and k depend only on s. �

Using the lemmas above, we have

Proposition 2.4. Let M be an n-dimensional pointed planar geodesic subman-
ifold in a Euclidean space Em. Then M is locally a warped product of a plane
curve and an (n − 1)-dimensional unit sphere.

Corollary 2.5. [4] Let M be a planar geodesic submanifold in Em. Then the
curvature of geodesic is constant independent of the choice of geodesic.

For later use, we recall the notion of geodesic ball. A geodesic ball of radius
r of a Riemannian manifold M̃ is defined by {expo(su)|u ∈ UoM̃, 0 ≤ s ≤ r},
where expo is the exponential map at o and UoM̃ is the unit tangent space at o.
A geodesic sphere is a hypersurface of M̃ defined by {expo(ru)|u ∈ UoM̃}.

3. Pointed Planar Geodesic Submanifolds of a Euclidean Space

Let M be an n-dimensional pointed planar geodesic submanifold at o in an m-
dimensional Euclidean space Em. Let (Imσ)p be the first normal space at p
defined by (Imσ)p = Span{σ(X, Y )|X, Y ∈ TpM}. As is described in Sec. 2, the
isometric immersion x : M → Em can be written in the form given in (1) in
Sec. 2. Since e(θ1, ..., θn−1) = x∗

(
∂
∂s)(0, θ1, ..., θn−1

)
is a unit tangent vector to

M at o, it may be expressed in the following way

e(θ1, ..., θn−1) = cos θ1E1 + sin θ1 cos θ2E2 + · · · + (
i−1∏
j=1

sin θj) cos θiEi

+ · · · + ( n−1∏
k=1

sin θk

)
En (6)

for a suitable orthonormal basis {E1, . . . , En} for ToM and θ1, . . . , θn−2 ∈ [0, π],
θn−1 ∈ [−π, π].

Choosing a geodesic γ passing through o and taking the covariant differen-
tiation of the tangent vector field γ∗ along γ, we have



32 Young Ho Kim

(∇̃γ∗γ∗)s=0 = (σ(γ∗, γ∗))s=0

= σ(e(θ1, ..., θn−1), e(θ1, ..., θn−1)) (7)
= cos2 θ1σ(E1, E1) + sin2 θ1 cos2 θ2σ(E2, E2) + · · ·+
n−1∏
i=1

sin θiσ(En, En) + 2
∑

1≤i<j

i−1∏
k=1

j−1∏
t=1

sin θk sin θt cos θi cos θjσ(Ei, Ej).

By following the proofs in [6, 9] and modifying them slightly we have

Proposition 3.1. Let M be a pointed planar geodesic at o in Em. If the
first normal space (Imσ)o at o is 1-dimensional, then o is an umbilic point.
Furthermore, if the dimension of M is not smaller than 2, the first normal space
(Imσ)o cannot be of dimension 2.

By using Lemma 2.1 and Proposition 3.1 we have

Proposition 3.2. [5, 8] Let M be a pointed planar geodesic hypersurface at o
in a Euclidean space En+1. Then, M is a generalized surface of revolution.

If we take account of Lemma 2.3, we obtain

Proposition 3.3. Let M be a complete pointed planar geodesic at o in Em. If
there is a simple geodesic through o, then M is a pointed helical submanifold of
order 2.

As a consequence, we have

Corollary 3.4. Let M be a complete pointed planar geodesic at o in Em. If two
geodesics through o have a common cut point and if there is a simple geodesic
through o, then M is a standard sphere.

Theorem 3.5. Let M be an n-dimensional complete pointed planar geodesic at
o in Em. Then M is symmetric with respect to o. In particular, if M is compact,
then M is a geodesic ball diffeomorphic to a sphere Sn or a real projective space
RPn.

Proof. If we define a geodesic symmetry So satisfying Soexpo = expoS, where S
is a map of ToM onto ToM defined by S(X) = −X , (1) and Lemma 2.3 yield
that M is symmetric with respect to o.

We now consider the case that M is compact. Suppose some two geodesics
have a common cut point. Let L be the cut value of such two geodesics. Then
for some θ1, ..., θn−1 and θ′1, θ

′
2, · · · , θ′n−1, we have

x(L, θ1, ... , θn−1) = x(L, θ′1, θ
′
2, . . . , θ

′
n−1).

Considering (1), (6) and (7), we have h(L, θ1, ..., θn−1) = k(L, θ1, ..., θn−1) = 0
if N(θ1, ..., θn−1) ∧ N(θ′1, θ′2, · · · , θ′n−1) 
= 0. Therefore, dim(Imσo) = 1, that is,
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o is an umbilic point. Using (1), Lemma 2.3, (6) and (7), M is diffeomorphic to
a sphere.

Suppose there is no common cut point for geodesics through o. By the
above argument we still have a common cut value L for every geodesic through
o. Therefore, M is a SCo

2L-manifold whose geodesics through o are simple closed
with period 2L. Since the vector fields x∗(∂/∂θi) are Jacobi fields along geodesics
through o, we have the index 0. According to Bott-Samelson [2, 14], M is
diffeomorphic to RPn. �

As a direct consquence of the above theorem and Corollary 2.5, we get

Corollary 3.6. [12, 15] Let M be a complete planar geodesic submanifold in a
Euclidean space Em. Then, M is a plane or one of compact rank one symmetric
spaces.

Combining the expressions (1), (4), (6) and (7), we also have

Theorem 3.7. Let M be an n-dimensional complete pointed planar geodesic
submanifold of an m-dimensional Euclidean space Em. Then, M lies in at most
N -dimensional Euclidean space EN ⊂ Em where N = n(n + 3)/2.

Acknowledgement. The author would like to express his sincere thanks to Professors

B. - Y. Chen and D. E. Blair for their hospitality during his stay at Michigan State

University in 2000.

References

1. A. Besse, Manifolds All of Whose Geodesics are Closed, Springer, Berlin–Heidel-

berg–New York, 1978.

2. R. Bott, On manifolds all of whose geodesics are closed, Ann. Math. 60 (1954)

375–382.

3. B. -Y. Chen, Geometry of Submanifolds, Marcel Dekker, New York, 1973.

4. B. - Y. Chen and P. Verheyen, Submanifolds with geodesic normal sections, Math.

Ann. 269 (1984) 417–429.

5. M. do Carmo and M. Dajczer, Rotation hypersurfaces in spaces of constant

curvature, Trans. Amer. Math. Soc. 277 (1983) 685–709.

6. S. Fueki, Pointed helical submanifolds of pseudo-Riemannian manifolds, J. Geom.

62 (1998) 129–143.

7. S. L. Hong, Isometric immersions of manifolds with plane geodesics into Euclidean

space, J. Diff. Geom. 8 (1973) 259–278.

8. Y.H. Kim, Characterization of gerenralzed surfaces of revolution, Nihonkai Math.

J. 2 (1991) 63–69.

9. Y.H. Kim, Surfaces of Euclidean spaces with planar or helical geodesics through

a point, Annali di Mat. Pura ed Appl. 164 (1993) 1–35.

10. Y.H. Kim, A pointed Blaschke manifold in Euclidean space, J. Korean Math.

Soc. 31 (1994) 393–400.



34 Young Ho Kim

11. Y.H. Kim, Pointed helical submanifolds of Euclidean space, J. Geom. 50 (1994)

111-117.

12. A. Little, Manifolds with planar geodesics, J. Diff. Geom. 11 (1976) 265–285.

13. B. O’Neill, Isotropic and Kaehler immersions, Canad. J. Math. 17 (1965) 907–

915.

14. H. Samelson, On manifolds with many closed geodesics, Portugaliae Math. 22

(1963) 193–196.

15. K. Sakamoto, Planar geodesic immersions, Tôhoku Math. J. 29 (1977) 25–56.
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